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Al for Science (Al4Science)

Al for science

] 3
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L Experiments <—J
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in particle collisions
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differential equations

Super-resolution 3D

Hydropower station live-cell imaging

location planning
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Synthetic electronic

Symbolic regression
health record generation
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Accelerate scientific observation
and discovery

Interpret large datatsets

Gain insights that might not have
been possible using traditional
scientific methods alone.

https://aidsciencecommunity.github.io/
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Scientific Machine Learning (SciML)

Artificial Intelligence
Physics-based modeling

Machine Learning

Deep
Learning

SciML = Machine learning + Science(Physics-based modeling)

* Physics-based models contain mathematical formulas that are based on scientific
knowledge and physical laws.
* To build these models, observational studies and experiments were carried out.

https://sciml.wur.nl/reviews/sciml/sciml.html
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Differential equations

* In mathematics, a differential equation is an equation that relates
one or more functions and their derivatives
- The functions generally represent physical quantities.

- The derivatives represent their rates of change.
- The differential equation defines a relationship between the above two.

V.
3 = ’?(Ylj)
Seperabie  9'= ko g1
Horegencous [RLx J‘: .f(
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https://www.quantamagazine.org/latest-neural-nets-solve-worlds-hardest-equations-faster-than-ever-before-20210419
https://www.youtube.com/watch?v=jb9U-ZOlI


https://en.wikipedia.org/wiki/Equation
https://en.wikipedia.org/wiki/Function_(mathematics)
https://en.wikipedia.org/wiki/Derivative

Ordinary Differential equations (ODEs) and Partial Differential equations (PDEs)

ODE example)

,‘/\ Let x(t) denote the amount of salt at time t.
3 gal/min

N

3 gal/min

https://www.math.uh.edu/~jiwenhe/math3331/lectu res/sec2_5.g£i3



Ordinary Differential equations (ODEs) and Partial Differential equations (PDEs)

ODE example)

,‘/\ Let x(t) denote the amount of salt at time t.
3 gal/min

\_/ Balance Law: (rate in)-(rate out)

\_/ =0 = 3-3x(D).

Initial condition (IC) :
x(t =0) = 100.

3 gal/min

https://www.math.uh.edu/~jiwenhe/math3331/lectu res/secZ_S.[;dq'



Ordinary Differential equations (ODEs) and Partial Differential equations (PDEs)

ODE example)

,‘/\ Let x(t) denote the amount of salt at time t.
3 gal/min

\_/ Balance Law: (rate in)-(rate out)

\_/ =0 = 3-3x(D).

Initial condition (IC) :
x(t =0) = 100.

3 gal/min

PDE example)

Let u(t, x) denote the temperature at point x at time t.
temperature u
Governing equation (heat equation) :

@4—% ou(t,x) N o0%u(t, x)

insulation ) dt 0x?2

Initial condition (IC) :

u(t =0,x) = f(x).

Boundary condition (BC) :
u(t,x =0) = h(t), u(t,x =L) = g(t).

https://math.libretexts.org/Bookshelves/Differential_Equations/Book%3A_Differential_Equations_for_Engineers_(Lebl)/4%3A_Fourier_series_and_PDEs/4.06%3A_PDEs_separation_of_variables_a nd_the_heat_equa!Jos




It is hard to solve the equation exactly!!

ODE example)

PDE example)

temperature u

insulation

Let x(t) denote the amount of salt at time t.

dx(t)
—= = 3-3x(t).

Initial condition (IC) :
x(t =0) = 100.

Let u(t, x) denote the temperature at point x at time t.

Governing equation (heat equation) :
ou(t,x) " o0%u(t, x)
at 0x?z

Initial condition (IC) :

u(t =0,x) = f(x).

Boundary condition (BC) :
u(t,x =0) = h(t), u(t,x =L) = g(t).
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It is hard to solve the equation exactly!!

Let x(t) denote the amount of salt at time t.

