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Topics

 Generative AI and probability densities
 Optimal transport formulation
 Flows and score functions
 Maxwell with divergence and curl
 Radon and charge slab model
 Schrödinger gas problem



Success of Generative AI
Forward diffusion process

Reverse diffusion process

Normalizing flow models



Multimodal applications

 Generative AI in different domains and data types



Gen AI paradigm

 AI approaches to model data distribution and generate 
new samples as opposed to discriminative models

<latexit sha1_base64="aBZ0D0wxiZVPaqDpPDFYo1E6olk=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuCqJSO2y4MaVVLEPaGKZTCft0MkkzEzEErLxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nuChDOlHefbWlpeWV1bL2wUN7e2d3btvf2milNJaIPEPJbtACvKmaANzTSn7URSHAWctoLh5dhvPVCpWCzu9CihfoT7goWMYG2krn2YPXYZ8phAmRdhPQgCdJvfX+ddu+SUnQnQInFnpAQz1Lv2l9eLSRpRoQnHSnVcJ9F+hqVmhNO86KWKJpgMcZ92DBU4osrPJg/k6MQoPRTG0pTQaKL+nshwpNQoCkzn+Eg1743F/7xOqsOqnzGRpJoKMl0UphzpGI3TQD0mKdF8ZAgmkplbERlgiYk2mRVNCO78y4ukeVZ2K+XKzXmpVp3FUYAjOIZTcOECanAFdWgAgRye4RXerCfrxXq3PqatS9Zs5gD+wPr8ASkllh0=</latexit>

xi 2 RN
<latexit sha1_base64="p/HqSdIuM7wQB1SmhKNxLGC4z+I=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSO2x4MVjBfsB7VKyabYNzSZLkhXL0h/hxYMiXv093vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvB9Dbzu49UaSbFg5nF1I/wWLCQEWys1B2oiaw+XQ7LFbfmLoDWiZeTCuRoDctfg5EkSUSFIRxr3ffc2PgpVoYRTuelQaJpjMkUj2nfUoEjqv10ce4cXVhlhEKpbAmDFurviRRHWs+iwHZG2Ez0qpeJ/3n9xIQNP2UiTgwVZLkoTDgyEmW/oxFTlBg+swQTxeytiEywwsTYhEo2BG/15XXSuap59Vr9/rrSbORxFOEMzqEKHtxAE+6gBW0gMIVneIU3J3ZenHfnY9lacPKZU/gD5/MHxWqPLw==</latexit>

⇢(x)
<latexit sha1_base64="qYfZKRfGiG19JIVJutpKTD+agqU=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREpHZZcOOygn1AE8pkOmmGzkzCzERaQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkSRpV2nG+rsLa+sblV3C7t7O7tH9iHR20VpxKTFo5ZLLsBUoRRQVqaaka6iSSIB4x0gtHNzO88EKloLO71JCE+R0NBQ4qRNlLfPvEipLPxFHqKcujJKK6ML/p22ak6c8BV4uakDHI0+/aXN4hxyonQmCGleq6TaD9DUlPMyLTkpYokCI/QkPQMFYgT5Wfz66fw3CgDGMbSlNBwrv6eyBBXasID08mRjtSyNxP/83qpDut+RkWSaiLwYlGYMqhjOIsCDqgkWLOJIQhLam6FOEISYW0CK5kQ3OWXV0n7surWqrW7q3KjnsdRBKfgDFSAC65BA9yCJmgBDB7BM3gFb9aT9WK9Wx+L1oKVzxyDP7A+fwDZspTQ</latexit>

x̂ ⇠ ⇢(x)

Dataset Model distribution Sample distribution



Data density distributions

Probability density function
<latexit sha1_base64="gZwyhYAD0ZZkIoiMpNKbtkLOaVM=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquSO2x4MVjBfsB3aVk07QNzSZLkhXL0r/hxYMiXv0z3vw3Zts9aOuDgcd7M8zMC2POtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXog15UzQtmGG016sKI5CTrvh9Dbzu49UaSbFg5nFNIjwWLARI9hYyffVRFafLv0xdUuDcsWtuQugdeLlpAI5WoPylz+UJImoMIRjrfueG5sgxcowwum85CeaxphM8Zj2LRU4ojpIFzfP0YVVhmgklS1h0EL9PZHiSOtZFNrOCJuJXvUy8T+vn5hRI0iZiBNDBVkuGiUcGYmyANCQKUoMn1mCiWL2VkQmWGFibExZCN7qy+ukc1Xz6rX6/XWl2cjjKMIZnEMVPLiBJtxBC9pAIIZneIU3J3FenHfnY9lacPKZU/gD5/MHpqiQww==</latexit>

⇢(x) � 0

<latexit sha1_base64="eIpdc9A6r9yd30oJk7EsbaOoYM8=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KolI7bLgxpVUsQ9oY5lMJ+3QySTMTMQS6q+4caGIWz/EnX/jpM1CWw8MHM65l3vm+DFnSjvOt7Wyura+sVnYKm7v7O7t2weHLRUlktAmiXgkOz5WlDNBm5ppTjuxpDj0OW3748vMbz9QqVgk7vQkpl6Ih4IFjGBtpL5dekQ9JlDaC7Ee+T66nd5f9+2yU3FmQMvEzUkZcjT69ldvEJEkpEITjpXquk6svRRLzQin02IvUTTGZIyHtGuowCFVXjoLP0UnRhmgIJLmCY1m6u+NFIdKTULfTGYZ1aKXif953UQHNS9lIk40FWR+KEg40hHKmkADJinRfGIIJpKZrIiMsMREm76KpgR38cvLpHVWcauV6s15uV7L6yjAERzDKbhwAXW4ggY0gcAEnuEV3qwn68V6tz7moytWvlOCP7A+fwDLvZQ1</latexit>

x 2 RN

 Analyzing data distributions in high dimensional feature 
spaces is critical to AI and ML



Classical density modeling 
Parametric density function

 Model probability density using parametric model such as 
mixture of Gaussian distributions

<latexit sha1_base64="T/aFyk1sWXf8CGyQzlJrbpuVUvY="></latexit>

⇢✓(x) =
X

k

↵k exp


�1

2
(x� µk)

>⌃�1
k (x� µk)

�

<latexit sha1_base64="DKNKnXjjcBOavF5DRQTblnoPrBM=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4juEkgWcLsZDYZMjO7zEMIS77BiwdFvPpB3vwbJ8keNFrQUFR1090VZ5xp4/tfXmltfWNzq7xd2dnd2z+oHh61dWoVoSFJeaq6MdaUM0lDwwyn3UxRLGJOO/Hkdu53HqnSLJUPZprRSOCRZAkj2Dgp7As7CAbVml/3F0B/SVCQGhRoDaqf/WFKrKDSEI617gV+ZqIcK8MIp7NK32qaYTLBI9pzVGJBdZQvjp2hM6cMUZIqV9KghfpzIsdC66mIXafAZqxXvbn4n9ezJrmOciYza6gky0WJ5cikaP45GjJFieFTRzBRzN2KyBgrTIzLp+JCCFZf/kvaF/WgUW/cX9aaN0UcZTiBUziHAK6gCXfQghAIMHiCF3j1pPfsvXnvy9aSV8wcwy94H9+H7I6F</latexit>µ1

<latexit sha1_base64="ADenH4cd1GztJ/yIGYrVyBT9DNo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR6DXjxGMDGQLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jUo1oS2iuNKdCBvKmaQtyyynnURTLCJOH6Lxzcx/eKLaMCXv7SShocBDyWJGsHVSuyfSfq3UL1f8qj8HWiVBTiqQo9kvf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7tFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxVZgxmaSWSrJYFKccWYVmr6MB05RYPnEEE83crYiMsMbEuoBmIQTLL6+Sdq0a1Kv1u4tK4zqPowgncArnEMAlNOAWmtACAo/wDK/w5invxXv3PhatBS+fOYY/8D5/AL9Tjpo=</latexit>µ2

<latexit sha1_base64="Nq98j16e5Z2U7i2BrRL/dOXZxAQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2V6DHoxWME84BkCbOT2WTMPJaZWSGE/IMXD4p49X+8+TfOJnvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1uM7/1RLVhSj7YcUJDgQeSxYxg66RmV6S9i2KvVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzacYG0Z4XRa7KaGJpiM8IB2HJVYUBNOZtdO0alT+ihW2pW0aKb+nphgYcxYRK5TYDs0i14m/ud1UhtfhxMmk9RSSeaL4pQjq1D2OuozTYnlY0cw0czdisgQa0ysCygLIVh8eZk0zytBtVK9vyzXbvI4CnAMJ3AGAVxBDe6gDg0g8AjP8ApvnvJevHfvY9664uUzR/AH3ucPwNiOmw==</latexit>µ3



Maximum likelihood

Given data samples:

 Learn model parameters by optimizing log likelihood, 
e.g. EM algorithm

<latexit sha1_base64="6K5PGa6H3vMpM5HMPQyWNzOo6xo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gOaUCbbbbt0s1l2N2IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZeJDnTxvO+ncLa+sbmVnG7tLO7t39QPjxq6SRVhDZJwhPViVBTzgRtGmY47UhFMY44bUfj25nffqRKs0Q8mImkYYxDwQaMoLFSEGRPvQC5HGEw7ZUrXtWbw10lfk4qkKPRK38F/YSkMRWGcNS663vShBkqwwin01KQaiqRjHFIu5YKjKkOs/nNU/fMKn13kChbwrhz9fdEhrHWkziynTGakV72ZuJ/Xjc1g+swY0KmhgqyWDRIuWsSdxaA22eKEsMnliBRzN7qkhEqJMbGVLIh+Msvr5LWRdWvVWv3l5X6TR5HEU7gFM7Bhyuowx00oAkEJDzDK7w5qfPivDsfi9aCk88cwx84nz9WvpHm</latexit>

{x↵}

<latexit sha1_base64="6kL3krBrwo7Nx8yaVG2f75z+cko=">AAACD3icbVA9SwNBEN3zM8avqKXNYlBiE+5Eoo0QtLGwiGBUyIVjbrPxFvduj905MYT8Axv/io2FIra2dv4bN8kVanww8Hhvhpl5YSqFQdf9cqamZ2bn5gsLxcWl5ZXV0tr6pVGZZrzJlFT6OgTDpUh4EwVKfp1qDnEo+VV4ezL0r+64NkIlF9hLeTuGm0R0BQO0UlDaOaNH1E+16gQ+yDQC6utIBT5GHKFyn4u7QansVt0R6CTxclImORpB6dPvKJbFPEEmwZiW56bY7oNGwSQfFP3M8BTYLdzwlqUJxNy0+6N/BnTbKh3aVdpWgnSk/pzoQ2xMLw5tZwwYmb/eUPzPa2XYPWz3RZJmyBM2XtTNJEVFh+HQjtCcoexZAkwLeytlEWhgaCMs2hC8vy9Pksu9qler1s73y/XjPI4C2SRbpEI8ckDq5JQ0SJMw8kCeyAt5dR6dZ+fNeR+3Tjn5zAb5BefjG8+7m+0=</latexit>

L =
Y

↵

⇢✓(x↵)

<latexit sha1_base64="EEdRiB7JVfi12cnZ2UwqtTbDEWg=">AAACI3icbVDLSgMxFM34rPVVdekmWATdlBmRKoJQdOPChYJVoVOGO2naCSaTIbkjluK/uPFX3LhQxI0L/8W0nYWvA4HDOedyc0+cSWHR9z+8icmp6ZnZ0lx5fmFxabmysnppdW4YbzIttbmOwXIpUt5EgZJfZ4aDiiW/im+Oh/7VLTdW6PQC+xlvK+iloisYoJOiykGo4C4KMeEINJS6R0/pIQ1trqIQZJaMxdAkught3RXGdlSp+jV/BPqXBAWpkgJnUeUt7GiWK54ik2BtK/AzbA/AoGCS35fD3PIM2A30eMvRFBS37cHoxnu66ZQO7WrjXop0pH6fGICytq9il1SAif3tDcX/vFaO3f32QKRZjjxl40XdXFLUdFgY7QjDGcq+I8CMcH+lLAEDDF2tZVdC8Pvkv+RypxbUa/Xz3WrjqKijRNbJBtkiAdkjDXJCzkiTMPJAnsgLefUevWfvzXsfRye8YmaN/ID3+QWVpKRE</latexit>

max
✓

logL =
X

↵

log ⇢✓(x↵)



Issues 
High dimensional data distributions

 Normalization constant and difficulties in scaling 
conventional models

<latexit sha1_base64="POz+ykj22EEIa0pa2YDgSAiPZg4=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxCBSmJSHUjFN24rGAf0IQwmUyaoZMHMzfSEoobf8WNC0Xc+hXu/Bunj4W2HrhwOOde7r3HSzmTYJrfWmFpeWV1rbhe2tjc2t7Rd/daMskEoU2S8ER0PCwpZzFtAgNOO6mgOPI4bXv9m7HffqBCsiS+h2FKnQj3YhYwgkFJrn5gsxgMf2Cf2iJMXBtCCrgyOLmyXL1sVs0JjEVizUgZzdBw9S/bT0gW0RgIx1J2LTMFJ8cCGOF0VLIzSVNM+rhHu4rGOKLSyScvjIxjpfhGkAhV6qCJ+nsix5GUw8hTnRGGUM57Y/E/r5tBcOnkLE4zoDGZLgoybkBijPMwfCYoAT5UBBPB1K0GCbHABFRqJRWCNf/yImmdVa1atXZ3Xq5fz+IookN0hCrIQheojm5RAzURQY/oGb2iN+1Je9HetY9pa0GbzeyjP9A+fwD8EJaI</latexit>Z
dx ⇢✓(x) = 1



Modern ML approach

 Transformation to known probability distribution

<latexit sha1_base64="+G3QeMZB36SuSL4UBTmt8IAZ/nw=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9JljA7mSRD5rHMzIphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8M/Nbj1QbpuS9ncQ0FHgo2YARbJ300NUj1fNLTxe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZQDVMm48RSSRaLBglHVqHZ96jPNCWWTxzBRDN3KyIjrDGxLqO8CyFYfnmVNC/LQaVcubsq1qpZHDk4hTMoQQDXUINbqEMDCAh4hld487T34r17H4vWNS+bOYE/8D5/AO1tj9I=</latexit>

⇢0(x)
<latexit sha1_base64="p/HqSdIuM7wQB1SmhKNxLGC4z+I=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSO2x4MVjBfsB7VKyabYNzSZLkhXL0h/hxYMiXv093vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvB9Dbzu49UaSbFg5nF1I/wWLCQEWys1B2oiaw+XQ7LFbfmLoDWiZeTCuRoDctfg5EkSUSFIRxr3ffc2PgpVoYRTuelQaJpjMkUj2nfUoEjqv10ce4cXVhlhEKpbAmDFurviRRHWs+iwHZG2Ez0qpeJ/3n9xIQNP2UiTgwVZLkoTDgyEmW/oxFTlBg+swQTxeytiEywwsTYhEo2BG/15XXSuap59Vr9/rrSbORxFOEMzqEKHtxAE+6gBW0gMIVneIU3J3ZenHfnY9lacPKZU/gD5/MHxWqPLw==</latexit>

⇢(x)

Simple distribution Data distribution



Reverse diffusion model

 Diffusion models transform data distributions to 
Gaussian distributions

<latexit sha1_base64="+G3QeMZB36SuSL4UBTmt8IAZ/nw=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9JljA7mSRD5rHMzIphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8M/Nbj1QbpuS9ncQ0FHgo2YARbJ300NUj1fNLTxe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZQDVMm48RSSRaLBglHVqHZ96jPNCWWTxzBRDN3KyIjrDGxLqO8CyFYfnmVNC/LQaVcubsq1qpZHDk4hTMoQQDXUINbqEMDCAh4hld487T34r17H4vWNS+bOYE/8D5/AO1tj9I=</latexit>

⇢0(x)
<latexit sha1_base64="p/HqSdIuM7wQB1SmhKNxLGC4z+I=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSO2x4MVjBfsB7VKyabYNzSZLkhXL0h/hxYMiXv093vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvB9Dbzu49UaSbFg5nF1I/wWLCQEWys1B2oiaw+XQ7LFbfmLoDWiZeTCuRoDctfg5EkSUSFIRxr3ffc2PgpVoYRTuelQaJpjMkUj2nfUoEjqv10ce4cXVhlhEKpbAmDFurviRRHWs+iwHZG2Ez0qpeJ/3n9xIQNP2UiTgwVZLkoTDgyEmW/oxFTlBg+swQTxeytiEywwsTYhEo2BG/15XXSuap59Vr9/rrSbORxFOEMzqEKHtxAE+6gBW0gMIVneIU3J3ZenHfnY9lacPKZU/gD5/MHxWqPLw==</latexit>

⇢(x)

Gaussian distribution Data distribution

Forward

Reverse



Transforming distributions

 How to relate two arbitrary distributions, given only the 
distributions or samples?

<latexit sha1_base64="+G3QeMZB36SuSL4UBTmt8IAZ/nw=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9JljA7mSRD5rHMzIphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8M/Nbj1QbpuS9ncQ0FHgo2YARbJ300NUj1fNLTxe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZQDVMm48RSSRaLBglHVqHZ96jPNCWWTxzBRDN3KyIjrDGxLqO8CyFYfnmVNC/LQaVcubsq1qpZHDk4hTMoQQDXUINbqEMDCAh4hld487T34r17H4vWNS+bOYE/8D5/AO1tj9I=</latexit>

⇢0(x)
<latexit sha1_base64="3pSgENWg2MXiYbOLS68xLT2iJp0=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9JljA7mSRD5rHMzIphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8M/Nbj1QbpuS9ncQ0FHgo2YARbJ300NUj1QtKTxe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZQDVMm48RSSRaLBglHVqHZ96jPNCWWTxzBRDN3KyIjrDGxLqO8CyFYfnmVNC/LQaVcubsq1qpZHDk4hTMoQQDXUINbqEMDCAh4hld487T34r17H4vWNS+bOYE/8D5/AO70j9M=</latexit>

⇢1(x)

?