.%?. Balance Law: (rate in)-(rate out)
dx(t) _
‘-\ 1 —— = 3-3x(1).
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Initial condition (IC) :
x(t =0) = 100.
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Let u(t, x) denote the temperature at point x at time t.

Governing equation (heat equation) :
ou(t,x) " o0%u(t, x)
a  oxz

Initial condition (IC) :

u(t =0,x) = f(x).

Boundary condition (BC) :
u(t,x =0) = h(t), u(t,x =L) = g(t).
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Traditional numerical methods

Differential equation of flow problem

FVM. . . FDM. . . . . FEM ... .. ..
a—U ,_,“ - e ~ a_U . - - - - a_U
0x 0Xx 0x
Integral form Difference Equations Using basis function
a—UdV U?+1=U7+Ax~%—€(] U =U;¢, + U; ¢,
oy 0x (/,_1=U,—_\x-%—(; 1@, R
| Divergence theorem | | Taylor series |
U,.,—U,_ oU 0 ¢ o¢
n-U dA —ift itl — =U. —< + U, —L
:! 2AXx 0x ¢ ox T ox

Figure 1: The most commonly used numerical methods and their essential differences

https://www.researchgate.net/publication/266465949_GENERALIZED_STABILIZATION_TECHNIQUES_IN_COMPUTATIONAL_FLUID_DYNAMICS
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Physics-Informed Machine Learning

Fourier Neural Operator Physics-ML Model Pfedicts Extreme Weather
Lawrence Berkeley Lab, Caltech, NVIDIA

FNO Prediction

Ground Truth 3 it 2016, Sep 17

NOAA Forecast Surface Winds [mph]
B8N 45 | 55 | 65

Actual Track

https://www.quantamagazine.org/latest-neural-nets-solve-worlds-hardest-equations-faster-than-ever-before-20210419/
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Physics-Informed Machine Learning

2016, Sep 17

mo
851 45 55 65

Sensors

https://www.quantamagazine.org/latest-neural-nets-solve-worlds-hardest-equations-faster-than-ever-before-20210419/
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Physics-Informed Machine Learning

Sensors — Data science

!

achlne learning, Al

B

Understand and Predict

https://www.quantamagazine.org/latest-neural-nets-solve-worlds-hardest-equations-faster-than-ever-before-20210419/
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Physics-Informed Machine Learning
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https://www.quantamagazine.org/latest-neural-nets-solve-worlds-hardest-equations-faster-than-ever-before-20210419/
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Physics-Informed Machine Learning

Sensors — Data science

!

achlne learning, Al

B

Understand and Predict

https://www.quantamagazine.org/latest-neural-nets-solve-worlds-hardest-equations-faster-than-ever-before-20210419/
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Physics-Informed Machine Learning

Sensors — Data science

!

achlne learning, Al

B

Understand and Predict

u(t, x) : Temperature at location x at time t.

0%u(t,x)
0x?

ou(t,x)
at

— Heat equation

e e o e = =

' Partial Differential Equation (PDE) ;

S e e e e o e e Em e e e e e e e e e e

https://www.quantamagazine.org/latest-neural-nets-solve-worlds-hardest-equations-faster-than-ever-before-20210419/
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Physics-Informed Machine Learning

Small Data

Lots of Physncs Some Data

Some Physlcs Big Data

'- ..............

No Physics

Yang, Liu, Dongkun Zhang, and George Em Karniadakis. "Physics-informed generative adversarial networks for stochastic differential equations." SIAM Journal on Scientific Computing 42.1 (2020): A292-A317.



Physics-Informed Machine Learning

e Physics \ —— / Data \

Computational Fluid Dynamics (CFD) (Experimental results)
p[—+(V-V)V] = —-Vp +pg + uv-v

LLots of Physics

(e.g., Navier-Stokes equation)

Some Data
r ' _
dat

\ / “No Physics \ 3 ’ T T " /

Yang, Liu, Dongkun Zhang, and George Em Karniadakis. "Physics-informed generative adversarial networks for stochastic differential equations." SIAM Journal on Scientific Computing 42.1 (2020): A292-A317.



Physics-Informed Machine Learning

Modulus MeshGraphNet Prediction

\/N\/

>
oS
K
S

Ground Truth

“VAVAVAY
VAVAY.
\N/\/

Yang, Liu, Dongkun Zhang, and George Em Karniadakis. "Physics-informed generative adversarial networks for stochastic differential equations." SIAM Journal on Scientific Computing 42.1 (2020): A292-A317.




Part1. Physics-Informed Neural Network
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What is a PDE solver using deep learning?
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Physics-informed neural networks: A deep learning framework for solving forv n

Physics-informed neural networks: A deep learning framework for solving forward
and inverse problems involving nonlinear partial differential equations

M Raissi, P Perdikaris, GE Karniadakis

Journal of Computational physics, 2019 - Elsevier

Abstract

We introduce physics-informed neural networks — neural networks that are trained to solve
supervised learning tasks while respecting any given laws of physics described by general
nonlinear partial differential equations. In this work, we present our developments in the
context of solving two main classes of problems: data-driven solution and data-driven
discovery of partial differential equations. Depending on the nature and arrangement of

tha availahla Aata we dAeviee hwo dietinet fvnee nf alanrithme namelv eanftintiniie fime and

XIMI5| B2 v

WO ME YD olg 251983 Qg R staXlE  HA| 97ie A

[PDF] sciencedirect.com
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Deep neural network

Input layer w, Hidden layer w, Output layer
3x1 5x3 5x1 1x5 1x1

The i-th training example b' b The i-th prediction
x 5x1 all = g (Wx+b,) 1x1 §0=w,al +b,

Goal: Find neural network parameters 8 = {W,, b;}

https://wiki.seg.org/wiki/Neural_networks

30



Deep learning approach to PDEs

« Using neural networks directly to parametrize the solution to PDEs.
« Solve one instance of PDE at a time.

* Models
- Physics Informed Neural Network (PINN)
- Deep Ritz Method (DRM)

Find u(t, x) satisfying

Lppr = [ U Uy, Uy, -o.) = 0
Lice=u(0,x)— glx)=0 . -

Lpc = ulgq — h(t,x)|9q =0

31



Physics-informed neural network (PINN)

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework
for solving forward and inverse problems involving nonlinear partial differential equations. Journal of Computation
al physics, 378, 686-707.

utomatic differentiation and the back-propagation algorithm

“Here we revisit them using modern computational tools, and apply them to more challenging dynamic
problems described by time-dependent nonlinear partial differential equations.”

[Schematic of a PINN |

PDE L(u(x,t),0) =

Done

Lu, L., Meng, X., Mao, Z., & Karniadakis, G. E. (2021). DeepXDE: A deep learning library for solving differential equations. SIAM Review, 63(1), 208-2%;



Physics-informed neural network (PINN) - Forward problem

(e.g.) Burgers’ equation Eq:u, + uu, — (0.01/m)uy, =0
IC: u(0,x) = — sin(mx) x € [-1,1],t € [0,1]
BC:u(t,—1) =u(t,1) =0

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial differgmg
ial equations. Journal of Computational physics, 378, 686-707.



Physics-informed neural network (PINN) - Forward problem

(e.g.) Burgers’ equation Eq:u, + uu, — (0.01/m)uy, =0
IC: u(0,x) = — sin(mx) x € [-1,1],t € [0,1]
BC:u(t,—1) =u(t,1) =0

Data: PDE: L(u(x,t),0) = g
(t;, x;) € [0,1]x[-1,1] D) Ny U
(tj, %) € {0}x[—1,1] , -

(t, %) € [0,1]x{-1,1}

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial differgﬁ
ial equations. Journal of Computational physics, 378, 686-707.