Optimal transport
Earth moving problem:

<latexit sha1_base64="+G3QeMZB36SuSL4UBTmt8IAZ/nw=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9JljA7mSRD5rHMzIphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8M/Nbj1QbpuS9ncQ0FHgo2YARbJ300NUj1fNLTxe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZQDVMm48RSSRaLBglHVqHZ96jPNCWWTxzBRDN3KyIjrDGxLqO8CyFYfnmVNC/LQaVcubsq1qpZHDk4hTMoQQDXUINbqEMDCAh4hld487T34r17H4vWNS+bOYE/8D5/AO1tj9I=</latexit>

⇢0(x)
<latexit sha1_base64="zhmWBXXrMB9I+jsUKn56ar0Kgdc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquSO2x4MVjBfsh7VKyabYNTTZLkhWWpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15SyibcMMp71YUSwCTrvB9Hbud5+o0kxGDyaNqS/wOGIhI9hY6XGgJnLoVdPLYbni1twF0DrxclKBHK1h+WswkiQRNDKEY637nhsbP8PKMMLprDRINI0xmeIx7VsaYUG1ny0OnqELq4xQKJWtyKCF+nsiw0LrVAS2U2Az0aveXPzP6ycmbPgZi+LE0IgsF4UJR0ai+fdoxBQlhqeWYKKYvRWRCVaYGJtRyYbgrb68TjpXNa9eq99fV5qNPI4inME5VMGDG2jCHbSgDQQEPMMrvDnKeXHenY9la8HJZ07hD5zPH/B5j9Q=</latexit>

⇢1(y)

 Most efficiently move dirt from one distribution to another

Gaspard Monge
France (1746-1818)



Wasserstein distance

 Wasserstein distance is optimal cost of moving one 
distribution to another

Transportation cost:

<latexit sha1_base64="xTkJJVoDxTCOE592YsGWjQ1mmdM="></latexit>

W (p, q)2 =

Z
dx p(x)c(x, Tp!q(x))



Monge-Kantorovich formulation

Consider joint distribution

 Transportation plan is given by conditional distributions

<latexit sha1_base64="hrcWFeq/IbXeMN2l981RRP7vYlE=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoMQQcKuSMwx4MVjBPOQZAmzk9lkyDyWmVlxCfkKLx4U8ernePNvnCR70MSChqKqm+6uMGZUG8/7dnJr6xubW/ntws7u3v5B8fCopWWiMGliyaTqhEgTRgVpGmoY6cSKIB4y0g7HNzO//UiUplLcmzQmAUdDQSOKkbHSQ0+NZPnpIj3vF0texZvDXSV+RkqQodEvfvUGEiecCIMZ0rrre7EJJkgZihmZFnqJJjHCYzQkXUsF4kQHk/nBU/fMKgM3ksqWMO5c/T0xQVzrlIe2kyMz0sveTPzP6yYmqgUTKuLEEIEXi6KEuUa6s+/dAVUEG5ZagrCi9lYXj5BC2NiMCjYEf/nlVdK6rPjVSvXuqlSvZXHk4QROoQw+XEMdbqEBTcDA4Rle4c1Rzovz7nwsWnNONnMMf+B8/gAO2Y/o</latexit>

⇢(x, y)
<latexit sha1_base64="+G3QeMZB36SuSL4UBTmt8IAZ/nw=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9JljA7mSRD5rHMzIphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8M/Nbj1QbpuS9ncQ0FHgo2YARbJ300NUj1fNLTxe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZQDVMm48RSSRaLBglHVqHZ96jPNCWWTxzBRDN3KyIjrDGxLqO8CyFYfnmVNC/LQaVcubsq1qpZHDk4hTMoQQDXUINbqEMDCAh4hld487T34r17H4vWNS+bOYE/8D5/AO1tj9I=</latexit>

⇢0(x)

<latexit sha1_base64="zhmWBXXrMB9I+jsUKn56ar0Kgdc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquSO2x4MVjBfsh7VKyabYNTTZLkhWWpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15SyibcMMp71YUSwCTrvB9Hbud5+o0kxGDyaNqS/wOGIhI9hY6XGgJnLoVdPLYbni1twF0DrxclKBHK1h+WswkiQRNDKEY637nhsbP8PKMMLprDRINI0xmeIx7VsaYUG1ny0OnqELq4xQKJWtyKCF+nsiw0LrVAS2U2Az0aveXPzP6ycmbPgZi+LE0IgsF4UJR0ai+fdoxBQlhqeWYKKYvRWRCVaYGJtRyYbgrb68TjpXNa9eq99fV5qNPI4inME5VMGDG2jCHbSgDQQEPMMrvDnKeXHenY9la8HJZ07hD5zPH/B5j9Q=</latexit>

⇢1(y)

<latexit sha1_base64="cWJ8MFHhn1GNMFZpcRnzIZ0HjRY=">AAACBHicbVDLSgMxFM34rPU16rKbYBFakDIjUrsRCm5cVrAP6JSSSdM2NJMMSUY6DF248VfcuFDErR/hzr8x085CWw9cODnnXnLv8UNGlXacb2ttfWNzazu3k9/d2z84tI+OW0pEEpMmFkzIjo8UYZSTpqaakU4oCQp8Rtr+5Cb12w9EKir4vY5D0gvQiNMhxUgbqW8XPMq1J8eiND2Py4MYXsP01XdK03LfLjoVZw64StyMFEGGRt/+8gYCRwHhGjOkVNd1Qt1LkNQUMzLLe5EiIcITNCJdQzkKiOol8yNm8MwoAzgU0hTXcK7+nkhQoFQc+KYzQHqslr1U/M/rRnpY6yWUh5EmHC8+GkYMagHTROCASoI1iw1BWFKzK8RjJBHWJre8CcFdPnmVtC4qbrVSvbss1mtZHDlQAKegBFxwBergFjRAE2DwCJ7BK3iznqwX6936WLSuWdnMCfgD6/MHqHaWyw==</latexit>Z
⇢(x, y)dy = ⇢0(x)

<latexit sha1_base64="vNpL258bWdi7N3QWn/zKwToE9IE=">AAACBHicbVDLSgMxFM34rPU16rKbYBFakDIjUrsRCm5cVrAP6JSSSdM2NJMMSUY6DF248VfcuFDErR/hzr8x085CWw9cODnnXnLv8UNGlXacb2ttfWNzazu3k9/d2z84tI+OW0pEEpMmFkzIjo8UYZSTpqaakU4oCQp8Rtr+5Cb12w9EKir4vY5D0gvQiNMhxUgbqW8XPMq1J8eiND2Py4MpvIbpq++W4nLfLjoVZw64StyMFEGGRt/+8gYCRwHhGjOkVNd1Qt1LkNQUMzLLe5EiIcITNCJdQzkKiOol8yNm8MwoAzgU0hTXcK7+nkhQoFQc+KYzQHqslr1U/M/rRnpY6yWUh5EmHC8+GkYMagHTROCASoI1iw1BWFKzK8RjJBHWJre8CcFdPnmVtC4qbrVSvbss1mtZHDlQAKegBFxwBergFjRAE2DwCJ7BK3iznqwX6936WLSuWdnMCfgD6/MHqfKWzA==</latexit>Z
⇢(x, y)dx = ⇢1(y)

Constrained marginals:



Monge-Kantorovich optimization
<latexit sha1_base64="D3Sd/CbMMVkyyblte6hJoq+zhak=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUKHVGpHZZcOOygq2FThkymUwbmkmGJCMdhn6GG3/FjQtF3Hbn35g+EG09EHI4517uvcePGVXatr+s3Nr6xuZWfruws7u3f1A8PGorkUhMWlgwITs+UoRRTlqaakY6sSQo8hl58Ic3U//hkUhFBb/XaUx6EepzGlKMtJG84oUbUe5lrhyI8qiSno+hS7mGwcitBKlbgT8GxLPPK5bsqj0DXCXOgpTAAk2vOHEDgZOIcI0ZUqrr2LHuZUhqihkZF9xEkRjhIeqTrqEcRUT1stlhY3hmlACGQppntpqpvzsyFCmVRr6pjJAeqGVvKv7ndRMd1nsZ5XGiCcfzQWHCoBZwmhIMqCRYs9QQhCU1u0I8QBJhbbIsmBCc5ZNXSfuy6tSqtburUqO+iCMPTsApKAMHXIMGuAVN0AIYPIEX8AberWfr1fqwPuelOWvRcwz+wJp8A+bdnmA=</latexit>

min
⇢(x,y)

Z
dx dy ⇢(x, y)c(x, y)

<latexit sha1_base64="cWJ8MFHhn1GNMFZpcRnzIZ0HjRY=">AAACBHicbVDLSgMxFM34rPU16rKbYBFakDIjUrsRCm5cVrAP6JSSSdM2NJMMSUY6DF248VfcuFDErR/hzr8x085CWw9cODnnXnLv8UNGlXacb2ttfWNzazu3k9/d2z84tI+OW0pEEpMmFkzIjo8UYZSTpqaakU4oCQp8Rtr+5Cb12w9EKir4vY5D0gvQiNMhxUgbqW8XPMq1J8eiND2Py4MYXsP01XdK03LfLjoVZw64StyMFEGGRt/+8gYCRwHhGjOkVNd1Qt1LkNQUMzLLe5EiIcITNCJdQzkKiOol8yNm8MwoAzgU0hTXcK7+nkhQoFQc+KYzQHqslr1U/M/rRnpY6yWUh5EmHC8+GkYMagHTROCASoI1iw1BWFKzK8RjJBHWJre8CcFdPnmVtC4qbrVSvbss1mtZHDlQAKegBFxwBergFjRAE2DwCJ7BK3iznqwX6936WLSuWdnMCfgD6/MHqHaWyw==</latexit>Z
⇢(x, y)dy = ⇢0(x)

<latexit sha1_base64="vNpL258bWdi7N3QWn/zKwToE9IE=">AAACBHicbVDLSgMxFM34rPU16rKbYBFakDIjUrsRCm5cVrAP6JSSSdM2NJMMSUY6DF248VfcuFDErR/hzr8x085CWw9cODnnXnLv8UNGlXacb2ttfWNzazu3k9/d2z84tI+OW0pEEpMmFkzIjo8UYZSTpqaakU4oCQp8Rtr+5Cb12w9EKir4vY5D0gvQiNMhxUgbqW8XPMq1J8eiND2Py4MpvIbpq++W4nLfLjoVZw64StyMFEGGRt/+8gYCRwHhGjOkVNd1Qt1LkNQUMzLLe5EiIcITNCJdQzkKiOol8yNm8MwoAzgU0hTXcK7+nkhQoFQc+KYzQHqslr1U/M/rRnpY6yWUh5EmHC8+GkYMagHTROCASoI1iw1BWFKzK8RjJBHWJre8CcFdPnmVtC4qbrVSvbss1mtZHDlQAKegBFxwBergFjRAE2DwCJ7BK3iznqwX6936WLSuWdnMCfgD6/MHqfKWzA==</latexit>Z
⇢(x, y)dx = ⇢1(y)Constraints:



Unpaired data translation

 Learning correspondences between two data distributions

Outline of the course

We introduce basics Schrödinger bridges.

Goal of the course:
I Introduce the Schrödinger bridge (SB) problem.
I Present algorithms to solve the SB problem.

Outline of the course
I A dynamic and static Schrödinger bridges.
I Convergence of the Sinkhorn algorithm.

Figure 2: A Schrödinger Bridge between two data distributions. Image
extracted from De Bortoli et al. (2021).
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De Bortoli et. al. (2021)

<latexit sha1_base64="+G3QeMZB36SuSL4UBTmt8IAZ/nw=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9JljA7mSRD5rHMzIphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8M/Nbj1QbpuS9ncQ0FHgo2YARbJ300NUj1fNLTxe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZQDVMm48RSSRaLBglHVqHZ96jPNCWWTxzBRDN3KyIjrDGxLqO8CyFYfnmVNC/LQaVcubsq1qpZHDk4hTMoQQDXUINbqEMDCAh4hld487T34r17H4vWNS+bOYE/8D5/AO1tj9I=</latexit>

⇢0(x)
<latexit sha1_base64="3pSgENWg2MXiYbOLS68xLT2iJp0=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9JljA7mSRD5rHMzIphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8M/Nbj1QbpuS9ncQ0FHgo2YARbJ300NUj1QtKTxe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZQDVMm48RSSRaLBglHVqHZ96jPNCWWTxzBRDN3KyIjrDGxLqO8CyFYfnmVNC/LQaVcubsq1qpZHDk4hTMoQQDXUINbqEMDCAh4hld487T34r17H4vWNS+bOYE/8D5/AO70j9M=</latexit>

⇢1(x)



Image style transfer

Picasso Dürer Matisse Kandinsky Klimt

Figure 2: Examples of the effect of different content images on the same style, and vice-versa

while drastically differing in pixel space.

To increase utility of style transfer as an artistic tool,
it is important that users can easily and intuitively control
the algorithm’s output. We extend our formulation to allow
region-to-region constraints on style transfer (e.g., ensuring
that hair in the content image is stylized using clouds in the
style image) and point-to-point constraints (e.g., ensuring
that the eye in the content image is stylized in the same way
as the eye in a painting).

We quantitatively compare our method to prior work
using human evaluations gathered from 662 workers on
Amazon Mechanical Turk (AMT). Workers evaluated con-
tent preservation and stylization quality separately. Work-
ers were shown two algorithms’ output for the same in-
puts in addition to either the content or style input, then
asked which has more similar content or style respectively
to the displayed input. In this way are able to quantify
the performance of each algorithm along both axes. By
evaluate our method and prior work for multiple hyper-
parameter settings, we also measure the trade-off within
each method between stylization and content preservation
as hyper-parameters change. Our results indicate that for
any desired level of content preservation, our method pro-
vides higher quality stylization than prior work.

2 Methods

Like the original Neural Style Transfer algorithm pro-
posed by Gatys et al. [4] our method takes two inputs, a
style image IS and a content image IC , and uses the gradi-
ent descent variant RMSprop [11] to minimize our proposed
objective function (equation 1) with respect to the output
image X .

L(X, IC , IS) =
αℓC + ℓm + ℓr +

1
α
ℓp

2 + α+ 1
α

(1)

We describe the content term of our loss αℓC in Sec-
tion 2.2, and the style term ℓm + ℓr +

1
α
ℓp in Section 2.3.

The hyper-parameter α represents the relative importance
of content preservation to stylization. Our method is itera-
tive; let X(t) refer to the stylized output image at timestep
t. We describe our initialization X(0) in Section 2.5.

2.1 Feature Extraction

Both our style and content loss terms rely upon extract-
ing a rich feature representation from an arbitrary spatial lo-
cation. In this work we use hypercolumns [21, 8] extracted
from a subset of layers of VGG16 trained on ImageNet [26].
Let Φ(X)i be the tensor of feature activations extracted
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 Map distribution of image content features with distribution 
of image style features

Kolkin et. al. (2019)



Dynamic transport

 We also want to understand how samples move (interpolate) 
between distributions.

<latexit sha1_base64="+G3QeMZB36SuSL4UBTmt8IAZ/nw=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9JljA7mSRD5rHMzIphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8M/Nbj1QbpuS9ncQ0FHgo2YARbJ300NUj1fNLTxe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZQDVMm48RSSRaLBglHVqHZ96jPNCWWTxzBRDN3KyIjrDGxLqO8CyFYfnmVNC/LQaVcubsq1qpZHDk4hTMoQQDXUINbqEMDCAh4hld487T34r17H4vWNS+bOYE/8D5/AO1tj9I=</latexit>

⇢0(x)
<latexit sha1_base64="3pSgENWg2MXiYbOLS68xLT2iJp0=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9JljA7mSRD5rHMzIphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8M/Nbj1QbpuS9ncQ0FHgo2YARbJ300NUj1QtKTxe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZQDVMm48RSSRaLBglHVqHZ96jPNCWWTxzBRDN3KyIjrDGxLqO8CyFYfnmVNC/LQaVcubsq1qpZHDk4hTMoQQDXUINbqEMDCAh4hld487T34r17H4vWNS+bOYE/8D5/AO70j9M=</latexit>

⇢1(x)



Dynamic flows

 Dynamical motion of particles described by 
velocity flows and differential equations

Velocity flow field

Particle motion described by
differential equation:

<latexit sha1_base64="hZECzIrY6z4p6c/P9d2uAcFChoQ=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS9kVqT0WvHisYD+gXUo2zbahSXZJssWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz329nY3Nre2S3sFfcPDo+OSyenbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyV3md6ZUaRbJRzOLqS/wSLKQEWwyaVp5uhqUym7VXQCtEy8nZcjRHJS++sOIJIJKQzjWuue5sfFTrAwjnM6L/UTTGJMJHtGepRILqv10cescXVpliMJI2ZIGLdTfEykWWs9EYDsFNmO96mXif14vMWHdT5mME0MlWS4KE45MhLLH0ZApSgyfWYKJYvZWRMZYYWJsPEUbgrf68jppX1e9WrX2cFNu1PM4CnAOF1ABD26hAffQhBYQGMMzvMKbI5wX5935WLZuOPnMGfyB8/kDhV+N4g==</latexit>

v(x)
<latexit sha1_base64="AKGoiUzVzQr4kJE9SfX90tWgy1k=">AAACFHicbVDLSsNAFJ34rPEVdelmsAiCUBKRWlwV3LiSKvYBTSyT6aQdOsmEmUmlhH6EG3/FjQtF3Lpw5984abOwrQcuHM65l3vv8WNGpbLtH2NpeWV1bb2wYW5ube/sWnv7DckTgUkdc8ZFy0eSMBqRuqKKkVYsCAp9Rpr+4Crzm0MiJOXRvRrFxAtRL6IBxUhpqWOdDi9h6oZI9X0f3o0fbqAraK+vkBD80Zx1OlbRLtkTwEXi5KQIctQ61rfb5TgJSaQwQ1K2HTtWXoqEopiRsekmksQID1CPtDWNUEikl06eGsNjrXRhwIWuSMGJ+nciRaGUo9DXndmRct7LxP+8dqKCipfSKE4UifB0UZAwqDjMEoJdKghWbKQJwoLqWyHuI4Gw0jmaOgRn/uVF0jgrOeVS+fa8WK3kcRTAITgCJ8ABF6AKrkEN1AEGT+AFvIF349l4NT6Mz2nrkpHPHIAZGF+/hmCd2Q==</latexit>

v : RN ! RN

<latexit sha1_base64="orDW9u3Ckc0BFdTTAGCSSVpZtYg=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0Wom5KI1G6EghuXFewD2hAmk2k7dDIJMzfFEvonblwo4tY/ceffOG2z0NYDl3s4517mzgkSwTU4zrdV2Njc2t4p7pb29g8Oj+zjk7aOU0VZi8YiVt2AaCa4ZC3gIFg3UYxEgWCdYHw39zsTpjSP5SNME+ZFZCj5gFMCRvJtO3zyAd/iScX0yxCwb5edqrMAXiduTsooR9O3v/phTNOISaCCaN1znQS8jCjgVLBZqZ9qlhA6JkPWM1SSiGkvW1w+wxdGCfEgVqYk4IX6eyMjkdbTKDCTEYGRXvXm4n9eL4VB3cu4TFJgki4fGqQCQ4znMeCQK0ZBTA0hVHFzK6YjoggFE1bJhOCufnmdtK+qbq1ae7guN+p5HEV0hs5RBbnoBjXQPWqiFqJogp7RK3qzMuvFerc+lqMFK985RX9gff4A4eSSgg==</latexit>

dxt = v(xt)dt



Conservation of mass

 With no sources or sinks, particles are neither created
nor destroyed

Number of particles
enclosed in moving volume

Total number of particles
is conserved

<latexit sha1_base64="BUNm3AD4VzmbwYJPksyWvjp6t0c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+0BDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/FsO5nQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk/ZV1atVa/fXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPz4AjcI=</latexit>

Vt

<latexit sha1_base64="duGcpkZgQm5uHpjuisc1wJ7PPVU=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBAEIeyKxBwDevAYwTwgWcPsZJIMmZ1dZnqVsOQ/vHhQxKv/4s2/cZLsQRMLGoqqbrq7glgKg6777aysrq1vbOa28ts7u3v7hYPDhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdD31m49cGxGpexzH3A/pQIm+YBSt9NDopnjeueESKcFJt1B0S+4MZJl4GSlChlq38NXpRSwJuUImqTFtz43RT6lGwSSf5DuJ4TFlIzrgbUsVDbnx09nVE3JqlR7pR9qWQjJTf0+kNDRmHAa2M6Q4NIveVPzPayfYr/ipUHGCXLH5on4iCUZkGgHpCc0ZyrEllGlhbyVsSDVlaIPK2xC8xZeXSeOi5JVL5bvLYrWSxZGDYziBM/DgCqpwCzWoAwMNz/AKb86T8+K8Ox/z1hUnmzmCP3A+fwAASpIt</latexit>

Vt+�t

<latexit sha1_base64="I/yuRzJ6hCN6wgzj2319yWW+f8s=">AAACDXicbZC7SgNBFIZnvcZ4i1raDEYhNmFXJKYRAjaWEcwFkrDMzs4mQ2Znl5mzkrDkBWx8FRsLRWzt7XwbZ5MUmvjDwMd/zuHM+b1YcA22/W2trK6tb2zmtvLbO7t7+4WDw6aOEkVZg0YiUm2PaCa4ZA3gIFg7VoyEnmAtb3iT1VsPTGkeyXsYx6wXkr7kAacEjOUWTruBIjT1J6kPE9zlEty06RqMS6Nz7I/wNbbzbqFol+2p8DI4cyiiuepu4avrRzQJmQQqiNYdx46hlxIFnAo2yXcTzWJCh6TPOgYlCZnupdNrJvjMOD4OImWeBDx1f0+kJNR6HHqmMyQw0Iu1zPyv1kkgqPZSLuMEmKSzRUEiMEQ4iwb7XDEKYmyAUMXNXzEdEBMPmACzEJzFk5eheVF2KuXK3WWxVp3HkUPH6ASVkIOuUA3dojpqIIoe0TN6RW/Wk/VivVsfs9YVaz5zhP7I+vwBlv+aiw==</latexit>

d

dt

Z

Vt

p(x)dx = 0

<latexit sha1_base64="qYyowlKVbo1T4Q++mHBR2ZaZW5g=">AAACDnicbZDLSgMxFIYz9VbrrerSTbAUKmKZEandCAU3LivYC7S1ZNJMG5rJDMkZaRn6BG58FTcuFHHr2p1vY9rOQlsPhHz8/zkk53dDwTXY9reVWlldW99Ib2a2tnd297L7B3UdRIqyGg1EoJou0UxwyWrAQbBmqBjxXcEa7vB66jcemNI8kHcwDlnHJ33JPU4JGKmbzbe5hG58Zi4PxpP7+DQhHBZGJ7g3wlfYyXSzObtozwovg5NADiVV7Wa/2r2ARj6TQAXRuuXYIXRiooBTwSaZdqRZSOiQ9FnLoCQ+0514ts4E543Sw16gzJGAZ+rviZj4Wo9913T6BAZ60ZuK/3mtCLxyJ+YyjIBJOn/IiwSGAE+zwT2uGAUxNkCo4uavmA6IIhRMgtMQnMWVl6F+XnRKxdLtRa5STuJIoyN0jArIQZeogm5QFdUQRY/oGb2iN+vJerHerY95a8pKZg7Rn7I+fwA8z5rj</latexit>Z +1

�1
p(x)dx = 1



Flux

<latexit sha1_base64="H3ojivcgRUo7XixYx/tiOrrBYi0=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8Ei1E2ZEandCAU34qqCvUA7lEx62oZmLiSZYhm6cOOruHGhiFsfwp1vY2Y6C209EPLz/eeQnN8NOZPKsr6N3Nr6xuZWfruws7u3f2AeHrVkEAkKTRrwQHRcIoEzH5qKKQ6dUADxXA5td3Kd+O0pCMkC/17NQnA8MvLZkFGiNOqbxd4UaHw7Lz+c4Ssc6isF0wT0zZJVsdLCq8LORAll1eibX71BQCMPfEU5kbJrW6FyYiIUoxzmhV4kISR0QkbQ1dInHkgnTpeY41NNBngYCH18hVP6eyImnpQzz9WdHlFjuewl8D+vG6lhzYmZH0YKfLp4aBhxrAKcJIIHTABVfKYFoYLpv2I6JoJQpXMr6BDs5ZVXReu8Ylcr1buLUr2WxZFHRXSCyshGl6iOblADNRFFj+gZvaI348l4Md6Nj0VrzshmjtGfMj5/AMtqluY=</latexit>

~J(x) = p(x)~v(x)

<latexit sha1_base64="9DsuXJF9uG6eZ6ewuxMEyVETbHg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY4kXjxClEcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT27nffkKleSQfzDRGP6QjyYecUWOlxn2/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5LtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AK61jNg=</latexit>

S

<latexit sha1_base64="qQXQ1hu0Wv3DvsvwGvKE0qJIDUs=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0GITdgViSkjNmIV0TwgG8Ls7CQZMju7zNwNhiWtjb9iY6GIrX9g5984eRSaeODC4Zx7ufcePxZcg+N8W5mV1bX1jexmbmt7Z3fP3j+o6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAHVxO/MWRK80jewyhm7ZD0JO9ySsBIHRt7nEvo3GFvyGh6My48nHo0iAAHU+Fy3LHzTtGZAi8Td07yaI5qx/7ygogmIZNABdG65ToxtFOigFPBxjkv0SwmdEB6rGWoJCHT7XT6yRifGCXA3UiZkoCn6u+JlIRaj0LfdIYE+nrRm4j/ea0EuuV2ymWcAJN0tqibCAwRnsSCA64YBTEyhFDFza2Y9okiFEx4OROCu/jyMqmfFd1SsXR7nq+U53Fk0RE6RgXkogtUQdeoimqIokf0jF7Rm/VkvVjv1sesNWPNZw7RH1ifP+QxmdA=</latexit>ZZ

S

~J(x) · d ~A

Flux vector field is
current flow per unit area

Particle flow per unit time
across surface

 Flux measures the rate of particle flow across surfaces

<latexit sha1_base64="eDMqWzEr91lbT6EKZVJXSTn9nL8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQitceKF48V7Ae0oWw2k3bpZhN3N4US+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8w8P+FMacf5tgobm1vbO8Xd0t7+weFR+fikreJUUmzRmMey6xOFnAlsaaY5dhOJJPI5dvzx3dzvTFAqFotHPU3Qi8hQsJBRoo3UDfoTpNntbFCuOFVnAXuduDmpQI7moPzVD2KaRig05USpnusk2suI1IxynJX6qcKE0DEZYs9QQSJUXra4d2ZfGCWww1iaEtpeqL8nMhIpNY180xkRPVKr3lz8z+ulOqx7GRNJqlHQ5aIw5baO7fnzdsAkUs2nhhAqmbnVpiMiCdUmopIJwV19eZ20r6purVp7uK406nkcRTiDc7gEF26gAffQhBZQ4PAMr/BmPVkv1rv1sWwtWPnMKfyB9fkDHiuQAg==</latexit>

d ~A



Equation of continuity

<latexit sha1_base64="4hDDIDsjt/vPIVChonH6F3dQAfE=">AAACIXicbVDLSgMxFM3UV62vqks3wSIIQpkRqd0IBTfiqoJ9QKeUO2mmDc1khiRTKMP8iht/xY0LRboTf8ZMW1BbDwQO59zLzTlexJnStv1p5dbWNza38tuFnd29/YPi4VFThbEktEFCHsq2B4pyJmhDM81pO5IUAo/Tlje6zfzWmErFQvGoJxHtBjAQzGcEtJF6xarrSyCJG4HUDDiO0h+uU3yBXQEeB5f0Q43dMSXJfYpvsF3oFUt22Z4BrxJnQUpogXqvOHX7IYkDKjThoFTHsSPdTbJbhNO04MaKRkBGMKAdQwUEVHWTWcIUnxmlj/1Qmic0nqm/NxIIlJoEnpkMQA/VspeJ/3mdWPvVbsJEFGsqyPyQH5vsIc7qwn0mKdF8YggQycxfMRmCqUybUrMSnOXIq6R5WXYq5crDValWXdSRRyfoFJ0jB12jGrpDddRABD2hF/SG3q1n69X6sKbz0Zy12DlGf2B9fQNyraL4</latexit>

@p

@t
+r · ~J = 0

<latexit sha1_base64="jAtVrVma82CtrcvC15QMrtxBeME="></latexit>

r · ~J =
Jx(x+ dx)� Jx(x)

dx
+

<latexit sha1_base64="IkLewrbmcNCo0p7r2HqPjGAaSUQ=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFaCmWRKR2WXAjrirYC7QhTCaTdnByYWYihJClG1/FjQtF3PoI7nwbp2kW2vrDwMd/zuHM+Z2IUSEN41srrayurW+UNytb2zu7e/r+QV+EMcekh0MW8qGDBGE0ID1JJSPDiBPkO4wMnPurWX3wQLigYXAnk4hYPpoE1KMYSWXZ+jEcexzh9MZOaknDTepnOdWz1E0y2IC2XjWaRi64DGYBVVCoa+tfYzfEsU8CiRkSYmQakbRSxCXFjGSVcSxIhPA9mpCRwgD5RFhpfkgGT5XjQi/k6gUS5u7viRT5QiS+ozp9JKdisTYz/6uNYum1rZQGUSxJgOeLvJhBGcJZKtClnGDJEgUIc6r+CvEUqWCkyq6iQjAXT16G/nnTbDVbtxfVTruIowyOwAmoARNcgg64Bl3QAxg8gmfwCt60J+1Fe9c+5q0lrZg5BH+kff4AVrqYPw==</latexit>

Jy(y + dy)� Jy(y)

dy
+

<latexit sha1_base64="CAVayY0V7fRhmDYjFUYlVpZfgWU=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFaBFLIlK7LLgRVxXsBdoQJpNJO3RyYWYitCEbN76KGxeKuPUd3Pk2TtMstPWHgY//nMOZ8zsRo0IaxrdWWFldW98obpa2tnd29/T9g44IY45JG4cs5D0HCcJoQNqSSkZ6ESfIdxjpOuPrWb37QLigYXAvJxGxfDQMqEcxksqy9WM48DjCya09rUzP3Gn1PKNqmrjT1NbLRs3IBJfBzKEMcrVs/Wvghjj2SSAxQ0L0TSOSVoK4pJiRtDSIBYkQHqMh6SsMkE+ElWRXpPBUOS70Qq5eIGHm/p5IkC/ExHdUp4/kSCzWZuZ/tX4svYaV0CCKJQnwfJEXMyhDOIsEupQTLNlEAcKcqr9CPEIqFamCK6kQzMWTl6FzUTPrtfrdZbnZyOMogiNwAirABFegCW5AC7QBBo/gGbyCN+1Je9HetY95a0HLZw7BH2mfPy/jl7w=</latexit>

Jz(z + dz)� Jz(z)

dz

<latexit sha1_base64="wrY/fTt+2SMsPu+tC79zHiUOuhc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY4kXjxikEcCGzI7DDBhdnYz02skGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSyFQdf9dnIbm1vbO/ndwt7+weFR8fikZaJEM95kkYx0J6CGS6F4EwVK3ok1p2EgeTuY3M799iPXRkTqAacx90M6UmIoGEUrNRr9p36x5JbdBcg68TJSggz1fvGrN4hYEnKFTFJjup4bo59SjYJJPiv0EsNjyiZ0xLuWKhpy46eLU2fkwioDMoy0LYVkof6eSGlozDQMbGdIcWxWvbn4n9dNcFj1U6HiBLliy0XDRBKMyPxvMhCaM5RTSyjTwt5K2JhqytCmU7AheKsvr5PWVdmrlCv316VaNYsjD2dwDpfgwQ3U4A7q0AQGI3iGV3hzpPPivDsfy9ack82cwh84nz8/fo3D</latexit>

Sx

<latexit sha1_base64="XgZCe/hSfJPa10FwAWIzaQ7xmJU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoiUnssePFY0X5AG8pms2mXbjZxdyMtoX/CiwdFvPp3vPlv3KY5aOuDgcd7M8zM82LOlLbtb6uwtr6xuVXcLu3s7u0flA+P2ipKJKEtEvFIdj2sKGeCtjTTnHZjSXHocdrxxjdzv/NEpWKReNDTmLohHgoWMIK1kbr3g3Ry4U9mg3LFrtoZ0CpxclKBHM1B+avvRyQJqdCEY6V6jh1rN8VSM8LprNRPFI0xGeMh7RkqcEiVm2b3ztCZUXwURNKU0ChTf0+kOFRqGnqmM8R6pJa9ufif10t0UHdTJuJEU0EWi4KEIx2h+fPIZ5ISzaeGYCKZuRWREZaYaBNRyYTgLL+8StqXVadWrd1dVRr1PI4inMApnIMD19CAW2hCCwhweIZXeLMerRfr3fpYtBasfOYY/sD6/AEIVI/0</latexit>

Sx+dx

 Green’s theorem relates total flux to temporal change in 
density within volume



Diffusion

Random white noise

Stochastic differential equation:

<latexit sha1_base64="bZiG/6SWcA9gpQQf9sBOQIPIf4k=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQtlsp+3SzSbsTgol9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsbeJUc2jxWMa6GzIDUihooUAJ3UQDi0IJnXByv/A7U9BGxOoJZwkEERspMRScoZV8fwo88wHZvI/9csWtukvQTeLlpEJyNPvlL38Q8zQChVwyY3qem2CQMY2CS5iX/NRAwviEjaBnqWIRmCBb3jynV1YZ0GGsbSmkS/X3RMYiY2ZRaDsjhmOz7i3E/7xeisN6kAmVpAiKrxYNU0kxposA6EBo4ChnljCuhb2V8jHTjKONqWRD8NZf3iTtm6pXq9YebyuNeh5HkVyQS3JNPHJHGuSBNEmLcJKQZ/JK3pzUeXHenY9Va8HJZ87JHzifP28Vke4=</latexit>

~⌘t

<latexit sha1_base64="279ATyEZSlDNgJITIXn3bUdmYW4=">AAACCXicbVA9SwNBEN3zM8avU0ubxSBYhTuRmEYI2FhGMB+QC2FvM0mW7O0du3OBcKS18a/YWChi6z+w89+4+Sg08cHA470ZZuaFiRQGPe/bWVvf2Nzazu3kd/f2Dw7do+O6iVPNocZjGetmyAxIoaCGAiU0Ew0sCiU0wuHt1G+MQBsRqwccJ9COWF+JnuAMrdRxaSCZ6kugwQh4FgCySQdpoOfiDfU6bsErejPQVeIvSIEsUO24X0E35mkECrlkxrR8L8F2xjQKLmGSD1IDCeND1oeWpYpFYNrZ7JMJPbdKl/ZibUshnam/JzIWGTOOQtsZMRyYZW8q/ue1UuyV25lQSYqg+HxRL5UUYzqNhXaFBo5ybAnjWthbKR8wzTja8PI2BH/55VVSvyz6pWLp/qpQKS/iyJFTckYuiE+uSYXckSqpEU4eyTN5JW/Ok/PivDsf89Y1ZzFzQv7A+fwBZdKZeA==</latexit>

h~⌘ti = 0

 Adding Brownian random noise to particle motion

<latexit sha1_base64="o4X6FDDxVcjZg3NaRGJPdiBScZ0="></latexit>

h~⌘t~⌘>t0 i = �tt0IN⇥N

<latexit sha1_base64="1UGd+0rBMsPeORP9RPKmgcbTnrI=">AAACB3icbZC7SgNBFIZnvcZ4i1oKMhgEq7ArEtMIARvLCOYC2RBmJyfJkNnZZeZsMCzpbHwVGwtFbH0FO9/GyaXQxB8Gfr5zDmfOH8RSGHTdb2dldW19YzOzld3e2d3bzx0c1kyUaA5VHslINwJmQAoFVRQooRFrYGEgoR4Mbib1+hC0EZG6x1EMrZD1lOgKztCidu6k4w+Bpw/jNtJr6quEzoAPyCxr5/JuwZ2KLhtvbvJkrko79+V3Ip6EoJBLZkzTc2NspUyj4BLGWT8xEDM+YD1oWqtYCKaVTu8Y0zNLOrQbafsU0in9PZGy0JhRGNjOkGHfLNYm8L9aM8FuqZUKFScIis8WdRNJMaKTUGhHaOAoR9YwroX9K+V9phlHG13WhuAtnrxsahcFr1go3l3my6V5HBlyTE7JOfHIFSmTW1IhVcLJI3kmr+TNeXJenHfnY9a64sxnjsgfOZ8/6QaZVA==</latexit>

d~xt = ⌫d~⌘t



Diffusion equation

Flux from diffusion (Fick’s law)

 Diffusion causes net flow from regions of high density 
to low density

<latexit sha1_base64="9DsuXJF9uG6eZ6ewuxMEyVETbHg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY4kXjxClEcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT27nffkKleSQfzDRGP6QjyYecUWOlxn2/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5LtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AK61jNg=</latexit>

S

Diffusion equation:

<latexit sha1_base64="6kYG2SGdsvZAGprWFYLDBB1jvc0=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WooCUpUrsRCroQVxXsA5pQJtNJO3QyCTOTYgn5CTf+ihsXirgV3Pk3TtoutHpg4HDOudy5x4sYlcqyvozc0vLK6lp+vbCxubW9Y+7utWQYC0yaOGSh6HhIEkY5aSqqGOlEgqDAY6TtjS4zvz0mQtKQ36lJRNwADTj1KUZKSz3zxBkTnNykvSt4AU8dXyCc2GlSSR0eQ4cjjyEYlbIQvD/umUWrbE0B/xJ7TopgjkbP/HT6IY4DwhVmSMqubUXKTZBQFDOSFpxYkgjhERqQrqYcBUS6yfSqFB5ppQ/9UOjHFZyqPycSFEg5CTydDJAaykUvE//zurHya25CeRQrwvFskR8zqEKYVQT7VBCs2EQThAXVf4V4iHQzShdZ0CXYiyf/Ja1K2a6Wq7dnxXptXkceHIBDUAI2OAd1cA0aoAkweABP4AW8Go/Gs/FmvM+iOWM+sw9+wfj4BlFznaQ=</latexit>

~JD = �1

2
⌫rp(~x)

<latexit sha1_base64="GNbjFZWLN7L35IwRAz9F8mpfHGI="></latexit>

@p

@t
= �r · ~JD =

1

2
⌫r2p



Fokker-Planck equation
<latexit sha1_base64="JzzB5PGvQn5MJiS9op49zUKHGdo="></latexit>

@t⇢(t, x) = �r · [⇢(t, x)f(t, x, u)] + 1

2
⌫tr2⇢(t, x)

Fluxes:

 Fokker-Planck equation as generalization of continuity 
equation with fluxes from both drift and diffusion

<latexit sha1_base64="37R+Jz3gjBYAoqbewkEpSJzfkx4=">AAACBnicbVDJSgNBEO2JW4zbqEcRGoOQQAgzIjEXIeBFPEUwCyRh6On0JE16FrprQsKQkxd/xYsHRbz6Dd78GzvLQRMfFDzeq6KqnhsJrsCyvo3U2vrG5lZ6O7Ozu7d/YB4e1VUYS8pqNBShbLpEMcEDVgMOgjUjyYjvCtZwBzdTvzFkUvEweIBxxDo+6QXc45SAlhzztD1kNLmbOEN8jduyHzqQG+W9HBRGhTjvmFmraM2AV4m9IFm0QNUxv9rdkMY+C4AKolTLtiLoJEQCp4JNMu1YsYjQAemxlqYB8ZnqJLM3JvhcK13shVJXAHim/p5IiK/U2Hd1p0+gr5a9qfif14rBK3cSHkQxsIDOF3mxwBDiaSa4yyWjIMaaECq5vhXTPpGEgk4uo0Owl19eJfWLol0qlu4vs5XyIo40OkFnKIdsdIUq6BZVUQ1R9Iie0St6M56MF+Pd+Ji3pozFzDH6A+PzBz+ol60=</latexit>

~Jv = ⇢t(x)f(t, x, u)
<latexit sha1_base64="ubdDcvQxlLDcXBjPsA5RQdtNqg0=">AAACGHicbVDLSsNAFJ3Ud31VXboZLEJdWJMi1Y0g6EJcVbAPaEqYTCft0MkkzNyIJeQz3Pgrblwo4rY7/8bpY6HVAxcO59zLvff4seAabPvLyi0sLi2vrK7l1zc2t7YLO7sNHSWKsjqNRKRaPtFMcMnqwEGwVqwYCX3Bmv7gauw3H5jSPJL3MIxZJyQ9yQNOCRjJK5y4D4ymt5l3jS/wsRsoQlMnSyuZKxMPsCuJLwh2VT/yoIQfj7xC0S7bE+C/xJmRIpqh5hVGbjeiScgkUEG0bjt2DJ2UKOBUsCzvJprFhA5Ij7UNlSRkupNOHsvwoVG6OIiUKQl4ov6cSEmo9TD0TWdIoK/nvbH4n9dOIDjvpFzGCTBJp4uCRGCI8Dgl3OWKURBDQwhV3NyKaZ+YcMBkmTchOPMv/yWNStmplqt3p8XL81kcq2gfHaASctAZukQ3qIbqiKIn9ILe0Lv1bL1aH9bntDVnzWb20C9Yo2/bpJ8D</latexit>

~JD = �1

2
⌫tr⇢t(x)

<latexit sha1_base64="bqY0zI5zlLN7FaMNcPIHcPp5NPI=">AAACIXicbVDLSgMxFM34tr6qLt0Ei+DGMiNSuxEKbsSVgm2FTil30owNZpIhuVMow/yKG3/FjQtF3Ik/Y1oLPg8EDufcy805USqFRd9/82Zm5+YXFpeWSyura+sb5c2tltWZYbzJtNTmOgLLpVC8iQIlv04NhySSvB3dno799pAbK7S6wlHKuwncKBELBuikXrkexgZYHqZgUICkoRnoHhZfAhb05CBUEEkIWV8jDYec5edFr1zxq/4E9C8JpqRCprjolV/DvmZZwhUyCdZ2Aj/Fbj4+wyQvSmFmeQrsFm54x1EFCbfdfJKwoHtO6dNYG/cU0on6fSOHxNpRErnJBHBgf3tj8T+vk2Fc7+ZCpRlyxT4PxZmLrem4LtoXhjOUI0eAGeH+StkAXGXoSi25EoLfkf+S1mE1qFVrl0eVRn1axxLZIbtknwTkmDTIGbkgTcLIHXkgT+TZu/cevRfv9XN0xpvubJMf8N4/AKq3pGg=</latexit>

@⇢t
@t

= �r · ~J



Score function

<latexit sha1_base64="JzzB5PGvQn5MJiS9op49zUKHGdo="></latexit>

@t⇢(t, x) = �r · [⇢(t, x)f(t, x, u)] + 1

2
⌫tr2⇢(t, x)

 Effect of diffusion is equivalent to deterministic flow 
given by negative score function

Fokker-Planck:



Score functions

 Need to model score function to dynamically generate 
samples from distribution
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�(t, x) = r log ⇢(t, x)



Score function approximation

 U-net architecture to approximate score function flows
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�(x)



Score matching

 Variational Stein identity to learn score function from 
data samples (Hyvarinen 2005)

Learn score function:
<latexit sha1_base64="L3qaXFQoPAX4aGWhztpPQGyH6Ng="></latexit>

min
�

Z
dx⇢(t, x) [�(t, x)�r log ⇢(t, x)]2
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�(t, x) = r log ⇢(t, x)



Densities and scores

 Relationship between scores and energy-based 
density models
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⇢(x) =
1

Z
exp[�V (x)]
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�(x) = r log ⇢(x) = �rV (x)
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min
⌦
�2(x) + 2r · �(x)

↵

Density with energy-based model:

Score function:

Score matching:
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Electrostatics

 Describes forces between electric charges



Maxwell equations

James Clerk Maxwell
~1860
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r · E(x) = q(x)
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B(x) = 0
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r⇥ E(x) = 0
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E(x) = �rV (x)

 Maxwell equations for electrostatics with no 
moving charges and magnetic field



Electrostatic analogy

 Explicit analogy between electric fields and score 
functions in machine learning
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�(x) = r log ⇢(x)
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Figure 1: Electric field vectors arising from (a) negative point charge, E(x) / � x
kxkd ; (b) uniform

negative line charge, E(r, z) / � r
krkd�1 ; (c) uniform negative charged slab, see eq. 4.

Table 1: Correspondence between electrostatics and score matching in machine learning.