Physics-informed neural network (PINN) - Forward problem

(e.g.) Burgers’ equation Eq:u, + uu, — (0.01/m)u,, =0
IC: u(0,x) = — sin(mx) x € [-1,1],t € [0,1]

Loss Function BC:u(t,—1)=u(t,1)=0
L(6)
1 NEgq ) 1 Nic , 1 Npc ,
= N_Eq; e (25, x0) + u(t?, x)uy (¢4, %) = (0.01/7) 1y (£, %) | + Iﬁ; u(t/,x7) + sin(mx)) | n IE,; u(tk, x*) |
Data: PDE: £(u(x, 1),0) = g

(¢, %) € [0,1]X[-1,1] D) Ny U

(tj,x]-) (S {O}X[—l,l]
(te, %) € [0,1]x{-1,1}

_____________________________

MSE = MSE(,, ) + MSEy |

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial differg\;
ial equations. Journal of Computational physics, 378, 686-707.




Physics-informed neural network (PINN) - Forward problem

(e.g.) Burgers’ equation Eq:u; + uu, — (0.01/m)u,, =0
IC:u(0,x) = —sin(mx) x € [-1,1],t € [0,1]

Loss Function BC:u(t,—1) =u(t,1)=0

L(6)
1 NEgq Nic Npc
- 2 g (£1,20) + (e 2y (£, 1) = (0.01 /)y (¢1,20) | + —z fu(t!,x7) + sin(rx/) | + —z fu(tk, ) |
Eq
u(t, x)
. 1.0
Data: ol 075
0. ' 0.50
(ti) xi) € [0,1])([_1,1] ? 0.35
8 0.0 0.00
(tj;xj) € {0}x[-1,1] —0.25
(tk; xk) € [0,1])({—1,1} 0 :ggg
—1.0
t =0.25 t 0.50 t=0.75
1 1 1 A
3 3 S
-1 -1 > —1-I . :
-1 0 1 -1 0 1 -1 0 1
Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networ S :z:_- - rpartialdiffer%

ial equations. Journal of Computational physics, 378, 686-707.




Physics-informed neural network (PINN) - Inverse problem???

Forward Problem

ODEs

P Model Data
{(Xi;ui)}livﬂ

Inverse Problem
Data Driven Discovery

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial differg}’
ial equations. Journal of Computational physics, 378, 686-707.



Physics-informed neural network (PINN) - Inverse problem

(e.g.) Burgers’ equation
x € [-1,1],t € [0,1]

Forward problem
Eq:u; +uu, — (0.01/m)u,, =0
IC: u(0,x) = —sin(mwx)
BC:u(t,—1) =u(t,1) =0

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial differgg
ial equations. Journal of Computational physics, 378, 686-707.



Physics-informed neural network (PINN) - Inverse problem

(e.g.) Burgers' equation Eq:u; + A,uu, — A,u,, =0
IC: u(0,x) = — sin(mwx) x € [-1,1],t € [0,1]
BC:u(t,—1) =u(t,1) =0

o

Forward problem
Eq:u; +uu, — (0.01/m)u,, =0
IC: u(0,x) = —sin(mwx)
BC:u(t,—1) =u(t,1) =0

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial differ%
ial equations. Journal of Computational physics, 378, 686-707.



Physics-informed neural network (PINN) - Inverse problem

(e.g.) Burgers' equation Eq:u; + A,uu, — A,u,, =0
IC: u(0,x) = — sin(mwx) x € [-1,1],t € [0,1]
BC:u(t,—1) =u(t,1) =0

Data-driven discovery of PDE (Solving inverse problem for unknown
parameter 4; and 1,)

- We want to identify the unknown parameters by introducing additional trainable parameters.
- Assume a small amount of additional data {¢,, x;, ul}ﬁvj{‘m is given.

- Update not only nn parameter 6 but also the PDE parameters 4, and 4,.

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial differ%
ial equations. Journal of Computational physics, 378, 686-707.



Physics-informed neural network (PINN) - Inverse problem

(e.g.) Burgers' equation Eq:u; + A,uu, — A,u,, =0
IC: u(0,x) = — sin(mwx) x € [-1,1],t € [0,1]
BC:u(t,—1) =u(t,1) =0

Data:

(t;,x;) € [0,1]x[-1,1]
(tj,xj) € {O}X[—l,l]

(tklxk) € [O,l])({—l,l}

(t;, x;,u;) € [0,1]%[—1,1]XR

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial differ%\i
ial equations. Journal of Computational physics, 378, 686-707.



Physics-informed neural network (PINN) - Inverse problem

(e.g.) Burgers' equation Eq:u; + A,uu, — A,u,, =0

IC:u(0,x) = —sin(mx) x € [-1,1],t € [0,1]
Loss function BC:u(t,—1) =u(t,1) =0
L(9 A, A2)

=N, Z lug (5, x%) + Aqu(t?, x )uy (5, x1) — Apugy (£, x )| + —Z u(t/,x) + sm(nx1)| + _z fu(ek, k)|

ZNdata |U(tl, xl) . ul|2

Data:

(t;,x;) € [0,1]x[-1,1]
(tj,x]') € {O}X[—l,l]

(tk, xx) € 10,1]x{-1,1}

(t;, x;,u;) € [0,1]%[—1,1]XR

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial dlfferﬁi
ial equatlons Journal ofComputatlonalphys:cs 378, 686-707.




Physics-informed neural network (PINN) - Inverse problem

(e.g.) Burgers' equation Eq:u; + A,uu, — A,u,, =0

IC:u(0,x) = — sin(mx) x € [-1,1],t € [0,1]
Loss Function BC:u(t,—1) =u(t,1) =0
L(6,A4,4;)

1 . . o . 1 .. . 1
= —Z |ut(t‘,x‘) + Alu(t‘,x‘)ux(t‘,x‘) — Azuxx(t‘,x‘) |2 + —Z |u(t1,x1) + sin(nxf) |2 + —Z |u(tk,xk) |2
NEq & Nic = Npc &t

1 Ndata [ 1\ _ 2
+Ndatazl:1 |u(t,x) u; |

Data: 1.00
(t;, x;) € [0,1]%[-1,1] 0:50
(tj; xj) € {O}X[—l,l] b E)i:§325
(t ) € [0,1]%{~1,1} L
(t;, x, uy) € [0,1]x[-1,1]xR ~1.00
t *  Data (2000 points)

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial differﬂ\g
ial equations. Journal of Computational physics, 378, 686-707.



Physics-informed neural network (PINN) - Inverse problem

(e.g.) Burgers' equation Eq:u; + A,uu, — A,u,, =0
IC: u(0,x) = — sin(mwx)
Loss function BC:u(t,—1) =u(t,1) =0

x € [-1,1],t € [0,1]

L(6,14,25)

Nic

Npc

1 . . o . 1 .. . 1
= —Z |ut(t‘,x‘) + Alu(t‘,x‘)ux(t‘,x‘) — /lzuxx(t‘,x‘) |2 + —z |u(t1,x1) + sin(nxf) |2 + —z |u(tk,xk) |2
NEq & Nic = Npc &t

1 Ndata [ 1\ _ 2
+Ndatazl:1 |u(t,x) u; |

Data:

(t;,x;) € [0,1]x[-1,1]
(tj,x]') € {O}X[—l,l]

(tk, xx) € 10,1]x{-1,1}

(t;, x;,u;) € [0,1]%[—1,1]XR

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural
ial equations. Journal of Computational physics, 378, 686-707.

t=0.25

m— [ixact

t=10.50 t=0.75

14

R4

== = Prediction

Correct PDE

u; + uu, — 0.0031831u,, =0

Identified PDE (clean data)

u + 0.99915uu, — 0.0031794u,, =0

Identified PDE (1% noise)

u; + 1.00042uu, — 0.0032098u,, = 0

fe r%ﬁ




Benefits and drawbacks of PINN

Dockhorn, T. (2019). A discussion on solving partial differential equations using neural networks. arXiv preprint arXiv:1904.07200

Table 6: Benefits and drawbacks of solving partial differential equations with neural networks.