Concept Electrostatics Machine Learning

Potential V (x) p(x) / e
�V (x)

Field E(x) = �rV (x) r log p(x)
Charge q(x) = r ·E(x) r2 log p(x)
Superposition E(x) =

P
k Ek(x) p(x) /

Q
k pk(x)

s(x) ⇡ s✓(x). In this work, we model the score as s✓(x) ⌘ E✓(x), where the parameters ✓ define88

an electric charge configuration and E✓(x) is the corresponding electric field.89

2.1 Maxwell’s equations90

The rationale behind using an electric field to model the score function arises from Maxwell’s91

equations. In electrostatics (with stationary charges and no currents), the electric field obeys the92

following two relations:93

r ·E(x) = q(x), and r⇥E(x) = 0,

where q(x) is the electric charge density measured in units such that the vacuum permittivity constant94

is unity. For score matching, the curl equation gives the geometric constraint on valid score fields,95

while the divergence equation gives the trace term in the Fisher divergence. The zero-curl condition96

means that the field has no rotational component; equivalently, it is conservative and can be written as97

the gradient of a scalar potential, i.e., E(x) = �rV (x), where V (x) is the scalar electric potential.98

The divergence or Poisson equation r ·E(x) = �r2
V (x) = q(x) characterizes the sources of the99

electric field and potential in terms of the electric charge distribution q(x). Since the Poisson equation100

can be inverted via Green’s functions under mild regularity conditions [10], any score function admits101

a representation as the electric field of a static charge distribution.102

After identifying the score s(x) = r log p(x) with the electric field E(x), the Poisson equation103

implies that104

r2 log p(x) = q(x),

which relates the curvature of the log-density to the local charge density.105

Table 1 summarizes the mathematical connection between electrostatic quantities and their machine106

learning counterparts. Some terms and their score connections, such as superposition, will be further107

described in following sections.108

2.2 Score matching objective109

To train the model, we optimize the Fisher divergence [15]: for a model score s✓, define the objective110

J (s✓) = Epks✓(x)�r log p(x)k2.

3
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Benefits
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�(x) = r log ⇢(x)
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E(x)
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E(x) = �rV (x)
Automatically models a gradient flow (curl-free):

Divergence is easily computed as underlying charge:

Superposition is equivalent to product of experts model:
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E(x) =
X

k

Ek(x)
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Electric fields

 Relationship between charge distribution and 
associated electric fields
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Superposition

 Model score functions as superposition of electric 
fields from charged slabs
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Example

 Approximate score function of complex data 
distribution with charged slabs
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Neural network implementation

 Charged slab model is equivalent to wide 
ReLU neural network with tied weights
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Experimental results

(a)

-4 -2 0 2 4
-3

-2

-1

0

1

2

3

4

5

(b)

-4 -2 0 2 4
-3

-2

-1

0

1

2

3

4

5

Figure 4: Score estimation of 2D banana distribution with contour lines shown in green using (a)
linear electric field (MSE = 1.32) and (b) charged slabs in 4 uniformly spaced directions, each
direction containing a stack of 6 slabs as depicted by the colored regions denoting the various charge
densities (K = 24, MSE = 0.19).

Table 2 shows that the slab model is comparable to the strongest nonparametric baselines while232

being substantially faster. The MLP-ReLU comparison isolates the role of the curl-free constraint:233

decoupling the input and output directions results in a more flexible neural parameterization, but also234

permits nonzero curl and performs substantially worse on this task (Appendix A).235

Table 2: Test MSE on the embedded banana (d = 2, Ntrain = 5, 000, 5 seeds). All methods are
tuned by Fisher divergence validation loss. Timing is for a single fixed-config fit+predict on CPU.
Nonparametric methods (†) have effective parameters scaling with N ; (⇤) slab has K closed-form
coefficients plus 5 Gaussian base parameters in 2D (from ⌦ and x0).

Method Banana (MSE) Params Complexity Time (s)

Linear 1.322± 0.042 5 O(d3) 0.001
Slab 0.087± 0.007 K+5⇤ O(K2

N) 0.032
MLP-ReLU 0.813± 0.024 162 O(ep ·N) 0.476

SSGE† 0.056± 0.005 – O(N2
d) 1.136

KEF-CG† 0.092± 0.030 – O(N2
d
2) 1.558

SSM† 0.061± 0.010 – O(ep ·N) 9.357

4.2 Synthetic dimension sweep236

Protocol. We evaluate the same models as d increases from 2 to 50 on banana, GMM, and X-shaped237

distributions (see Appendix C for details). We use Ntrain = 2, 000, an 80/20 validation split, and238

5 seeds; hyperparameter details are in Appendix D.239

Figure 5: Score field estimates on the GMM at d=2, N=2,000. Left to right: true score, linear, slab,
SSGE, KEF-CG, SSM. Contours show the log density. The quiver plots for the banana and X-shape
distributions are presented in Appendix E.

.

Table 3 shows that the slab model is competitive as dimension increases, with similar trends on the240

banana and X-shape distributions in Appendix E. Its advantage is structural; with fixed directions241

and breakpoints, the slab model fits using a closed-form solution and analytic divergence, rather than242

kernel linear algebra for SSGE/KEF-CG or iterative stochastic optimization for SSM. At the highest243

dimensions, however, SSGE is stronger on some distributions, suggesting that fixed slab directions244

may become limiting, and motivating adaptive direction selection.245
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Table 3: Test MSE vs. dimension on the GMM (Ntrain=2,000, 80/20 CV split, 5 seeds ± 1 SE).

d=2 d=5 d=10 d=20 d=50

Linear 1.801 1.851 1.901 2.128 3.610
Slab 0.134±.009 0.392±.031 0.684±.026 1.039±.035 3.327±.124

SSGE† 0.163±.003 0.459±.019 0.892±.015 2.055±.059 3.180±.034

KEF-CG† 0.130±.008 0.326±.009 0.672±.010 1.649±.035 OOM
SSM† 0.074±.003 0.239±.006 1.553±.303 2.732±.034 5.426±.063

4.3 Score estimation on MNIST via a Wasserstein autoencoder246

We train a Wasserstein autoencoder (WAE) [40] on MNIST with a Stein discrepancy penalty that re-247

quires estimating the score rz log pagg(z) of the aggregate posterior in latent space (same experiment248

as [34]). This score is intractable and must be estimated from mini-batch samples during training,249

making WAE a good way to test score estimators in a downstream task.250

Protocol. We follow Song et al. [34], using latent dimensions z 2 {8, 32} and evaluating with251

AIS [25] test NLL. For the slab model, we use ICA directions with quantile breakpoints and solve �?252

in closed form per mini-batch; see Appendix D for training and hyperparameter details.253

Table 4: WAE NLL (#) via AIS on MNIST. Timing is per mini-batch (128 samples; A100 GPU).

Latent Dim 8 32 32 Dim Timing (ms)

Linear 98.55 94.66 0.30± 0.02
Slab 97.67 92.39 1.72± 0.04
SSGE 99.11 91.63 4.08± 0.03
KEF-CG 98.72 93.48 20.47± 0.42
SSM 98.50 91.20 2.68± 0.05

Table 4 shows that the slab estimator gives the best NLL at z = 8 and remains competitive at254

z = 32, where SSM performs best. Its main advantage is computational: among the nonlinear score255

estimators, slab is the fastest per mini-batch, reflecting the closed-form solve and analytic divergence.256

Generated samples are presented in Appendix G.257

5 Discussion, limitations, and future work258

We presented an electrostatic perspective on score matching that models scores as electric fields259

generated by static charge distributions. This gives a physically motivated inductive bias: the learned260

score is curl-free by construction and has an analytic divergence. With uniformly charged slabs,261

the model remains interpretable and reduces Fisher-divergence training to a closed-form efficient262

solution, while remaining competitive with neural and kernel baselines.263

A current limitation is the choice of slab directions. Our work explores PCA, ICA, and heuristically264

sampled slab directions, and would benefit from more adaptive methods to optimize the directions.265

Some future possibilities include minimizing a kernelized Stein discrepancy [21, 7] to select better266

directions, or using backpropagation to iteratively learn the direction parameters. This would improve267

the slab model’s performance on highly anisotropic distributions, such as the X-shape in Appendix E,268

and at higher dimensions. Additionally, joint optimization of ⌦ and x0 requires iterative Lyapunov269

solves, and our empirical scope is limited to d  50 and MNIST latent score estimation.270

Several other potential avenues remain for future work. First, it is straightforward to generalize the271

electrostatic model to include superpositions of other charge geometries, such as charged spheres272

or cylinders, whose electric fields are also easily computed using Gauss’s law. In fact, it is possible273

to reinterpret some of the existing score matching methods in terms of complex charge densities.274

Second, extending the framework to denoising score matching and diffusion-based generative models275

could provide a more scalable route for large-scale applications. Finally, further theoretical analysis276

of approximation bounds, generalization performance, and the role of regularization may help design277

new electrostatic score models.278
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 Simple charged slab model is competitive and more 
efficient than other score matching methods



Universal approximation

 Can a superposition of 1-d charged slabs 
approximate all possible score functions?

u1

u2



Radon transform

 Mathematics of projections of high-dimensional densities

Johann Radon



Computed Tomography (CT)

 How to reconstruct volumetric density from X-ray 
projections?



Radon transform

 Convert high-dimensional density into collection of low-
dimensional densities

<latexit sha1_base64="tJZlea/I52uBhBDL5MgGGYrqwcQ=">AAACGXicbVDLSgNBEJyNrxhfqx69DAYxAQ27ItGLEPTiMYJ5QDaE2dlJMmR2Z5nplYSQ3/Dir3jxoIhHPfk3Th4HTSxoKKq66e7yY8E1OM63lVpaXlldS69nNja3tnfs3b2qlomirEKlkKruE80Ej1gFOAhWjxUjoS9Yze/djP3aA1Oay+geBjFrhqQT8TanBIzUsh1PdWUryfWP8/gKezwCHPS9EzyWc/28FzABJAeniUcDCbifb9lZp+BMgBeJOyNZNEO5ZX96gaRJyCKggmjdcJ0YmkOigFPBRhkv0SwmtEc6rGFoREKmm8PJZyN8ZJQAt6UyZU6bqL8nhiTUehD6pjMk0NXz3lj8z2sk0L5sDnkUJ8AiOl3UTgQGiccx4YArRkEMDCFUcXMrpl2iCAUTZsaE4M6/vEiqZwW3WCjenWdL17M40ugAHaIcctEFKqFbVEYVRNEjekav6M16sl6sd+tj2pqyZjP76A+srx9DQJ6g</latexit>

⇢u(x
0) =

Z
dx ⇢(x)�(t� u · x)



Fourier slice theorem

 Fourier transform of Radon transforms are related to axial lines 
in the Fourier transform of the high-dimensional density
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Score slice theorem

 Theorem about score functions under Radon transforms
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Score approximation

 Any score function can be arbitrarily approximated with 
superposition of 1-D electric fields

u1
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Flow as Control

 Controlling flow from one distribution to another is 
analogous to steering individual particles to goal positions
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Discrete time system
Discrete time deterministic dynamical system:
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ut 2 RMState vectors: Control actions:

<latexit sha1_base64="AifEsNmf2r8tO8K+c/UirLIhsgk=">AAACBnicbZDLSgMxFIYzXmu9jboUIViESkuZEandCAU3LivYC7RlyKSZNjRzITkjLUNXbnwVNy4UceszuPNtTNtZaOsPgY//nMPJ+d1IcAWW9W2srK6tb2xmtrLbO7t7++bBYUOFsaSsTkMRypZLFBM8YHXgIFgrkoz4rmBNd3gzrTcfmFQ8DO5hHLGuT/oB9zgloC3HPBk5CRTsCb7GIwdwAXt5KGoq4tiBc8fMWSVrJrwMdgo5lKrmmF+dXkhjnwVABVGqbVsRdBMigVPBJtlOrFhE6JD0WVtjQHymusnsjAk+004Pe6HULwA8c39PJMRXauy7utMnMFCLtan5X60dg1fpJjyIYmABnS/yYoEhxNNMcI9LRkGMNRAquf4rpgMiCQWdXFaHYC+evAyNi5JdLpXvLnPVShpHBh2jU5RHNrpCVXSLaqiOKHpEz+gVvRlPxovxbnzMW1eMdOYI/ZHx+QPotZbW</latexit>

xt+1 = xt + f(t, xt, ut)

<latexit sha1_base64="hLeIyDuePCMh6sMk3OMf9RgviUQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KolI7UUoePFYwX5AG8pmu2mXbjZhdyKW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl3321lb39jc2i7sFHf39g8OS0fHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmtx+5NiJWDzhJuB/RoRKhYBSt1H7qZ3jjTvulsltx5yCrxMtJGXI0+qWv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/Nz52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYljzM6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtoQvOWXV0nrsuJVK9X7q3K9lsdRgFM4gwvw4BrqcAcNaAKDMTzDK7w5ifPivDsfi9Y1J585gT9wPn8AKgePcQ==</latexit>xt=0

<latexit sha1_base64="5w6fKeGGRxR8tcZVBjA4GXBf8rQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KolI7UUoePFYwX5AG8pmu2mXbjZhdyKW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl3321lb39jc2i7sFHf39g8OS0fHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmtx+5NiJWDzhJuB/RoRKhYBSt1H7qZ3jjTfulsltx5yCrxMtJGXI0+qWv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/Nz52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYljzM6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtoQvOWXV0nrsuJVK9X7q3K9lsdRgFM4gwvw4BrqcAcNaAKDMTzDK7w5ifPivDsfi9Y1J585gT9wPn8AK4yPcg==</latexit>xt=1

<latexit sha1_base64="zltyl5+h4P3hJoJ1JpWcKciKDwA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGibkIAS8eI5gHJEuYnUySIbOzy0yvGJZ8hBcPinj1e7z5N06SPWhiQUNR1U13VxBLYdB1v53cxubW9k5+t7C3f3B4VDw+aZko0Yw3WSQj3Qmo4VIo3kSBkndizWkYSN4OJrdzv/3ItRGResBpzP2QjpQYCkbRSu2nfoo3lVm/WHLL7gJknXgZKUGGRr/41RtELAm5QiapMV3PjdFPqUbBJJ8VeonhMWUTOuJdSxUNufHTxbkzcmGVARlG2pZCslB/T6Q0NGYaBrYzpDg2q95c/M/rJjis+alQcYJcseWiYSIJRmT+OxkIzRnKqSWUaWFvJWxMNWVoEyrYELzVl9dJq1L2quXq/VWpXsviyMMZnMMleHANdbiDBjSBwQSe4RXenNh5cd6dj2VrzslmTuEPnM8fLRGPcw==</latexit>xt=2

<latexit sha1_base64="+vrdLEaCqEY28ZCoJnxUaIZ3WR8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqxFyEgBePEcwDkiXMTibJkNnZZaZXDEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2UaMYbLJKRbgfUcCkUb6BAydux5jQMJG8F49uZ33rk2ohIPeAk5n5Ih0oMBKNopdZTL8Wby2mvWHLL7hxklXgZKUGGeq/41e1HLAm5QiapMR3PjdFPqUbBJJ8WuonhMWVjOuQdSxUNufHT+blTcmaVPhlE2pZCMld/T6Q0NGYSBrYzpDgyy95M/M/rJDio+qlQcYJcscWiQSIJRmT2O+kLzRnKiSWUaWFvJWxENWVoEyrYELzll1dJ86LsVcqV+6tSrZrFkYcTOIVz8OAaanAHdWgAgzE8wyu8ObHz4rw7H4vWnJPNHMMfOJ8/LpaPdA==</latexit>xt=3

<latexit sha1_base64="MzdzIQYgMwPMbL2R3hLzxU+zfWc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEai9CwYvHCvYD2lA22027dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek7u533ni2ohYPeI04X5ER0qEglG0UicdZHjrzgblilt1FyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tzp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYlj3M6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10n7qurVqrWH60qjnsdRhDM4h0vw4AYacA9NaAGDCTzDK7w5ifPivDsfy9aCk8+cwh84nz8laY9u</latexit>ut=0 <latexit sha1_base64="ISNQct2EUE4jPmEMJPhFmGn4v9A=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEai9CwYvHCvYD2lA22027dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek7u533ni2ohYPeI04X5ER0qEglG0UicdZHjrzQblilt1FyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tzp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYlj3M6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10n7qurVqrWH60qjnsdRhDM4h0vw4AYacA9NaAGDCTzDK7w5ifPivDsfy9aCk8+cwh84nz8m7o9v</latexit>ut=1
<latexit sha1_base64="Hnc0is20A4Jj2tZExigq/IVIr2g=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR2otQ8OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut7OxubW9s1vYK+4fHB4dl05O2yZONeMtFstYdwNquBSKt1Cg5N1EcxoFkneCyd3c7zxxbUSsHnGacD+iIyVCwShaqZMOMrytzgalsltxFyDrxMtJGXI0B6Wv/jBmacQVMkmN6Xlugn5GNQom+azYTw1PKJvQEe9ZqmjEjZ8tzp2RS6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYlj3M6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtoQvNWX10m7WvFqldrDdblRz+MowDlcwBV4cAMNuIcmtIDBBJ7hFd6cxHlx3p2PZeuGk8+cwR84nz8oc49w</latexit>ut=2

<latexit sha1_base64="830oTMbGFzwo3KPkstuqnStd3r4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUai9CwYvHCtYW2lA22027dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8ePZo41Yy3WCxj3Qmo4VIo3kKBkncSzWkUSN4Oxrczv/3EtRGxesBJwv2IDpUIBaNopXbaz/DmctovV9yqOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfu6UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMO6nwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEoeL6perVq7v6o06nkcRTiBUzgHD66hAXfQhBYwGMMzvMKbkzgvzrvzsWgtOPnMMfyB8/kDKfiPcQ==</latexit>ut=3

 Dynamics describe evolution of state vectors in time



Optimal control
<latexit sha1_base64="FIVRqBRurb2h0UuIWLJaehVF0Gg=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCh1oSkdqLUPDisUK/oA1ls9m2SzfZsDsRS+hf8eJBEa/+EW/+G7dtDtr6YODx3gwz8/xYcA2O823lNja3tnfyu4W9/YPDI/u42NYyUZS1qBRSdX2imeARawEHwbqxYiT0Bev4k7u533lkSnMZNWEaMy8ko4gPOSVgpIFdBHyLnbJb7otAgi43L92BXXIqzgJ4nbgZKaEMjYH91Q8kTUIWARVE657rxOClRAGngs0K/USzmNAJGbGeoREJmfbSxe0zfG6UAA+lMhUBXqi/J1ISaj0NfdMZEhjrVW8u/uf1EhjWvJRHcQIsostFw0RgkHgeBA64YhTE1BBCFTe3YjomilAwcRVMCO7qy+ukfVVxq5Xqw3WpXsviyKNTdIYukItuUB3dowZqIYqe0DN6RW/WzHqx3q2PZWvOymZO0B9Ynz/popJq</latexit>

t = 0, 1, . . . , T � 1
<latexit sha1_base64="gTTzLA7pzbjssheS7tFIiLedf40=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUlEapcFN66kin1AU8tkOmmHTiZhZiKWUPBX3LhQxK3f4c6/cdJmoa0HBg7n3Ms9c/yYM6Ud59taWl5ZXVsvbBQ3t7Z3du29/aaKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NFl5rceqFQsEnd6HNNuiAeCBYxgbaSeffjY08hjAqVeiPXQ99Ht5P66Z5ecsjMFWiRuTkqQo96zv7x+RJKQCk04VqrjOrHuplhqRjidFL1E0RiTER7QjqECh1R102n8CToxSh8FkTRPaDRVf2+kOFRqHPpmMsuo5r1M/M/rJDqodlMm4kRTQWaHgoQjHaGsC9RnkhLNx4ZgIpnJisgQS0y0aaxoSnDnv7xImmdlt1Ku3JyXatW8jgIcwTGcggsXUIMrqEMDCKTwDK/wZj1ZL9a79TEbXbLynQP4A+vzB2YclRw=</latexit>

xt 2 RN
<latexit sha1_base64="v+w0u8ouVvPWhjEXD4bwNRfFu5Q=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoiUrssuHEjVLEPaGqZTCft0MkkzEyEEgr+ihsXirj1O9z5N07aLLT1wMDhnHu5Z44fc6a043xbhZXVtfWN4mZpa3tnd8/eP2ipKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x9fZX77kUrFInGvJzHthXgoWMAI1kbq20dJXyOPCZR6IdYj30d304ebvl12Ks4MaJm4OSlDjkbf/vIGEUlCKjThWKmu68S6l2KpGeF0WvISRWNMxnhIu4YKHFLVS2fxp+jUKAMURNI8odFM/b2R4lCpSeibySyjWvQy8T+vm+ig1kuZiBNNBZkfChKOdISyLtCASUo0nxiCiWQmKyIjLDHRprGSKcFd/PIyaZ1X3GqlentRrtfyOopwDCdwBi5cQh2uoQFNIJDCM7zCm/VkvVjv1sd8tGDlO4fwB9bnD1/QlRg=</latexit>

ut 2 RMState vectors: Control actions:

<latexit sha1_base64="hLeIyDuePCMh6sMk3OMf9RgviUQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KolI7UUoePFYwX5AG8pmu2mXbjZhdyKW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl3321lb39jc2i7sFHf39g8OS0fHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmtx+5NiJWDzhJuB/RoRKhYBSt1H7qZ3jjTvulsltx5yCrxMtJGXI0+qWv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/Nz52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYljzM6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtoQvOWXV0nrsuJVK9X7q3K9lsdRgFM4gwvw4BrqcAcNaAKDMTzDK7w5ifPivDsfi9Y1J585gT9wPn8AKgePcQ==</latexit>xt=0Given initial state and controls

we can compute states

Finite time horizon cost:

 Problem of optimal control is to find sequence
that minimizes 

<latexit sha1_base64="t4ubuRBSEItFL6a1V+i/MdzkghU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXSi2eCl48VuiXtEvJptk2NMkuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uY3Nreye/W9jbPzg8Kh6ftHWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJndzv/NElWaRbJppTH2BR5KFjGBjpcdkkLq3zStvNiiW3LK7AFonXkZKkKExKH71hxFJBJWGcKx1z3Nj46dYGUY4nRX6iaYxJhM8oj1LJRZU++ni4Bm6sMoQhZGyJQ1aqL8nUiy0norAdgpsxnrVm4v/eb3EhDU/ZTJODJVkuShMODIRmn+PhkxRYvjUEkwUs7ciMsYKE2MzKtgQvNWX10n7uuxVy9WHSqley+LIwxmcwyV4cAN1uIcGtICAgGd4hTdHOS/Ou/OxbM052cwp/IHz+QPMro+9</latexit>u0:T�1

<latexit sha1_base64="Ns1/Ndz2vsMUJme/6uWIM4PsBuE=">AAACCXicbZDLSsNAFIYnXmu9RV26GSyCi1oSkVoEoeDGZYXeoA1hMp20QyeTMBehhG7d+CpuXCji1jdw59s4abPQ1h8GPv5zDmfOHySMSuU439bK6tr6xmZhq7i9s7u3bx8ctmWsBSYtHLNYdAMkCaOctBRVjHQTQVAUMNIJxrdZvfNAhKQxb6pJQrwIDTkNKUbKWL4NtZ86181zd3qjfaesfbfcZ4NYSYNpZvt2yak4M8FlcHMogVwN3/7qD2KsI8IVZkjKnuskykuRUBQzMi32tSQJwmM0JD2DHEVEeunskik8Nc4AhrEwjys4c39PpCiSchIFpjNCaiQXa5n5X62nVVjzUsoTrQjH80WhZlDFMIsFDqggWLGJAYQFNX+FeIQEwsqEVzQhuIsnL0P7ouJWK9X7y1K9lsdRAMfgBJwBF1yBOrgDDdACGDyCZ/AK3qwn68V6tz7mrStWPnME/sj6/AH/eZie</latexit>u0:T�1 = u0, u1, . . . , uT�1

<latexit sha1_base64="KfV0eIx8QR6hLXRGKpqXebBznOo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKxOAp4MVjhLwgWcLspJMMmZ1dZmbFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz328ltbG5t7+R3C3v7B4dHxeOTlo4SxbDJIhGpTkA1Ci6xabgR2IkV0jAQ2A4md3O//YhK80g2zDRGP6QjyYecUWOl9lM/9W4bs36x5JbdBcg68TJSggz1fvGrN4hYEqI0TFCtu54bGz+lynAmcFboJRpjyiZ0hF1LJQ1R++ni3Bm5sMqADCNlSxqyUH9PpDTUehoGtjOkZqxXvbn4n9dNzLDqp1zGiUHJlouGiSAmIvPfyYArZEZMLaFMcXsrYWOqKDM2oYINwVt9eZ20rspepVx5uC7VqlkceTiDc7gED26gBvdQhyYwmMAzvMKbEzsvzrvzsWzNOdnMKfyB8/kD9cWPTw==</latexit>x1:T

<latexit sha1_base64="AifEsNmf2r8tO8K+c/UirLIhsgk=">AAACBnicbZDLSgMxFIYzXmu9jboUIViESkuZEandCAU3LivYC7RlyKSZNjRzITkjLUNXbnwVNy4UceszuPNtTNtZaOsPgY//nMPJ+d1IcAWW9W2srK6tb2xmtrLbO7t7++bBYUOFsaSsTkMRypZLFBM8YHXgIFgrkoz4rmBNd3gzrTcfmFQ8DO5hHLGuT/oB9zgloC3HPBk5CRTsCb7GIwdwAXt5KGoq4tiBc8fMWSVrJrwMdgo5lKrmmF+dXkhjnwVABVGqbVsRdBMigVPBJtlOrFhE6JD0WVtjQHymusnsjAk+004Pe6HULwA8c39PJMRXauy7utMnMFCLtan5X60dg1fpJjyIYmABnS/yYoEhxNNMcI9LRkGMNRAquf4rpgMiCQWdXFaHYC+evAyNi5JdLpXvLnPVShpHBh2jU5RHNrpCVXSLaqiOKHpEz+gVvRlPxovxbnzMW1eMdOYI/ZHx+QPotZbW</latexit>

xt+1 = xt + f(t, xt, ut)

<latexit sha1_base64="IE49de4jMPjlXPZBFn6VHiHSeNU="></latexit>

J(x0, u0:T�1) = �(xT ) +
T�1X

t=0

R(t, xt, ut)

<latexit sha1_base64="e3HK6EMgEo4ZnOAo2jWrn9b1gMg=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAYhgoZdkRg8BbyIpwh5QbIss5PZZMjsg5nZYFjyJ148KOLVP/Hm3zhJ9qCJBQ1FVTfdXV7MmVSW9W3k1tY3Nrfy24Wd3b39A/PwqCWjRBDaJBGPRMfDknIW0qZiitNOLCgOPE7b3uhu5rfHVEgWhQ01iakT4EHIfEaw0pJrmg+lJ9e6SNzUum1c2tNz1yxaZWsOtErsjBQhQ901v3r9iCQBDRXhWMqubcXKSbFQjHA6LfQSSWNMRnhAu5qGOKDSSeeXT9GZVvrIj4SuUKG5+nsixYGUk8DTnQFWQ7nszcT/vG6i/KqTsjBOFA3JYpGfcKQiNIsB9ZmgRPGJJpgIpm9FZIgFJkqHVdAh2Msvr5LWVdmulCuP18VaNYsjDydwCiWw4QZqcA91aAKBMTzDK7wZqfFivBsfi9ackc0cwx8Ynz8bnZIC</latexit>

J(x0, u0:T�1)



Naïve algorithm

Evaluate cost function over
all possible control vectors:

Time complexity:

 Exponential time complexity is intractable for most 
problems

<latexit sha1_base64="Ns1/Ndz2vsMUJme/6uWIM4PsBuE=">AAACCXicbZDLSsNAFIYnXmu9RV26GSyCi1oSkVoEoeDGZYXeoA1hMp20QyeTMBehhG7d+CpuXCji1jdw59s4abPQ1h8GPv5zDmfOHySMSuU439bK6tr6xmZhq7i9s7u3bx8ctmWsBSYtHLNYdAMkCaOctBRVjHQTQVAUMNIJxrdZvfNAhKQxb6pJQrwIDTkNKUbKWL4NtZ86181zd3qjfaesfbfcZ4NYSYNpZvt2yak4M8FlcHMogVwN3/7qD2KsI8IVZkjKnuskykuRUBQzMi32tSQJwmM0JD2DHEVEeunskik8Nc4AhrEwjys4c39PpCiSchIFpjNCaiQXa5n5X62nVVjzUsoTrQjH80WhZlDFMIsFDqggWLGJAYQFNX+FeIQEwsqEVzQhuIsnL0P7ouJWK9X7y1K9lsdRAMfgBJwBF1yBOrgDDdACGDyCZ/AK3qwn68V6tz7mrStWPnME/sj6/AH/eZie</latexit>u0:T�1 = u0, u1, . . . , uT�1

<latexit sha1_base64="F4hHIoxRNVPEEiwUsJppm8K2ADk=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBahXkoiUnssePGkFfoFbSyb7aZdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZubX1jcyu/XdjZ3ds/sA+PWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2x9czv/1EpWKRaOhJTL0QDwULGMHaSJ270m0/eWic9+2iU3bmQKvEzUgRMtT79ldvEJEkpEITjpXquk6svRRLzQin00IvUTTGZIyHtGuowCFVXjq/d4rOjDJAQSRNCY3m6u+JFIdKTULfdIZYj9SyNxP/87qJDqpeykScaCrIYlGQcKQjNHseDZikRPOJIZhIZm5FZIQlJtpEVDAhuMsvr5LWRdmtlCv3l8VaNYsjDydwCiVw4QpqcAN1aAIBDs/wCm/Wo/VivVsfi9aclc0cwx9Ynz/z5Y8/</latexit>

O(NT
u )

<latexit sha1_base64="IE49de4jMPjlXPZBFn6VHiHSeNU="></latexit>

J(x0, u0:T�1) = �(xT ) +
T�1X

t=0

R(t, xt, ut)

<latexit sha1_base64="5KvjvnG90YpIQxjzZZKIMGoqvPs=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WooCURqcVVwY24qtAXtCFMppM6dDIJMxOxhKzd+CtuXCji1i9w5984bYNo64ELh3Pu5d57vIhRqSzry8gtLC4tr+RXC2vrG5tb5vZOS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre8HLst++IkDTkDTWKiBOgAac+xUhpyTX3ewHlbhK7iXXROLHTFF6X7l3r+Ec4cs2iVbYmgPPEzkgRZKi75mevH+I4IFxhhqTs2laknAQJRTEjaaEXSxIhPEQD0tWUo4BIJ5m8ksJDrfShHwpdXMGJ+nsiQYGUo8DTnQFSt3LWG4v/ed1Y+VUnoTyKFeF4usiPGVQhHOcC+1QQrNhIE4QF1bdCfIsEwkqnV9Ah2LMvz5PWadmulCs3Z8VaNYsjD/bAASgBG5yDGrgCddAEGDyAJ/ACXo1H49l4M96nrTkjm9kFf2B8fAM/AZir</latexit>

min
u0:T�1

J(x0, u0:T�1)



Principle of optimality

 Principle of Optimality: An optimal policy has the 
property that whatever the initial state and initial decision 
are, the remaining decisions must constitute an optimal 
policy with regard to the state resulting from the first 
decision. (Bellman, 1957, Chap. III.3.)



Dynamic programming

 Dijkstra’s algorithm recursively computes cost-to-go 
function to determine shortest paths



Optimal cost-to-go

Optimal cost-to-go (value) function:

Solves optimal control problem from an intermediate time and states
until terminal time T

<latexit sha1_base64="IE49de4jMPjlXPZBFn6VHiHSeNU="></latexit>

J(x0, u0:T�1) = �(xT ) +
T�1X

t=0

R(t, xt, ut)

<latexit sha1_base64="5+wLuk60l6PKENr/JkJGVdXT+Qo="></latexit>

V (t, xt) = min
ut:T�1

"
�(xT ) +

T�1X

s=t

R(s, xs, us)

#

<latexit sha1_base64="rD3twYUOQqG0ZoFA9Op9jF4PWZ8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahBSmJSO1FKHjxWKFf0Iay2W7bpZtN2N2UltB/4sWDIl79J978N27bHLT1wcDjvRlm5vkRZ0o7zreV2dre2d3L7ucODo+OT+zTs6YKY0log4Q8lG0fK8qZoA3NNKftSFIc+Jy2/PHDwm9NqFQsFHU9i6gX4KFgA0awNlLPtpuF+vW0iO5RNxqxwrTYs/NOyVkCbRI3JXlIUevZX91+SOKACk04VqrjOpH2Eiw1I5zOc91Y0QiTMR7SjqECB1R5yfLyOboySh8NQmlKaLRUf08kOFBqFvimM8B6pNa9hfif14n1oOIlTESxpoKsFg1ijnSIFjGgPpOUaD4zBBPJzK2IjLDERJuwciYEd/3lTdK8KbnlUvnpNl+tpHFk4QIuoQAu3EEVHqEGDSAwgWd4hTcrsV6sd+tj1Zqx0plz+APr8wfIrZHO</latexit>

V (T, x) = �(x)
<latexit sha1_base64="GiXRd3kEhz53Hbf7aZILTX+l70E=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vQQi2JSC2CUOjGZYW+oC1hMp22QyeTMDORlpC9G3/FjQtF3PoD7vwbp20W2nrgwuGce7n3HjdgVCrL+jZSG5tb2zvp3cze/sHhkXl80pJ+KDBpYp/5ouMiSRjlpKmoYqQTCII8l5G2O6nN/fYDEZL6vKFmAel7aMTpkGKktOSY2VbeKk4L8Bb2PMqdKHQi66ZxYccxrOWnxdBRBcfMWSVrAbhO7ITkQIK6Y371Bj4OPcIVZkjKrm0Fqh8hoShmJM70QkkChCdoRLqacuQR2Y8Wv8TwXCsDOPSFLq7gQv09ESFPypnn6k4PqbFc9ebif143VMNKP6I8CBXheLloGDKofDgPBg6oIFixmSYIC6pvhXiMBMJKx5fRIdirL6+T1mXJLpfK91e5aiWJIw3OQBbkgQ2uQRXcgTpoAgwewTN4BW/Gk/FivBsfy9aUkcycgj8wPn8A9DOYdw==</latexit>

V (0, x) = min
u0:T�1

C(x, ut)



Bellman equation
Recursion relation:

 This is called the Bellman equation which can compute 
the optimal cost-to-go for all intermediate times and states

<latexit sha1_base64="t8Iqjy4dJmeTWzOKlJEV+tYLguk="></latexit>

= min
ut

"
R(t, xt, ut) + min

ut+1:T�1

 
�(xT ) +

T�1X

s=t+1

R(s, xs, us)

!#

<latexit sha1_base64="5+wLuk60l6PKENr/JkJGVdXT+Qo="></latexit>

V (t, xt) = min
ut:T�1

"
�(xT ) +

T�1X

s=t

R(s, xs, us)

#

<latexit sha1_base64="ZnbrnvgtV7fB7ymYrCTPxWrMbs8="></latexit>

= min
ut

[R(t, xt, ut) + V (t+ 1, xt+1)]

<latexit sha1_base64="nBiE1kORPwtYDuRl/26vpPOaJGA="></latexit>

= min
ut

[R(t, xt, ut) + V (t+ 1, xt + f(t, xt, ut))]



Optimal control policy
Initialization:

Backwards:
<latexit sha1_base64="vO2ayFhGkihppl+KxSANyLNBl3c=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4qCURqb0IBS8eK/QL2lA2m027dJMNu5NCCf0nXjwo4tV/4s1/47bNQVsfDDzem2Fmnp8IrsFxvq2Nza3tnd3CXnH/4PDo2D45bWuZKspaVAqpuj7RTPCYtYCDYN1EMRL5gnX88cPc70yY0lzGTZgmzIvIMOYhpwSMNLBtwPe4ee2W+yKQoMvOwC45FWcBvE7cnJRQjsbA/uoHkqYRi4EKonXPdRLwMqKAU8FmxX6qWULomAxZz9CYREx72eLyGb40SoBDqUzFgBfq74mMRFpPI990RgRGetWbi/95vRTCmpfxOEmBxXS5KEwFBonnMeCAK0ZBTA0hVHFzK6YjoggFE1bRhOCuvrxO2jcVt1qpPt2W6rU8jgI6RxfoCrnoDtXRI2qgFqJogp7RK3qzMuvFerc+lq0bVj5zhv7A+vwBCnuR+Q==</latexit>

t = T � 1, . . . , 0

Forwards:
<latexit sha1_base64="a4Lsc1+krO/tpwQ3PIPjHmBdr/w=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4qCURqb0IBS8eK/QL2lA2m027dJMNu5NCCf0nXjwo4tV/4s1/47bNQVsfDDzem2Fmnp8IrsFxvq2Nza3tnd3CXnH/4PDo2D45bWuZKspaVAqpuj7RTPCYtYCDYN1EMRL5gnX88cPc70yY0lzGTZgmzIvIMOYhpwSMNLBtwPfYKfdFIEGXm9fuwC45FWcBvE7cnJRQjsbA/uoHkqYRi4EKonXPdRLwMqKAU8FmxX6qWULomAxZz9CYREx72eLyGb40SoBDqUzFgBfq74mMRFpPI990RgRGetWbi/95vRTCmpfxOEmBxXS5KEwFBonnMeCAK0ZBTA0hVHFzK6YjoggFE1bRhOCuvrxO2jcVt1qpPt2W6rU8jgI6RxfoCrnoDtXRI2qgFqJogp7RK3qzMuvFerc+lq0bVj5zhv7A+vwBC/2R+Q==</latexit>

t = 0, . . . , T � 1
<latexit sha1_base64="p1quApCpRDDAKIGLY9tzDIdRSvA=">AAACJnicbZDLSgMxFIYz9VbrbdSlm2ARWlrKjEjtpiC4calgVWjHIZNm2tDMheSMtAx9Gje+ihsXiog7H8W0HUWrPwS+/OcckvN7seAKLOvdyC0sLi2v5FcLa+sbm1vm9s6VihJJWYtGIpI3HlFM8JC1gINgN7FkJPAEu/YGp5P69R2TikfhJYxi5gSkF3KfUwLacs3m0E2hYo9vOwqIxE08dGHGFb8E1e9bNfmi0rdXLrtm0apZU+G/YGdQRJnOXfO5041oErAQqCBKtW0rBiclEjgVbFzoJIrFhA5Ij7U1hiRgykmna47xgXa62I+kPiHgqftzIiWBUqPA050Bgb6ar03M/2rtBPyGk/IwToCFdPaQnwgMEZ5khrtcMgpipIFQyfVfMe0TSSjoZAs6BHt+5b9wdViz67X6xVHxpJHFkUd7aB+VkI2O0Qk6Q+eohSi6R4/oGb0YD8aT8Wq8zVpzRjazi37J+PgELa6llg==</latexit>

x?
t+1 = x?

t + f(t, x?
t , u

?
t (x

?
t ))

<latexit sha1_base64="rD3twYUOQqG0ZoFA9Op9jF4PWZ8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahBSmJSO1FKHjxWKFf0Iay2W7bpZtN2N2UltB/4sWDIl79J978N27bHLT1wcDjvRlm5vkRZ0o7zreV2dre2d3L7ucODo+OT+zTs6YKY0log4Q8lG0fK8qZoA3NNKftSFIc+Jy2/PHDwm9NqFQsFHU9i6gX4KFgA0awNlLPtpuF+vW0iO5RNxqxwrTYs/NOyVkCbRI3JXlIUevZX91+SOKACk04VqrjOpH2Eiw1I5zOc91Y0QiTMR7SjqECB1R5yfLyOboySh8NQmlKaLRUf08kOFBqFvimM8B6pNa9hfif14n1oOIlTESxpoKsFg1ijnSIFjGgPpOUaD4zBBPJzK2IjLDERJuwciYEd/3lTdK8KbnlUvnpNl+tpHFk4QIuoQAu3EEVHqEGDSAwgWd4hTcrsV6sd+tj1Zqx0plz+APr8wfIrZHO</latexit>

V (T, x) = �(x)

<latexit sha1_base64="O0DhyxQgySn6tMttM6MhtwYHIBY="></latexit>

u?
t (x) = argmin

u
[R(t, x, u) + V (t+ 1, x+ f(t, x, u))]

<latexit sha1_base64="SlhR+PZpZ4UvHZWs5xbNPKCvFxE=">AAACI3icbZBNS0JBFIbn2pfdvqyWbYYkUBS5N8IkCIQ2LS3yA9Rk7jhXB+d+MHNuKOJ/adNfadOikDYt+i/NVRelHRh4eN9zOHNeJxRcgWV9GYm19Y3NreS2ubO7t3+QOjyqqSCSlFVpIALZcIhigvusChwEa4SSEc8RrO4MbmK//sSk4oH/AKOQtT3S87nLKQEtdVJXtQzkh1l8bd7HkI868NhSQGRmmM3iHNZ2zs4Pc25mycuanVTaKlizwqtgLyCNFlXppKatbkAjj/lABVGqaVshtMdEAqeCTcxWpFhI6ID0WFOjTzym2uPZjRN8ppUudgOpnw94pv6eGBNPqZHn6E6PQF8te7H4n9eMwC21x9wPI2A+nS9yI4EhwHFguMsloyBGGgiVXP8V0z6RhIKONQ7BXj55FWrnBbtYKN5dpMulRRxJdIJOUQbZ6BKV0S2qoCqi6Bm9onf0YbwYb8bU+Jy3JozFzDH6U8b3D+I2oB0=</latexit>

V (t, x) = R(t, x, u?
t (x)) + V (t+ 1, x+ f(x, u?

t (x)))