Benefits

Drawbacks

Expressive power: Already small neural net-
works are able to approximate the solution of
partial differential equations well.

Ease of implementation: Our algorithm is
straightforward and can be easily imple-
mented using backpropagation.

Arbitrary domains (in higher dimensions):
The algorithm is based on drawing random
points from a domain, which can be readily
extended to arbitrary domains; no triangula-
tion of the domain is needed.

Freedom of approximation spaces: For some
classical methods and systems of PDEs,
we have certain restrictions on the function
spaces of the solutions, e.g., the inf-sup
condition [15] needs to be satisfied for the
Navier—Stokes equations when using the fi-
nite element method.

Sensor data: We can easily incorporate
(noisy) information of sensors by adding a
term to the loss function.

Convergence: Most probably due to opti-
mization issues, we could not empirically
show that errors decrease (with a certain con-
vergence rate) with increasing neural network
size; showing theoretical convergence seems
to be even more difficult.

Run time: At least when the BFGS optimizer
is used, our simulations seem to be consider-
ably slower than classical numerical methods.
Using the proposed algorithm in combination
with a first order optimization method, e.g.
Adam [16], is subject to future work.

Scalability: At the moment, it is unclear how
well the algorithm will scale to more diffi-
cult problems, e.g., three-dimensional turbu-
lent flows.

Randomness: Different random initializa-
tions lead to different results of the al-
gorithm whereas (most) classical numerical
methods are deterministic. Further investi-
gation is necessary to better exploit this non-
determinism and to eventually turn it into an
advantage.
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Practical Coch\ng,l

Let's implement

Pk\jsws-'\v‘%v'med Neuvral Netwovrk/



Supervised Learning - Regression

(Parametric) Regression task consists of the following
procedures :

0. Given dataset D = {(x;,y;)}",

1. Choose a hypothesisclassH ={f | f,, : X > Y, ...}
parameterized by w € R¥, e.g., f(x;w) = wTx

2. Choose a proper loss functional L : H - R, e.g., L(f,,) =
§V=1(f(xii w) — ¥;)?

3. Minimize the loss function with respect to the parameter w

0.75 A

0.50 A

0.25 A

0.00 A

—0.25 1

—0.50 +

—0.75 4

—1.00 +

y; = sinx; + ¢, e~N(0,0.1?)

Data Generation

—— Target Function
® Noisy Measurement
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Supervised Learning - Regression

(Parametric) Regression task consists of the following
procedures :

0. Given dataset D = {(xi;yi)}?]:l

1. Choose a hypothesisclassH = {f | f,, : X =Y, ...}
parameterized by w € R¥, e.g., f(x; w) = wTx

2. Choose a proper loss functional L : H - R, e.g., L(f,,) =
§V=1(f(xii w) — ¥;)?

3. Minimize the loss function with respect to the parameter w

0.75 A

0.50 A

0.25 1

0.00 A

—0.25 4

—0.50 4

—0.75 4

—1.00 +

Initialize a neural network f(x; w),
11
w~UNIF(— =, =)
nn

Data Generation

—— Target Function
—— Initial Neural Network
® Noisy Measurement

48



Supervised Learning - Regression

(Parametric) Regression task consists of the following
procedures :

0. Given dataset D = {(xi;yi)}?’:l

1. Choose a hypothesisclassH ={f | f,, : X =Y, ...}
parameterized by w € R¥, e.g., f(x;w) = wTx

2. Choose a proper loss functional L : H - R, e.g., L(f,,) =
§V=1(f(xi; w) — ¥;)?

3. Minimize the loss function with respect to the parameter w

yi = flx;;w) +€, e~N(0,02),iid
= y; = f(x;w) + € ~N(f(xi;w),0%)
= P(Y|w) = L, N(y;| f(xisw), 0?)
= log P(Y|w) = EiL log N(y;| f (xi3w), o)

1

= logP(Y|w) = C — = I, (; — f(xi;w))’

202

wMLE = argmax,, P(Y|w)

MLE

. 2
= wMlE = argmin,, ¥IL, (y; — f(x;;w))
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Supervised Learning - Regression

(Parametric) Regression task consists of the following Gradient-based optimization algorithms

procedures :
Gradient descent : The simplest one

0. Given dataset D = {(xi;yi)}?’:l N
2
Wt+1 =wt — n * sz(yl — f(xi;Wt))
i=1

1. Choose a hypothesisclassH ={f | f,, : X > Y, ...}
parameterized by w € R¥, e.g., f(x;w) = wTx

10 a ° e Noisy Measurement
' —— Target Function
2. Choose a proper loss functional L : H —» R, e.g., L(f,,) = - ;
N ) 2
i1 (f (xsw) — ) ° 2 5
0.0 4 ‘ /
3. Minimize the loss function with respect to the parameter w =051 g
poc A
®
-1.0
1] 1 2 3. 4 5 6
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Basic Settings

Initial Boundary Value Problem (PDE)
We will solve the Burgers equation :
Oru + u0yu = vOy,u, for (t,z) € [0,1] x [—1,1],
with the Dirichlet boundary conditions
u(t,—1) = u(t,1) =0, for t € [0, 1],
and an initial condition

u(0,z) = — sin(mx).

(4)

(5)
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Data Generation

Nt = 50
Nx = 50

t = torch. linspace(0, 1, Nt)
X = torch.linspace(—1, 1, Nx)

tx = torch.meshgrid(

# Number of samples
# Number of samples
# Input data for t (N x 1)
# Input data for x (N x 1)

,X)

t
tx_grid = torch.cat([tx[0].reshape(—-1,1), tx[1].reshape(-1,1)],dim=1)

X_init
u_init
X_bdry
u_bdry

tx_grid[tx_grid[:,0]==0]
—torch.sin(np.pi*x_init[:,1]).view(-1,1)
tx_grid[torch.logical_or((tx_grid[:,1]=1), (tx_grid[:,1]=1))]
torch.zeros_like(x_bdry[:,0].view(=1,1))
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Data Generation

Uniform Grid

oo

eee 2
LR —
LE R g
LE R

a2 £
.ot o
eee ua“
LE R n
oee S

initial points

boundary points

1.0

0.6

0.0

1.00
0.75
0.50 A
0.25

0.8

0.4

0.2

53



Neural Network

# Build a neural network

class model (nn.Module) :
def __init__(self, hidden_dims) :

def

super (model, self).__init__()

self.layers = []

for i in range(len(hidden_dims)-1) :
self.layers.append(nn.Linear (hidden_dims[i],

self.layers = nn.ModulelList(self.layers)

for layer in self.layers :
nn.init.xavier_uniform_( layer .weight)

self.act = nn.Tanh()

forward(self, x) :

for layer in self.layers[:-1] :
= gelf.act(layer(x))

x = self.layers[-1](x)

return x

# Hidden_dims = [h1, h2, h3, ..., hn]

hidden_dims[i+1])) # hiaden /ayers

# Weight initialization
# Also known as Glorot initialization

# Nonlinear activation function
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Loss Function, Optimizer

# Prepare for training

network = model (hidden_dims=[2,64,64,64,64,1]).to(device) # Pass the network to GPU

tx_grid = tx_grid.to(device).requires_grad_(True)
x_init = x_init.to(device)
u_init = u_init.to(device)
Xx_bdry = x_bdry.to(device)
u_bdry = u_bdry.to(device)

loss_f = nn.MSELoss()
optimizer = optim.Adam(network.parameters(), Ir=1e-4)
EPOCHS = 20000