Linear system example

<latexit sha1_base64="2082KdV+2Jo7Gn63Zzqm2r6SBTU=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCEAi7IjEXIerFYwTzgGRZZieTZMjsg5leybLEX/HiQRGvfog3/8ZJsgdNLGgoqrrp7vIiwRVY1reRW1vf2NzKbxd2dvf2D8zDo5YKY0lZk4YilB2PKCZ4wJrAQbBOJBnxPcHa3vh25rcfmVQ8DB4giZjjk2HAB5wS0JJrFiduCmV7enU9cQGX8U3sgmuWrIo1B14ldkZKKEPDNb96/ZDGPguACqJU17YicFIigVPBpoVerFhE6JgMWVfTgPhMOen8+Ck+1UofD0KpKwA8V39PpMRXKvE93ekTGKllbyb+53VjGNSclAdRDCygi0WDWGAI8SwJ3OeSURCJJoRKrm/FdEQkoaDzKugQ7OWXV0nrvGJXK9X7i1K9lsWRR8foBJ0hG12iOrpDDdREFCXoGb2iN+PJeDHejY9Fa87IZoroD4zPHyOkk8c=</latexit>

xt+1 = Axt +But

<latexit sha1_base64="uStjt0bMz835635ABPAzWtKuTJA=">AAACJnicbZBbSwJBGIZnO5qdrC67GZIgkGQ3wrwRBG+61PAEui6z46wOzh6YQyiLv6ab/ko3XRgR3fVTGnWD0j4YeOZ9v4+Z73UjRoU0zU9jY3Nre2c3tZfePzg8Os6cnDZFqDgmDRyykLddJAijAWlIKhlpR5wg32Wk5Y4qc7/1SLigYVCXk4jYPhoE1KMYSS05mVKlNHbqva4MI1hz6ppzXaF8JxYlc9qL69fWdOyIxNeUUz+3B01OJmvmzUXBdbASyIKkqk5m1u2HWPkkkJghITqWGUk7RlxSzMg03VWCRAiP0IB0NAbIJ8KOF2tO4aVW+tALuT6BhAv190SMfCEmvqs7fSSHYtWbi/95HSW9oh3TIFKSBHj5kKcYlCGcZwb7lBMs2UQDwpzqv0I8RBxhqZNN6xCs1ZXXoXmTtwr5Qu02Wy4mcaTAObgAV8ACd6AM7kEVNAAGT+AFzMCb8Wy8Gu/Gx7J1w0hmzsCfMr6+AfZCpXo=</latexit>

C = x>
TQTxT +

T�1X

s=0

x>
s Qxs + u>

s Rus

Quadratic cost function:

 This is called the Linear-Quadratic Regulator (LQR) 
control problem



Riccati equation

Quadratic cost-to-go function:

<latexit sha1_base64="27gBqMqhAYeMjNW5n82gvKq8BIA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqb0IBS8eW2hrpV2WbJptQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTau++0UNja3tneKu6W9/YPDo/LxSVfHqSK0Q2Ieq16INeVM0o5hhtNeoigWIacP4eRu7j88UaVZLNtmmlBf4JFkESPYWOmxGbTRLWoF7aBccavuAmideDmpQI5mUP4aDGOSCioN4Vjrvucmxs+wMoxwOisNUk0TTCZ4RPuWSiyo9rPFwTN0YZUhimJlSxq0UH9PZFhoPRWh7RTYjPWqNxf/8/qpiep+xmSSGirJclGUcmRiNP8eDZmixPCpJZgoZm9FZIwVJsZmVLIheKsvr5PuVdWrVWut60qjnsdRhDM4h0vw4AYacA9N6AABAc/wCm+Ocl6cd+dj2Vpw8plT+APn8wcyoo9Z</latexit>

PT = QT

<latexit sha1_base64="0CFb66LXRxokG7pRgKpqoNzteDo="></latexit>

Pt = Q+A>Pt+1A�A>Pt+1B(R+B>Pt+1B)�1B>Pt+1A

 Recursive solution to Bellman equation for LQR is 
known as the Riccati equation

<latexit sha1_base64="YfwDjFz1ZZA3ATRoZDa44rdxIcM=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQxCBAm7IjEXIeDFYwTzgGRdZieTZMjsg5leybLEX/HiQRGvfog3/8ZJsgdNLGgoqrrp7vIiwRVY1reRW1vf2NzKbxd2dvf2D8zDo5YKY0lZk4YilB2PKCZ4wJrAQbBOJBnxPcHa3vhm5rcfmVQ8DO4hiZjjk2HAB5wS0JJrFltlOJ+cXU8eehBGuOECnrhmyapYc+BVYmekhDI0XPOr1w9p7LMAqCBKdW0rAiclEjgVbFroxYpFhI7JkHU1DYjPlJPOj5/iU6308SCUugLAc/X3REp8pRLf050+gZFa9mbif143hkHNSXkQxcACulg0iAWGEM+SwH0uGQWRaEKo5PpWTEdEEgo6r4IOwV5+eZW0Lip2tVK9uyzVa1kceXSMTlAZ2egK1dEtaqAmoihBz+gVvRlPxovxbnwsWnNGNlNEf2B8/gAd7pPG</latexit>

V (t, x) = x>Ptx

<latexit sha1_base64="EzwDuXolltb58ukLhK2noyn0UcE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUoiUrsRCm5cttAXtDFMppN26GQSZibSEOqvuHGhiFs/xJ1/47TNQlsPXDiccy/33uNFjEplWd9GbmNza3snv1vY2z84PDKPTzoyjAUmbRyyUPQ8JAmjnLQVVYz0IkFQ4DHS9SZ3c7/7SISkIW+pJCJOgEac+hQjpSXXLHbKrcvpxe30YaDCCDbdFpy6ZsmqWAvAdWJnpAQyNFzzazAMcRwQrjBDUvZtK1JOioSimJFZYRBLEiE8QSPS15SjgEgnXRw/g+daGUI/FLq4ggv190SKAimTwNOdAVJjuerNxf+8fqz8mpNSHsWKcLxc5McMqhDOk4BDKghWLNEEYUH1rRCPkUBY6bwKOgR79eV10rmq2NVKtXldqteyOPLgFJyBMrDBDaiDe9AAbYBBAp7BK3gznowX4934WLbmjGymCP7A+PwBvCeThw==</latexit>

V (T, x) = x>QTxInitialization:
<latexit sha1_base64="+IJHcIJDDSFrIl9epTrAd6hyK7o="></latexit>

V (t, x) = min
u

⇥
x>Qx+ u>Ru+ V (t+ 1, Ax+Bu)

⇤



Continuous time
Take the continuous time limit:

<latexit sha1_base64="TSBPABDlkR4+5g4o5XJu7mulV78=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYhAqlJCK1G6HgxmUFe4E2hMlk0g6dXJg5EUvoxldx40IRtz6GO9/GaZuFtv4w8PGfczhzfi8RXIFlfRsrq2vrG5uFreL2zu7evnlw2FZxKilr0VjEsusRxQSPWAs4CNZNJCOhJ1jHG91M650HJhWPo3sYJ8wJySDiAacEtOWax/6jC/gaB2WoaKrg1IVz7INrlqyqNRNeBjuHEsrVdM2vvh/TNGQRUEGU6tlWAk5GJHAq2KTYTxVLCB2RAetpjEjIlJPNDpjgM+34OIilfhHgmft7IiOhUuPQ050hgaFarE3N/2q9FIK6k/EoSYFFdL4oSAWGGE/TwD6XjIIYayBUcv1XTIdEEgo6s6IOwV48eRnaF1W7Vq3dXZYa9TyOAjpBp6iMbHSFGugWNVELUTRBz+gVvRlPxovxbnzMW1eMfOYI/ZHx+QNN4pTs</latexit>

dxt = f(t, xt, ut)dt

<latexit sha1_base64="y3+eGYphMAp0TtscEI9XQueLnuE=">AAACFXicbVDLSgNBEJyNrxhfUY9eBoMQSQi7IjEXIaAHjxHMA5KwzE5mkyGzD2Z6JWHJT3jxV7x4UMSr4M2/cZKsoIkFDUVVN91dTii4AtP8MlIrq2vrG+nNzNb2zu5edv+goYJIUlangQhkyyGKCe6zOnAQrBVKRjxHsKYzvJr6zXsmFQ/8OxiHrOuRvs9dTgloyc4WR3YMhc41E0AwTPAlHtmAC9jNg7agiCMbTn9sO5szS+YMeJlYCcmhBDU7+9npBTTymA9UEKXalhlCNyYSOBVskulEioWEDkmftTX1icdUN559NcEnWulhN5C6fMAz9fdETDylxp6jOz0CA7XoTcX/vHYEbqUbcz+MgPl0vsiNBIYATyPCPS4ZBTHWhFDJ9a2YDogkFHSQGR2CtfjyMmmclaxyqXx7nqtWkjjS6Agdozyy0AWqohtUQ3VE0QN6Qi/o1Xg0no03433emjKSmUP0B8bHNy+QnO8=</latexit>

xt+�t = xt + f(t, xt, ut)�t

Deterministic ODE:

Integrated cost:

 Control problem is to find optimal controls
that minimize cost

<latexit sha1_base64="JFnYSgwhcbrP+73Vce06zUCDY58=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9M1jA7mU2GzM4uM71CCPkLLx4U8erfePNvnCR70MSChqKqm+6uIJHCoOt+O2vrG5tb27md/O7e/sFh4ei4aeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3cz81hPXRsTqHscJ9yM6UCIUjKKVHtLHrkGqS3jRKxTdsjsHWSVeRoqQod4rfHX7MUsjrpBJakzHcxP0J1SjYJJP893U8ISyER3wjqWKRtz4k/nFU3JulT4JY21LIZmrvycmNDJmHAW2M6I4NMveTPzP66QYVv2JUEmKXLHFojCVBGMye5/0heYM5dgSyrSwtxI2pJoytCHlbQje8surpHlZ9irlyt1VsVbN4sjBKZxBCTy4hhrcQh0awEDBM7zCm2OcF+fd+Vi0rjnZzAn8gfP5AyN7kI0=</latexit>

u?(t)

<latexit sha1_base64="9UpTPkXRPnPcRXLDPI1Y6u51mFI="></latexit>

J(x0, u0!T ) = �(xT ) +

Z T

0
d⌧ R(⌧, x(⌧), u(⌧))

<latexit sha1_base64="3R5SPPd/wnFXvXQfTRuYn4D7qeQ=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSkdpjQQ8eK9gPaELZbDft0s0m7E6UEnvwr3jxoIhX/4Y3/43bNgdtfTDweG+GmXlBIrgGx/m2Ciura+sbxc3S1vbO7p69f9DScaooa9JYxKoTEM0El6wJHATrJIqRKBCsHYyupn77ninNY3kH44T5ERlIHnJKwEg9+8i7ZgIIBuwpPhgCUSp+wE7PLjsVZwa8TNyclFGORs/+8voxTSMmgQqiddd1EvAzooBTwSYlL9UsIXREBqxrqCQR0342u3+CT43Sx2GsTEnAM/X3REYircdRYDojAkO96E3F/7xuCmHNz7hMUmCSzheFqcAQ42kYuM8VoyDGhhCquLkV0yFRhIKJrGRCcBdfXiat84pbrVRvL8r1Wh5HER2jE3SGXHSJ6ugGNVATUfSIntErerOerBfr3fqYtxasfOYQ/YH1+QMMiJV3</latexit>

�t ! 0



Hamilton-Jacobi
Value function:

 Hamilton-Jacobi-Bellman (HJB) is a nonlinear PDE that 
solves V(t,x) backwards for all intermediate time and states

Boundary condition:

<latexit sha1_base64="QzObgdkzJeD+Lk9EiX//POcPwl0="></latexit>

V (t, x) = min
u

[R(t, x, u)dt+ V (t+ dt, x+ f(t, x, u)dt)]
<latexit sha1_base64="4e8udH0yThPbVlWmszJCf0XxIrc="></latexit>

⇡ min
u

[R(t, x, u)dt+ V (t, x) + @tV (t, x)dt+ @xV (t, x)f(t, x, u)dt]

<latexit sha1_base64="dkHBz9T2120hj7xuTUo9M8z1O5g=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSK0ICURqb0IBS8eK/QL2lg22027dLMJuxttCf0fXjwo4tX/4s1/47bNQVsfDDzem2FmnhdxprRtf1tr6xubW9uZnezu3v7BYe7ouKnCWBLaICEPZdvDinImaEMzzWk7khQHHqctb3Q781uPVCoWirqeRNQN8EAwnxGsjfTQLNQvxsWbbjRkhXGxl8vbJXsOtEqclOQhRa2X++r2QxIHVGjCsVIdx460m2CpGeF0mu3GikaYjPCAdgwVOKDKTeZXT9G5UfrID6UpodFc/T2R4ECpSeCZzgDroVr2ZuJ/XifWfsVNmIhiTQVZLPJjjnSIZhGgPpOUaD4xBBPJzK2IDLHERJugsiYEZ/nlVdK8LDnlUvn+Kl+tpHFk4BTOoAAOXEMV7qAGDSAg4Rle4c16sl6sd+tj0bpmpTMn8AfW5w+gUZFJ</latexit>

V (T, x) = �(x)

<latexit sha1_base64="a8mYw/oBuu4zkBeWLO8xogVKMjo="></latexit>

�@tV (t, x) = min
u

[R(t, x, u) + @xV (t, x)f(t, x, u)]



Optimal HJB policy
Initialization:

Backwards PDE:

Forwards ODE:

<latexit sha1_base64="rD3twYUOQqG0ZoFA9Op9jF4PWZ8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahBSmJSO1FKHjxWKFf0Iay2W7bpZtN2N2UltB/4sWDIl79J978N27bHLT1wcDjvRlm5vkRZ0o7zreV2dre2d3L7ucODo+OT+zTs6YKY0log4Q8lG0fK8qZoA3NNKftSFIc+Jy2/PHDwm9NqFQsFHU9i6gX4KFgA0awNlLPtpuF+vW0iO5RNxqxwrTYs/NOyVkCbRI3JXlIUevZX91+SOKACk04VqrjOpH2Eiw1I5zOc91Y0QiTMR7SjqECB1R5yfLyOboySh8NQmlKaLRUf08kOFBqFvimM8B6pNa9hfif14n1oOIlTESxpoKsFg1ijnSIFjGgPpOUaD4zBBPJzK2IjLDERJuwciYEd/3lTdK8KbnlUvnpNl+tpHFk4QIuoQAu3EEVHqEGDSAwgWd4hTcrsV6sd+tj1Zqx0plz+APr8wfIrZHO</latexit>

V (T, x) = �(x)
<latexit sha1_base64="mtSYvYbMH6yP1fQMaouyuim51WU=">AAAB+3icbVBNSwMxEM3Wr1q/1nr0EiyCp7IrUnsRCl48VugXtEvJpmkbmk2WZFYtS/+KFw+KePWPePPfmLZ70NYHA4/3ZpiZF8aCG/C8bye3sbm1vZPfLeztHxweucfFllGJpqxJlVC6ExLDBJesCRwE68SakSgUrB1Obud++4Fpw5VswDRmQURGkg85JWClvlsEfIMbPc1HYyBaq0fs9d2SV/YWwOvEz0gJZaj33a/eQNEkYhKoIMZ0fS+GICUaOBVsVuglhsWETsiIdS2VJGImSBe3z/C5VQZ4qLQtCXih/p5ISWTMNAptZ0RgbFa9ufif101gWA1SLuMEmKTLRcNEYFB4HgQecM0oiKklhGpub8V0TDShYOMq2BD81ZfXSeuy7FfKlfurUq2axZFHp+gMXSAfXaMaukN11EQUPaFn9IrenJnz4rw7H8vWnJPNnKA/cD5/AMEUk5o=</latexit>

t = T ! 0
<latexit sha1_base64="ETyHXJ4CKVKj2Tu2WDrpBKHu2+g="></latexit>

ut(x) = argmin
u

[R(t, x, u) + @xV (t, x)f(t, x, u)]
<latexit sha1_base64="RZN93l1iAoXnhqDSdc1vcTrnAYM="></latexit>

�@tV (t, x) = R(t, x, u) + @xV (t, x)f(t, x, u?
t (x))

<latexit sha1_base64="oN3AvuxorneC72DBxRGEgfNQBhU=">AAACHXicbZDLSgMxFIYzXmu9VV26CRahhVJmpNRuhIIblxXsBdo6ZDKZNjRzITkjLUNfxI2v4saFIi7ciG9jelG09YfAl/+cQ3J+JxJcgWl+Giura+sbm6mt9PbO7t5+5uCwocJYUlanoQhlyyGKCR6wOnAQrBVJRnxHsKYzuJzUm3dMKh4GNzCKWNcnvYB7nBLQlp0puUM7gfFtRwGR+AJ7OSgMbZjdC/E35X68fN4FO5M1i+ZUeBmsOWTRXDU7895xQxr7LAAqiFJty4ygmxAJnAo2TndixSJCB6TH2hoD4jPVTabbjfGpdlzshVKfAPDU/T2REF+pke/oTp9AXy3WJuZ/tXYMXqWb8CCKgQV09pAXCwwhnkSFXS4ZBTHSQKjk+q+Y9okkFHSgaR2CtbjyMjTOila5WL4uZauVeRwpdIxOUA5Z6BxV0RWqoTqi6B49omf0YjwYT8ar8TZrXTHmM0foj4yPL5K/ojI=</latexit>

dx?
t = f(t, x?

t , u
?
t (x

?
t ))dt

<latexit sha1_base64="QO/SOynoIA4uloBgY1tt1ZMb7qg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KI1F6EghePFfoFbSib7aZdusmG3YkSQv0rXjwo4tUf4s1/47bNQVsfDDzem2Fmnh8LrsFxvq3CxubW9k5xt7S3f3B4ZB+fdLRMFGVtKoVUPZ9oJnjE2sBBsF6sGAl9wbr+9Hbudx+Y0lxGLUhj5oVkHPGAUwJGGtplwDfYwQPFxxMgSslH3BraFafqLIDXiZuTCsrRHNpfg5GkScgioIJo3XedGLyMKOBUsFlpkGgWEzolY9Y3NCIh0162OH6Gz40ywoFUpiLAC/X3REZCrdPQN50hgYle9ebif14/gaDuZTyKE2ARXS4KEoFB4nkSeMQVoyBSQwhV3NyK6YQoQsHkVTIhuKsvr5POZdWtVWv3V5VGPY+jiE7RGbpALrpGDXSHmqiNKErRM3pFb9aT9WK9Wx/L1oKVz5TRH1ifPxe1k8Q=</latexit>

t = 0 ! T
<latexit sha1_base64="lOHgHF4sOGXheXxkZFt4h2X8P74=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKR2k2h4MZlBfuANobJdNIOnUzCzI20huKvuHGhiFv/w51/4/Sx0NYDFw7n3Mu99wSJ4Boc59taWV1b39jMbeW3d3b39u2Dw4aOU0VZncYiVq2AaCa4ZHXgIFgrUYxEgWDNYHA98ZsPTGkeyzsYJcyLSE/ykFMCRvLt46GfQcUZ33c0EIUreOg72LcLTtGZAi8Td04KaI6ab391ujFNIyaBCqJ123US8DKigFPBxvlOqllC6ID0WNtQSSKmvWx6/RifGaWLw1iZkoCn6u+JjERaj6LAdEYE+nrRm4j/ee0UwrKXcZmkwCSdLQpTgSHGkyhwlytGQYwMIVRxcyumfaIIBRNY3oTgLr68TBoXRbdULN1eFqrleRw5dIJO0Tly0RWqohtUQ3VE0SN6Rq/ozXqyXqx362PWumLNZ47QH1ifP/bGlDw=</latexit>

x?
t=0 = x0



Continuous time LQR

<latexit sha1_base64="68BXhc9oDhG6+8G2gelbQ4DokSU=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEEoSQitRuh6sZlBfuANoTJdNIOnTyYuZGGUH/FjQtF3Poh7vwbp20W2nrgwuGce2fuPV4suALL+jZWVtfWNzYLW8Xtnd29ffPgsKWiRFLWpJGIZMcjigkesiZwEKwTS0YCT7C2N7qd+u1HJhWPwgdIY+YEZBByn1MCWnLNUq8fQTaeXF2PXcBn+CZxwTXLVsWaAS8TOydllKPhml/6FZoELAQqiFJd24rByYgETgWbFHuJYjGhIzJgXU1DEjDlZLPlJ/hEK33sR1JXCHim/p7ISKBUGni6MyAwVIveVPzP6ybg15yMh3ECLKTzj/xEYIjwNAnc55JREKkmhEqud8V0SCShoPMq6hDsxZOXSeu8Ylcr1fuLcr2Wx1FAR+gYnSIbXaI6ukMN1EQUpegZvaI348l4Md6Nj3nripHPlNAfGJ8/2QyUOw==</latexit>

ẋ = Axt +But
<latexit sha1_base64="hWBjmmutNIxO+u21urGfHxID/N8="></latexit>

J = x>
TQTxT +

Z T

0
d⌧ (x>

⌧ Qx⌧ + u>
⌧ Ru⌧ )

<latexit sha1_base64="aT9mK3J5pEkdMMkltbcfSCo6JR0=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQIkjYFYm5CAEvHiOYByTrMjuZTYbMPpjplYQl4K948aCIV7/Dm3/jJNmDJhY0FFXddHd5seAKLOvbyK2srq1v5DcLW9s7u3vm/kFTRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW94M/Vbj0wqHoX3MI6ZE5B+yH1OCWjJNY+aJTgfneFrPHroQhTjugt45JpFq2zNgJeJnZEiylB3za9uL6JJwEKggijVsa0YnJRI4FSwSaGbKBYTOiR91tE0JAFTTjo7f4JPtdLDfiR1hYBn6u+JlARKjQNPdwYEBmrRm4r/eZ0E/KqT8jBOgIV0vshPBIYIT7PAPS4ZBTHWhFDJ9a2YDogkFHRiBR2CvfjyMmlelO1KuXJ3WaxVszjy6BidoBKy0RWqoVtURw1EUYqe0St6M56MF+Pd+Ji35oxs5hD9gfH5A9A5lBo=</latexit>

V (t, x) = x>Ptx
<latexit sha1_base64="27gBqMqhAYeMjNW5n82gvKq8BIA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqb0IBS8eW2hrpV2WbJptQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTau++0UNja3tneKu6W9/YPDo/LxSVfHqSK0Q2Ieq16INeVM0o5hhtNeoigWIacP4eRu7j88UaVZLNtmmlBf4JFkESPYWOmxGbTRLWoF7aBccavuAmideDmpQI5mUP4aDGOSCioN4Vjrvucmxs+wMoxwOisNUk0TTCZ4RPuWSiyo9rPFwTN0YZUhimJlSxq0UH9PZFhoPRWh7RTYjPWqNxf/8/qpiep+xmSSGirJclGUcmRiNP8eDZmixPCpJZgoZm9FZIwVJsZmVLIheKsvr5PuVdWrVWut60qjnsdRhDM4h0vw4AYacA9N6AABAc/wCm+Ocl6cd+dj2Vpw8plT+APn8wcyoo9Z</latexit>

PT = QT

<latexit sha1_base64="MpSGffSux1c4xlGBeIfQ0ynVGUc=">AAACInicbVBLTwIxEO7iC/G16tFLIzExMZBdYxAPJoAXj2AESXilWwo0dB9pZ03Iht/ixb/ixYNGPZn4Y+wCBwQn6eTr981kZj4nEFyBZX0biZXVtfWN5GZqa3tnd8/cP6gpP5SUVakvfFl3iGKCe6wKHASrB5IR1xHswRnexPrDI5OK+949jALWcknf4z1OCWiqY15lml0fonIHxvgaF9tN8AOsf/gsTsVMnEv4rh1l7HFpTsWVjpm2stYk8DKwZyCNZlHumJ96FA1d5gEVRKmGbQXQiogETgUbp5qhYgGhQ9JnDQ094jLViiYnjvGJZrq450v9PMATdr4jIq5SI9fRlS6BgVrUYvI/rRFCL9+KuBeEwDw6HdQLBQYfx37hLpeMghhpQKjkeldMB0QSCtrVlDbBXjx5GdTOs3Yum6tcpAv5mR1JdISO0Smy0SUqoFtURlVE0RN6QW/o3Xg2Xo0P42tamjBmPYfoTxg/vwJDoNQ=</latexit>

�Ṗt = A>Pt + PtA� PtBR�1B>Pt +Q

Linear ODE:

Quadratic cost:

Value function:

Initialization:

 Continuous-time Riccati equation is matrix ODE running 
backwards in time



Stochastic dynamics
Stochastic differential equation (SDE) dynamics:

Wiener process (Brownian noise):
<latexit sha1_base64="efC2eLl9H8tn0HcOpHZIwRRBPFU=">AAACCHicbVDLSsNAFJ34rPUVdenCwSJUKCURqV0W3OhGKtgHNCFMJtN26OTBzI1SQpdu/BU3LhRx6ye4829M2iy09cCFwzn3cu89biS4AsP41paWV1bX1gsbxc2t7Z1dfW+/rcJYUtaioQhl1yWKCR6wFnAQrBtJRnxXsI47usz8zj2TiofBHYwjZvtkEPA+pwRSydGPvAcHsKW4jy2fwJASkdxMykbl2qp4cFp09JJRNabAi8TMSQnlaDr6l+WFNPZZAFQQpXqmEYGdEAmcCjYpWrFiEaEjMmC9lAbEZ8pOpo9M8EmqeLgfyrQCwFP190RCfKXGvpt2ZseqeS8T//N6MfTrdsKDKAYW0NmifiwwhDhLBXtcMgpinBJCJU9vxXRIJKGQZpeFYM6/vEjaZ1WzVq3dnpca9TyOAjpEx6iMTHSBGugKNVELUfSIntEretOetBftXfuYtS5p+cwB+gPt8wd71phR</latexit>

dwt ⇠ N (0, I dt)

<latexit sha1_base64="oFgP35/4h3MNZmYmZK3rsvN4NxQ="></latexit>

J(x0, u) =

*
�(xT ) +

Z T

0
d⌧ R(t, xt, ut)

+
Cost becomes an expectation over random variables:

<latexit sha1_base64="wkQXJXmvwsYAVJP+ZknQWnCmkV8=">AAACC3icbZDLSgMxFIYz9VbrrerSTWgRKpYyI1K7EQpuXFawF2jLkMlk2tBMZkjOqKV078ZXceNCEbe+gDvfxvSy0NYfAh//OYeT83ux4Bps+9tKrayurW+kNzNb2zu7e9n9g4aOEkVZnUYiUi2PaCa4ZHXgIFgrVoyEnmBNb3A1qTfvmNI8krcwjFk3JD3JA04JGMvN5vwHF/AlDgpQNFRMXDjxAZ/ijjSI/XsX3GzeLtlT4WVw5pBHc9Xc7FfHj2gSMglUEK3bjh1Dd0QUcCrYONNJNIsJHZAeaxuUJGS6O5reMsbHxvFxECnzJOCp+3tiREKth6FnOkMCfb1Ym5j/1doJBJXuiMs4ASbpbFGQCAwRngSDfa4YBTE0QKji5q+Y9okiFEx8GROCs3jyMjTOSk65VL45z1cr8zjS6AjlUAE56AJV0TWqoTqi6BE9o1f0Zj1ZL9a79TFrTVnzmUP0R9bnD26HmWU=</latexit>

dxt = f(t, xt, ut)dt+ ⌫tdwt



Belief state

SDE dynamics:
<latexit sha1_base64="wkQXJXmvwsYAVJP+ZknQWnCmkV8=">AAACC3icbZDLSgMxFIYz9VbrrerSTWgRKpYyI1K7EQpuXFawF2jLkMlk2tBMZkjOqKV078ZXceNCEbe+gDvfxvSy0NYfAh//OYeT83ux4Bps+9tKrayurW+kNzNb2zu7e9n9g4aOEkVZnUYiUi2PaCa4ZHXgIFgrVoyEnmBNb3A1qTfvmNI8krcwjFk3JD3JA04JGMvN5vwHF/AlDgpQNFRMXDjxAZ/ijjSI/XsX3GzeLtlT4WVw5pBHc9Xc7FfHj2gSMglUEK3bjh1Dd0QUcCrYONNJNIsJHZAeaxuUJGS6O5reMsbHxvFxECnzJOCp+3tiREKth6FnOkMCfb1Ym5j/1doJBJXuiMs4ASbpbFGQCAwRngSDfa4YBTE0QKji5q+Y9okiFEx8GROCs3jyMjTOSk65VL45z1cr8zjS6AjlUAE56AJV0TWqoTqi6BE9o1f0Zj1ZL9a79TFrTVnzmUP0R9bnD26HmWU=</latexit>

dxt = f(t, xt, ut)dt+ ⌫tdwt

<latexit sha1_base64="B95q9VAoErtgcM1CYYBH1GBhZeQ=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoMQQcKuSMwx4MVjBPOQZAmzk9lkyDyWmVkxLPkKLx4U8ernePNvnCR70MSChqKqm+6uMGZUG8/7dnJr6xubW/ntws7u3v5B8fCopWWiMGliyaTqhEgTRgVpGmoY6cSKIB4y0g7HNzO//UiUplLcm0lMAo6GgkYUI2Olh54aybK5eDrvF0texZvDXSV+RkqQodEvfvUGEiecCIMZ0rrre7EJUqQMxYxMC71EkxjhMRqSrqUCcaKDdH7w1D2zysCNpLIljDtXf0+kiGs94aHt5MiM9LI3E//zuomJakFKRZwYIvBiUZQw10h39r07oIpgwyaWIKyovdXFI6QQNjajgg3BX355lbQuK361Ur27KtVrWRx5OIFTKIMP11CHW2hAEzBweIZXeHOU8+K8Ox+L1pyTzRzDHzifPwc4j+M=</latexit>

⇢(t, x)
Distribution over states:

 Because of stochastic dynamics, need to track 
distribution of states (belief state) over time



HJB equation
Value function recursion:

<latexit sha1_base64="io9DH24/T9iFGThL0VFbeIqsEKg="></latexit>

V (t, xt) = min
ut

R(t, xt, ut) + hV (t+ dt, xt+dt)i

<latexit sha1_base64="wBJFU2RWJoUeAqzF4xXT6Kbw7A0="></latexit>

= V (t, xt) + @tV (t, xt)dt+ hdxi@xV (t, xt) +
1

2
hdx2i@2

xV (t, xt)

<latexit sha1_base64="+9FQo3OOTda7QBUTBkQZjO4IwSM=">AAACCHicbZDLSgMxFIYzXut4q7p0YbAIFUqZEandCAU3LivYC7SlZDKZNjSTGZIz0jJ06cZXceNCEbc+gjvfxvSy0NYfAh//OYeT83ux4Boc59taWV1b39jMbNnbO7t7+9mDw7qOEkVZjUYiUk2PaCa4ZDXgIFgzVoyEnmANb3AzqTcemNI8kvcwilknJD3JA04JGKubPWkLInuCYX+I22qK9jUO8lAYFpJzH7rZnFN0psLL4M4hh+aqdrNfbT+iScgkUEG0brlODJ2UKOBUsLHdTjSLCR2QHmsZlCRkupNODxnjM+P4OIiUeRLw1P09kZJQ61Homc6QQF8v1ibmf7VWAkG5k3IZJ8AknS0KEoEhwpNUsM8VoyBGBghV3PwV0z5RhILJzjYhuIsnL0P9ouiWiqW7y1ylPI8jg47RKcojF12hCrpFVVRDFD2iZ/SK3qwn68V6tz5mrSvWfOYI/ZH1+QN1YJhR</latexit>

hdxi = f(t, x, u)dt

<latexit sha1_base64="atvkHB5FIBezGG8qxb2ndSxCyNQ="></latexit>

hV (t+ dt, xt+dt)i =
Z

dxt+dtN (xt+dt|xt, ⌫tdt)V (t+ dt, xt+dt)

<latexit sha1_base64="qNhqnNm2CdOZvpbfZlhWC812xjk="></latexit>

�@tV (t, x) = min
u


R(t, x, u) + f(t, x, u)@xV (t, x) +

1

2
⌫t@

2
xV (x, t)

�

<latexit sha1_base64="nxUCh119+rA2t8DKbgRVjOz89gM=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgbBKuwGiWmEgI1lBPOAbAyzs5NkyOzsMnNXDCGljb9iY6GIrZ9g59842WyhiQcunDnnXube48eCa3Ccbyu3srq2vpHfLGxt7+zu2fsHTR0lirIGjUSk2j7RTHDJGsBBsHasGAl9wVr+6Grmt+6Z0jyStzCOWTckA8n7nBIwUs8+9gSRA8Fw8HBXxp5KH4VL7MmkBziAnl10Sk4KvEzcjBRRhnrP/vKCiCYhk0AF0brjOjF0J0QBp4JNC16iWUzoiAxYx1BJQqa7k/SQKT41SoD7kTIlAafq74kJCbUeh77pDAkM9aI3E//zOgn0q90Jl3ECTNL5R/1EYIjwLBUccMUoiLEhhCpudsV0SBShYLIrmBDcxZOXSbNcciulys15sVbN4sijI3SCzpCLLlANXaM6aiCKHtEzekVv1pP1Yr1bH/PWnJXNHKI/sD5/APK0mKM=</latexit>

hdx2i = ⌫tdt

<latexit sha1_base64="rD3twYUOQqG0ZoFA9Op9jF4PWZ8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahBSmJSO1FKHjxWKFf0Iay2W7bpZtN2N2UltB/4sWDIl79J978N27bHLT1wcDjvRlm5vkRZ0o7zreV2dre2d3L7ucODo+OT+zTs6YKY0log4Q8lG0fK8qZoA3NNKftSFIc+Jy2/PHDwm9NqFQsFHU9i6gX4KFgA0awNlLPtpuF+vW0iO5RNxqxwrTYs/NOyVkCbRI3JXlIUevZX91+SOKACk04VqrjOpH2Eiw1I5zOc91Y0QiTMR7SjqECB1R5yfLyOboySh8NQmlKaLRUf08kOFBqFvimM8B6pNa9hfif14n1oOIlTESxpoKsFg1ijnSIFjGgPpOUaD4zBBPJzK2IjLDERJuwciYEd/3lTdK8KbnlUvnpNl+tpHFk4QIuoQAu3EEVHqEGDSAwgWd4hTcrsV6sd+tj1Zqx0plz+APr8wfIrZHO</latexit>

V (T, x) = �(x)Boundary condition:



Effect of noise

<latexit sha1_base64="JzzB5PGvQn5MJiS9op49zUKHGdo="></latexit>

@t⇢(t, x) = �r · [⇢(t, x)f(t, x, u)] + 1

2
⌫tr2⇢(t, x)

<latexit sha1_base64="PhwDqOENVHKhr568Ni/pL8blln0="></latexit>

�@tV (t, x) = min
u


R(t, x, u) + f(t, x, u) ·rV (t, x) +

1

2
⌫tr2V (x, t)

�

Fokker-Planck (forwards in time):

Hamilton-Jacobi-Bellman (backwards in time):

 PDE evolution of belief state and value function 
contain Laplacian terms describe influence of noise

<latexit sha1_base64="rD3twYUOQqG0ZoFA9Op9jF4PWZ8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahBSmJSO1FKHjxWKFf0Iay2W7bpZtN2N2UltB/4sWDIl79J978N27bHLT1wcDjvRlm5vkRZ0o7zreV2dre2d3L7ucODo+OT+zTs6YKY0log4Q8lG0fK8qZoA3NNKftSFIc+Jy2/PHDwm9NqFQsFHU9i6gX4KFgA0awNlLPtpuF+vW0iO5RNxqxwrTYs/NOyVkCbRI3JXlIUevZX91+SOKACk04VqrjOpH2Eiw1I5zOc91Y0QiTMR7SjqECB1R5yfLyOboySh8NQmlKaLRUf08kOFBqFvimM8B6pNa9hfif14n1oOIlTESxpoKsFg1ijnSIFjGgPpOUaD4zBBPJzK2IjLDERJuwciYEd/3lTdK8KbnlUvnpNl+tpHFk4QIuoQAu3EEVHqEGDSAwgWd4hTcrsV6sd+tj1Zqx0plz+APr8wfIrZHO</latexit>

V (T, x) = �(x)

<latexit sha1_base64="JHIZ0+p8BYi9f4MgLPG+uyBahJU=">AAAB/nicbZDLSgMxFIYz9VbrbVRcuQkWoQUpMyK1G6HgxmUFe4F2GDJp2oZmkiHJSMtQ8FXcuFDErc/hzrcx085CW38IfPznHM7JH0SMKu0431ZubX1jcyu/XdjZ3ds/sA+PWkrEEpMmFkzIToAUYZSTpqaakU4kCQoDRtrB+Dattx+JVFTwBz2NiBeiIacDipE2lm+f9ORIlJyLSRnewJR9pzQp+3bRqThzwVVwMyiCTA3f/ur1BY5DwjVmSKmu60TaS5DUFDMyK/RiRSKEx2hIugY5Conykvn5M3hunD4cCGke13Du/p5IUKjUNAxMZ4j0SC3XUvO/WjfWg5qXUB7FmnC8WDSIGdQCplnAPpUEazY1gLCk5laIR0girE1iBROCu/zlVWhdVtxqpXp/VazXsjjy4BScgRJwwTWogzvQAE2AQQKewSt4s56sF+vd+li05qxs5hj8kfX5A0zXk8I=</latexit>

⇢(0, x) = ⇢0(x)



LQG example

Separation Property and 
Certainty Equivalence

•  Separation Property
–  Optimal Control Law and Optimal Estimation Law can be 

derived separately
–  Their derivations are strictly independent

•  Certainty Equivalence Property
–  Separation property plus, ...
–  The Stochastic Optimal Control Law and the Deterministic 

Optimal Control Law are the same
–  The Optimal Estimation Law can be derived separately

•  Linear-quadratic-Gaussian (LQG) control is 
certainty-equivalent

5

The Equations 
(Continuous-Time Model) 

 

!x t( ) = F(t)x(t)+G(t)u(t)+L(t)w(t)
z t( ) = Hx t( ) + n t( )

u t( ) = −C(t)x̂(t)+CF (t)yC (t)

 

!̂x t( ) = F(t)x̂(t)+G(t)u(t)+K t( ) z t( )−Hx̂ t( )⎡⎣ ⎤⎦
= F(t)−G(t)C t( )−K t( )H⎡⎣ ⎤⎦ x̂(t)+G t( )CF (t)yC (t)+K t( )z t( )

 

K t( ) = P(t)HTN−1 t( )
!P(t) = F(t)P(t)+ P(t)FT (t)+L t( )W t( )LT t( )− P(t)HTN−1 t( )HP(t)

 

C t( ) = R−1 t( )GT t( )S t( )
!S t( ) = −Q(t)− F(t)T S t( )− S t( )F(t)+ S t( )G(t)R−1(t)GT (t)S t( )

System State 
and Measurement

Control Law

State Estimate

Estimator Gain and State 
Covariance Estimate

Control Gain and Adjoint 
Covariance Estimate

6

 Linear-Quadratic-Gaussian: Linear dynamics, 
Quadratic cost function, Gaussian (Brownian) noise



Dynamic optimal transport



Dynamic formulation

 Rewrite Euclidean cost as minimum over paths with 
constrained endpoints

<latexit sha1_base64="jxmam/SWFm52lAThKtnrr2RzZgo="></latexit>

ky � xk2 =

Z 1

0
dt

Z
Dzt� (zt � [ty + (1� t)x]) kżtk2

<latexit sha1_base64="bXYOKdr+1MML1utGntA/9tQX4Pk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSO2x4MVjBfsB7VKyabYNTbJLkhXq0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5SpVkkH8wspr7AY8lCRrDJpKequRyWK27NXQCtEy8nFcjRGpa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MWHDT5mME0MlWS4KE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPCUbgrf68jrpXNW8eq1+f11pNvI4inAG51AFD26gCXfQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBhWeN4g==</latexit>

z(t)

<latexit sha1_base64="rl+D0bGTp8IGpAqe9KW682u8TDE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXJOYSCHjxGME8IAlhdjKbDJl9ONMrxiU/4cWDIl79HW/+jZNkD5pY0FBUddPd5UZSaLTtbyuztr6xuZXdzu3s7u0f5A+PmjqMFeMNFspQtV2quRQBb6BAyduR4tR3JW+54+uZ33rgSoswuMNJxHs+HQbCE4yikdqP1aciVu3zfr5gl+w5yCpxUlKAFPV+/qs7CFns8wCZpFp3HDvCXkIVCib5NNeNNY8oG9Mh7xgaUJ/rXjK/d0rOjDIgXqhMBUjm6u+JhPpaT3zXdPoUR3rZm4n/eZ0YvUovEUEUIw/YYpEXS4IhmT1PBkJxhnJiCGVKmFsJG1FFGZqIciYEZ/nlVdK8KDnlUvn2slCrpHFk4QROoQgOXEENbqAODWAg4Rle4c26t16sd+tj0Zqx0plj+APr8wfYTY8s</latexit>

x = z(t = 0)

<latexit sha1_base64="yz+7paYKv0WopXQw+ceDvCaBJvc=">AAAB73icbVBNS8NAEJ34WetX1aOXYBHqpSQitZdCwYvHCvYD2lA22027dLOJuxOhhv4JLx4U8erf8ea/cdvmoK0PBh7vzTAzz48F1+g439ba+sbm1nZuJ7+7t39wWDg6bukoUZQ1aSQi1fGJZoJL1kSOgnVixUjoC9b2xzczv/3IlOaRvMdJzLyQDCUPOCVopM6k9lTCmnvRLxSdsjOHvUrcjBQhQ6Nf+OoNIpqETCIVROuu68TopUQhp4JN871Es5jQMRmyrqGShEx76fzeqX1ulIEdRMqURHuu/p5ISaj1JPRNZ0hwpJe9mfif100wqHopl3GCTNLFoiARNkb27Hl7wBWjKCaGEKq4udWmI6IIRRNR3oTgLr+8SlqXZbdSrtxdFevVLI4cnMIZlMCFa6jDLTSgCRQEPMMrvFkP1ov1bn0sWtesbOYE/sD6/AHbXY8u</latexit>

y = z(t = 1)

<latexit sha1_base64="KHU97AEWg+UBAN0Vw8NUF1IPvMs=">AAACHnicbZDLSgMxFIYzXmu9VV26CRahgpSZorUboeDGZQV7gU47ZNK0Dc1khuSM0A59Eje+ihsXigiu9G1MLwtt/SHw8Z9zkpzfjwTXYNvf1srq2vrGZmorvb2zu7efOTis6TBWlFVpKELV8IlmgktWBQ6CNSLFSOALVvcHN5N6/YEpzUN5D8OItQLSk7zLKQFjeZnLa+wGXHrJKAdnY+xyCZ7ddnAH3HPsihpTgN1OCMlo7BlSE6Nd8DJZO29PhZfBmUMWzVXxMp/mEhoHTAIVROumY0fQSogCTgUbp91Ys4jQAemxpkFJAqZbyXS9MT41Tgd3Q2WOBDx1f08kJNB6GPimMyDQ14u1iflfrRlDt9RKuIxiYJLOHurGAkOIJ1nhDleMghgaIFRx81dM+0QRCibRtAnBWVx5GWqFvFPMF+8usuXSPI4UOkYnKIccdIXK6BZVUBVR9Iie0St6s56sF+vd+pi1rljzmSP0R9bXD1Z5oWY=</latexit>

= min
z(t)

Z 1

0
dt kżtk2



Dynamic formulation

 Derive dynamic formulation with delta-function 
substitution and change order of integration

<latexit sha1_base64="sTraEsp5ky2bcISQ7u1oPIQp780="></latexit>Z
dx dy ⇢(x, y)ky � xk2 =

Z 1

0
dt

Z
Dzt ⇢(t, zt)kżtk2

<latexit sha1_base64="27EuJ0jabNTD/qvukh30VZIVvGk="></latexit>

⇢(t, zt) =

Z
dx dy ⇢(x, y)� (zt � [ty + (1� t)x])

<latexit sha1_base64="jxmam/SWFm52lAThKtnrr2RzZgo="></latexit>

ky � xk2 =

Z 1

0
dt

Z
Dzt� (zt � [ty + (1� t)x]) kżtk2



Dynamic density distribution

 Can view time-dependent distribution as marginalization 
across diagonal line in joint distribution function

<latexit sha1_base64="27EuJ0jabNTD/qvukh30VZIVvGk="></latexit>

⇢(t, zt) =

Z
dx dy ⇢(x, y)� (zt � [ty + (1� t)x])

<latexit sha1_base64="+G3QeMZB36SuSL4UBTmt8IAZ/nw=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9JljA7mSRD5rHMzIphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8M/Nbj1QbpuS9ncQ0FHgo2YARbJ300NUj1fNLTxe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZQDVMm48RSSRaLBglHVqHZ96jPNCWWTxzBRDN3KyIjrDGxLqO8CyFYfnmVNC/LQaVcubsq1qpZHDk4hTMoQQDXUINbqEMDCAh4hld487T34r17H4vWNS+bOYE/8D5/AO1tj9I=</latexit>

⇢0(x)

<latexit sha1_base64="zhmWBXXrMB9I+jsUKn56ar0Kgdc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquSO2x4MVjBfsh7VKyabYNTTZLkhWWpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15SyibcMMp71YUSwCTrvB9Hbud5+o0kxGDyaNqS/wOGIhI9hY6XGgJnLoVdPLYbni1twF0DrxclKBHK1h+WswkiQRNDKEY637nhsbP8PKMMLprDRINI0xmeIx7VsaYUG1ny0OnqELq4xQKJWtyKCF+nsiw0LrVAS2U2Az0aveXPzP6ycmbPgZi+LE0IgsF4UJR0ai+fdoxBQlhqeWYKKYvRWRCVaYGJtRyYbgrb68TjpXNa9eq99fV5qNPI4inME5VMGDG2jCHbSgDQQEPMMrvDnKeXHenY9la8HJZ07hD5zPH/B5j9Q=</latexit>

⇢1(y)

<latexit sha1_base64="EBUqM9aEnn7D/kwVNRGtXXbXaLQ=">AAAB7nicbVBNS8NAEN34WetX1aOXxSJ4KolI7bHgxWMF+wFtKJvtpF262YTdiVBCf4QXD4p49fd489+4aXPQ1gcDj/dmmJkXJFIYdN1vZ2Nza3tnt7RX3j84PDqunJx2TJxqDm0ey1j3AmZACgVtFCihl2hgUSChG0zvcr/7BNqIWD3iLAE/YmMlQsEZWqk7wAkgKw8rVbfmLkDXiVeQKinQGla+BqOYpxEo5JIZ0/fcBP2MaRRcwrw8SA0kjE/ZGPqWKhaB8bPFuXN6aZURDWNtSyFdqL8nMhYZM4sC2xkxnJhVLxf/8/ophg0/EypJERRfLgpTSTGm+e90JDRwlDNLGNfC3kr5hGnG0SaUh+CtvrxOOtc1r16rP9xUm40ijhI5JxfkinjkljTJPWmRNuFkSp7JK3lzEufFeXc+lq0bTjFzRv7A+fwB2w+PPQ==</latexit>

✓
<latexit sha1_base64="QSPlZDUtUMcZuP4aLeedIUdjI+0=">AAAB8nicbVBNSwMxEM36WetX1aOXYBEqSNkVqT0WvHisYD9gu5Rsmm1Ds8mSzAp16c/w4kERr/4ab/4b03YP2vpg4PHeDDPzwkRwA6777aytb2xubRd2irt7+weHpaPjtlGppqxFlVC6GxLDBJesBRwE6yaakTgUrBOOb2d+55Fpw5V8gEnCgpgMJY84JWAlv6dHqgKXT3246JfKbtWdA68SLydllKPZL331BoqmMZNABTHG99wEgoxo4FSwabGXGpYQOiZD5lsqScxMkM1PnuJzqwxwpLQtCXiu/p7ISGzMJA5tZ0xgZJa9mfif56cQ1YOMyyQFJuliUZQKDArP/scDrhkFMbGEUM3trZiOiCYUbEpFG4K3/PIqaV9VvVq1dn9dbtTzOAroFJ2hCvLQDWqgO9RELUSRQs/oFb054Lw4787HonXNyWdO0B84nz+bB5DM</latexit>

⇢(t, zt)



Benamou-Brenier formulation

 Solution is equivalent to Monge-Kantorovich static 
optimal transport problem

<latexit sha1_base64="MNJ57pxbKioIBxbCmZwn4f+lWAc=">AAACI3icbVDLSgMxFM3Ud31VXboJFqEilBmRWgRBcONSwT6gM5Q7acYGM8mQZAplmH9x46+4caGIGxf+i5la8FEvBM4951xu7gkTzrRx3XenNDe/sLi0vFJeXVvf2Kxsbbe1TBWhLSK5VN0QNOVM0JZhhtNuoijEIaed8O6i0DsjqjST4saMExrEcCtYxAgYS/Urp36kgGR+Asow4NhXQ5l/tybHh9gXEHLwyUAaXBsVjgN8ht1+perW3UnhWeBNQRVN66pfefUHkqQxFYZw0LrnuYkJsmIV4TQv+6mmCZA7uKU9CwXEVAfZ5MYc71tmgCOp7BMGT9ifExnEWo/j0DpjMEP9VyvI/7ReaqJmkDGRpIYK8rUoSu3pEheB4QFTlBg+tgCIYvavmAzBhmZsrGUbgvf35FnQPqp7jXrj+rh63pzGsYx20R6qIQ+doHN0ia5QCxF0jx7RM3pxHpwn59V5+7KWnOnMDvpVzscnBSCjxw==</latexit>

@⇢

@t
+r · (v⇢) = 0

<latexit sha1_base64="JHIZ0+p8BYi9f4MgLPG+uyBahJU=">AAAB/nicbZDLSgMxFIYz9VbrbVRcuQkWoQUpMyK1G6HgxmUFe4F2GDJp2oZmkiHJSMtQ8FXcuFDErc/hzrcx085CW38IfPznHM7JH0SMKu0431ZubX1jcyu/XdjZ3ds/sA+PWkrEEpMmFkzIToAUYZSTpqaakU4kCQoDRtrB+Dattx+JVFTwBz2NiBeiIacDipE2lm+f9ORIlJyLSRnewJR9pzQp+3bRqThzwVVwMyiCTA3f/ur1BY5DwjVmSKmu60TaS5DUFDMyK/RiRSKEx2hIugY5Conykvn5M3hunD4cCGke13Du/p5IUKjUNAxMZ4j0SC3XUvO/WjfWg5qXUB7FmnC8WDSIGdQCplnAPpUEazY1gLCk5laIR0girE1iBROCu/zlVWhdVtxqpXp/VazXsjjy4BScgRJwwTWogzvQAE2AQQKewSt4s56sF+vd+li05qxs5hj8kfX5A0zXk8I=</latexit>

⇢(0, x) = ⇢0(x)

<latexit sha1_base64="q4a/rZGzJHQfHX6RDoGLKsb2cro=">AAAB/nicbZDLSgMxFIYz9VbrbVRcuQkWoQUpMyK1G6HgxmUFe4F2GDJp2oZmkiHJSMtQ8FXcuFDErc/hzrcx085CW38IfPznHM7JH0SMKu0431ZubX1jcyu/XdjZ3ds/sA+PWkrEEpMmFkzIToAUYZSTpqaakU4kCQoDRtrB+Dattx+JVFTwBz2NiBeiIacDipE2lm+f9ORIlNyLSRnewJR9tzQp+3bRqThzwVVwMyiCTA3f/ur1BY5DwjVmSKmu60TaS5DUFDMyK/RiRSKEx2hIugY5Conykvn5M3hunD4cCGke13Du/p5IUKjUNAxMZ4j0SC3XUvO/WjfWg5qXUB7FmnC8WDSIGdQCplnAPpUEazY1gLCk5laIR0girE1iBROCu/zlVWhdVtxqpXp/VazXsjjy4BScgRJwwTWogzvQAE2AQQKewSt4s56sF+vd+li05qxs5hj8kfX5A0/xk8Q=</latexit>

⇢(1, x) = ⇢1(x)

Constraints:

<latexit sha1_base64="Qlwr+pWB/nzM86b+D+KfcUhP+f4="></latexit>

min
(⇢,v)

Z 1

0
dt

Z
1

2
kv(t, x)k2⇢(t, x)dx



Benamou-Brenier dynamics

<latexit sha1_base64="+G3QeMZB36SuSL4UBTmt8IAZ/nw=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9JljA7mSRD5rHMzIphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8M/Nbj1QbpuS9ncQ0FHgo2YARbJ300NUj1fNLTxe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZQDVMm48RSSRaLBglHVqHZ96jPNCWWTxzBRDN3KyIjrDGxLqO8CyFYfnmVNC/LQaVcubsq1qpZHDk4hTMoQQDXUINbqEMDCAh4hld487T34r17H4vWNS+bOYE/8D5/AO1tj9I=</latexit>

⇢0(x)

<latexit sha1_base64="3pSgENWg2MXiYbOLS68xLT2iJp0=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9JljA7mSRD5rHMzIphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8M/Nbj1QbpuS9ncQ0FHgo2YARbJ300NUj1QtKTxe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZQDVMm48RSSRaLBglHVqHZ96jPNCWWTxzBRDN3KyIjrDGxLqO8CyFYfnmVNC/LQaVcubsq1qpZHDk4hTMoQQDXUINbqEMDCAh4hld487T34r17H4vWNS+bOYE/8D5/AO70j9M=</latexit>

⇢1(x)

<latexit sha1_base64="nn87Bxw4yrGONPmKKiyuY9GYWPg=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAIESTsisRchIAXjxHMA5JlmZ2dJENmH8z0hsQlX+LFgyJe/RRv/o2TZA+aWNBQVHXT3eXFgiuwrG8jt7G5tb2T3y3s7R8cFs2j45aKEklZk0Yikh2PKCZ4yJrAQbBOLBkJPMHa3uhu7rfHTCoehY8wjZkTkEHI+5wS0JJrFv2JC/gWj8twObnwwTVLVsVaAK8TOyMllKHhml89P6JJwEKggijVta0YnJRI4FSwWaGXKBYTOiID1tU0JAFTTro4fIbPteLjfiR1hYAX6u+JlARKTQNPdwYEhmrVm4v/ed0E+jUn5WGcAAvpclE/ERgiPE8B+1wyCmKqCaGS61sxHRJJKOisCjoEe/XlddK6qtjVSvXhulSvZXHk0Sk6Q2VkoxtUR/eogZqIogQ9o1f0ZjwZL8a78bFszRnZzAn6A+PzBzkPkiU=</latexit>

dxt = v(t, x)dt

<latexit sha1_base64="B95q9VAoErtgcM1CYYBH1GBhZeQ=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoMQQcKuSMwx4MVjBPOQZAmzk9lkyDyWmVkxLPkKLx4U8ernePNvnCR70MSChqKqm+6uMGZUG8/7dnJr6xubW/ntws7u3v5B8fCopWWiMGliyaTqhEgTRgVpGmoY6cSKIB4y0g7HNzO//UiUplLcm0lMAo6GgkYUI2Olh54aybK5eDrvF0texZvDXSV+RkqQodEvfvUGEiecCIMZ0rrre7EJUqQMxYxMC71EkxjhMRqSrqUCcaKDdH7w1D2zysCNpLIljDtXf0+kiGs94aHt5MiM9LI3E//zuomJakFKRZwYIvBiUZQw10h39r07oIpgwyaWIKyovdXFI6QQNjajgg3BX355lbQuK361Ur27KtVrWRx5OIFTKIMP11CHW2hAEzBweIZXeHOU8+K8Ox+L1pyTzRzDHzifPwc4j+M=</latexit>

⇢(t, x)
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Optimal control
Lagrangian with constraints:
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 Optimal flow field is gradient of value function 
satisfying HJB equation
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Schrödinger problem (1931/32)

 How to discover forces on hot gas particles consistent 
with observed particle distribution?

Erwin Schrödinger



Schrödinger bridge

 Optimize flow field with Fokker-Planck equation 
constraints and initial and final distributions
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SDE dynamics:
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Schrödinger bridge dynamics

 Dynamics include prior on flow field and stochastic 
Brownian noise
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Entropy regularized solution

 Schrödinger bridge is equivalent to entropy-regularized 
optimal transport
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Entropy regularization

 Regularization for smooth solutions to optimization
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Outline of the section

In this section:

I We present generative modeling via Schrödinger Bridge (SB).
I We introduce dynamic and static SB.
I We draw links with regularized Optimal Transport (OT).

Figure 3: Entropic regularized OT. Image extracted from Peyré et al. (2019).

7 / 49

<latexit sha1_base64="+G3QeMZB36SuSL4UBTmt8IAZ/nw=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKxBwDXjxGMA9JljA7mSRD5rHMzIphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFMWfG+v63t7a+sbm1ndvJ7+7tHxwWjo6bRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8M/Nbj1QbpuS9ncQ0FHgo2YARbJ300NUj1fNLTxe9QtEv+3OgVRJkpAgZ6r3CV7evSCKotIRjYzqBH9swxdoywuk0300MjTEZ4yHtOCqxoCZM5wdP0blT+migtCtp0Vz9PZFiYcxERK5TYDsyy95M/M/rJHZQDVMm48RSSRaLBglHVqHZ96jPNCWWTxzBRDN3KyIjrDGxLqO8CyFYfnmVNC/LQaVcubsq1qpZHDk4hTMoQQDXUINbqEMDCAh4hld487T34r17H4vWNS+bOYE/8D5/AO1tj9I=</latexit>

⇢0(x)

<latexit sha1_base64="zhmWBXXrMB9I+jsUKn56ar0Kgdc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquSO2x4MVjBfsh7VKyabYNTTZLkhWWpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15SyibcMMp71YUSwCTrvB9Hbud5+o0kxGDyaNqS/wOGIhI9hY6XGgJnLoVdPLYbni1twF0DrxclKBHK1h+WswkiQRNDKEY637nhsbP8PKMMLprDRINI0xmeIx7VsaYUG1ny0OnqELq4xQKJWtyKCF+nsiw0LrVAS2U2Az0aveXPzP6ycmbPgZi+LE0IgsF4UJR0ai+fdoxBQlhqeWYKKYvRWRCVaYGJtRyYbgrb68TjpXNa9eq99fV5qNPI4inME5VMGDG2jCHbSgDQQEPMMrvDnKeXHenY9la8HJZ07hD5zPH/B5j9Q=</latexit>

⇢1(y)



Iterative projection methods

Introduction of the algorithm (2/2)

We obtain a sequence of measures ⇡2n(x, y) = ⇡0(x, y)f n0 (x)f n1 (y) and
⇡2n+1(x, y) = ⇡0(x, y)f n0 (x)f n+1

1 (y).
Under mild assumptions we have that

⇡2n+1 = argmin{KL(⇡|⇡2n) : ⇡ 2 P((Rd)2), ⇡1 = ⌫1} ,

⇡2n+2 = argmin{KL(⇡|⇡2n+1) : ⇡ 2 P((Rd)2), ⇡0 = ⌫0} .

The Sinkhorn algorithm amounts to solving half-bridges.
This is an alternate projection scheme w.r.t. the Kullback-Leibler
divergence.

Figure 8: Solving half-bridges. Image extracted from Bernton et al. (2019).
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 Iterative Proportional Fitting (Sinkhorn) algorithm 
alternatively projects distribution onto initial and final 
marginal constraints (half-bridge solutions)



Applications

Method EMNIST ! MNIST AFHQ-64 Wild ! Cat
FID MSD FID LPIPS

DSBM* 10.59 0.375 – –

Pretrained two-networks model 6.02 0.564 25.97 0.589
(a) iterative finetuning 5.25±0.15 0.345±0.001 25.41±0.84 0.485±0.003
(b) online finetuning 4.28±0.07 0.368±0.001 28.752±1.191 0.487±0.003
(c) online finetuning without EMA 4.23±0.171 0.361±0.002 32.665±0.647 0.445±0.002

Pretrained bidirectional model 6.33 0.572 29.44 0.584
(d) online finetuning 4.39±0.09 0.387±0.003 26.579±0.434 0.482±0.001
(e) online finetuning without EMA 4.57±0.17 0.369±0.003 30.638±1.023 0.451±0.002

Table 1: Results of image translation between EMNIST and MNIST, and AFHQ 64⇥64 between
Wild and Cat domains. DSBM* results are from Shi et al. (2023). Our reimplementation of DSBM
corresponds to row (a). For MNIST and AFHQ models, we used " = 1 and " = 0.752, respectively.
Each finetuning run was done with 5 random seeds, and we report mean scores ± standard deviation.

(a) Cat ! Wild (b) Wild ! Cat

Figure 4: Online DSBM transfer results on AFHQ 256⇥ 256 dataset between Cat and Wild domains.
Top row—initial samples, bottom row—transferred samples.

the AFHQ models. Samples from the models along with the training and evaluation protocols are
given in Appendix K.

Compared to the iterative DSBM, our online finetuning ↵-DSBM reduces the number of tunable
hyperparameters, i.e. inner and outer iterations, refresh rate and the size of the cache for storing
generated samples. This simplifies implementation and makes the algorithm more practical. The
primary remaining hyperparameter, the variance of a Brownian motion ", requires careful tuning as it
influences the trade-off between the visual quality and alignment, as was also observed in Shi et al.
(2023). An appropriate " needs to balance the two: setting " too low results in poor visual quality,
while high values of " cause poorly aligned and oversmoothed samples. Figure 3 illustrates how FID
and MSD metrics vary with " for the case of MNIST. Additionally, it demonstrates the impact of " on
the generated samples for the AFHQ-64 model.

7 Discussion

In this paper we have introduced ↵-Diffusion Schrödinger Bridge Matching (↵-DSBM), a new
methodology to solve Entropic Optimal Transport problems. ↵-DSBM is an improved version
of DSBM, which does not require training multiple DDM-type models. We have shown that a
non-parametric version of this method recovers the Schrödinger Bridge (SB). In addition, ↵-DSBM
is easier to implement than existing SB methodologies while exhibiting similar performance. We
illustrated the efficiency of our algorithm on a variety of unpaired transfer tasks.

While ↵-DSBM solves one of the most critical limitations of DBSM, namely the alternative optimisa-
tion, several issues remain to be addressed in order for the method to scale comparably to generative
DDMs. In particular, the method is not sampling-free, as during training it requires sampling from
the model from the previous iteration to obtain the training data for the current iteration. While it
seems difficult to derive a completely sampling-free method to solve SB problems without resorting
to the Minibatch OT approximation, there is still room for improvement.
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Summary

 Optimal transport to map one 
distribution to another distribution

 Analogy between score functions and 
electric fields

 Universal approximation with charged 
slabs via Radon transform

 Connections to optimal control and 
Schrodinger gas problem