# Pass data to GPU
# Pass data to GPU
# Pass data to GPU
# Pass data to GPU
# Pass data to GPU

# Mean Square Error loss function

# Adam optimizer
# Number of Training [terations
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Training

# Train
loss_list = []
network.train()

for i in range(1, EPOCHS+1) :
optimizer.zero_grad()
output = network(tx_grid)
output_init = network(x_init)
output_bdry = network(x_bdry)

grad_output = derivative(output, tx_grid) # #nabla {t,x} u
output_t = grad_output[:,0].view(-1,1)

output_x = grad_output[:,1].view(-1,1)

output_xx = derivative(grad_output[:,1], tx_grid)[:,1].view(-1,1)

loss_init = loss_f(output_init, u_init)
loss_bdry = loss_f(output_bdry, u_bdry)
loss_ge = loss_f(output_t + output*output_x — (0.01/np.pi)*output_xx, torch.zeros_lIike(output))

loss = loss_ge + loss_init + loss_bdry
loss .backward()
optimizer.step()

loss_list.append(loss.item())
if not i % 100 :
print('EPOCH : %6d/%6d | Loss_ge : %8.7f | Loss_init : %8.7f | Loss_bdry : %8.7f' W
%(i, EPOCHS, loss_ge.item(), loss_init.item(), loss_bdry.item()))
#elear_output (wait=True)
print('Training Finished.")



Results

1.00 A

0.75 A

0.50 A

0.25 A

0.00 A

—0.25 A

—0.50 A

—0.75 4

—1.00 +

=== True Solution at t=0
== = Neural Network at t=0

-1.0

-0.5

0.0 0.5 1.0

Training Loss in log scale

1.00 A

0.75 A

0.50 A

0.25 A

0.00 A

—0.25 A

—0.50 A

—0.75 4

—1.00 +

=== True Solution att=1
== = Neural Network att=1

10—] .

10—2 -

10-3 -

—— Training Loss

Ly

-1.0

-0.5

0.0 0.5 1.0

0

5000

10000
epoch

15000 20000
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Basic Settings

Inverse problem for the Lorenz system

We will solve the Lorentz system :

de dy . dz B
E - U(y - IB), E — iE(,O Z) Y, dt =Ty ﬁzv

with initial conditions
z(0) = -8, y(0)=7, z(0)=2T7.

The parameters 0 = 10,p = 15,8 = g will be identified from observations of the system.

fort € [0, 3]
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Data Generation

N =
L=
t_i
y_i

n
in

1
t
i
[

0

0
t
t

0

rch.linspace(0, 3, N).view(-1,1)

= torch.zeros([1,1])

= torch.FloatTensor ([[-8, 7, 27]1])

Observations :

# Number of sampl/es
# Input data (N x 1)
# Input data the initial conditions (1 x 1)
# Target data the initial conditions (1 x 2)
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Neural Network

# Build a neural network

class model (nn.Module) :
def __init__(self, hidden_dims) :

def

super (model, self).__init__()

self.layers = []

for i in range(len(hidden_dims)-1) :
self.layers.append(nn.Linear (hidden_dims[i],

self.layers = nn.ModulelList(self.layers)

for layer in self.layers :
nn.init.xavier_uniform_( layer .weight)

self.act = nn.Tanh()

forward(self, x) :

for layer in self.layers[:—1] :
x = self.act(layer(x))

x = self.layers[-1](x)

return x

# Hidden dims : [h1, h2, h3, ..., hn]

hidden_dims[i+1])) # hidden /ayers

# Weight initialization
# Also known as Glorot initialization

# Nonlinear activation function
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Loss Function, Optimizer

# Prepare for training

network = model (hidden_dims=[1,64,64,64,3]).to(device) # Pass the network to GPU

t = t.to(device).requires_grad_(True)
t_init = t_init.to(device)

y_init = y_init.to(device)

t_obs = t_obs.to(device)

y_obs = y_obs.to(device)

sigma = torch.ones(1).to(device).requires_grad_(True)
rho = torch.ones(1).to(device).requires_grad_(True)
beta = torch.ones(1).to(device).requires_grad_(True)

loss_f = nn.MSELoss()

# Pass data to GPU
# Pass data to GPU
# Pass data to GPU
# Pass data to GPU
# Pass data to GPU

# Parameter approximator
# Parameter approximator
# Parameter approximator

# Mean Square Error loss function

optimizer = optim.Adam([{ 'params': network.parameters()},H
{'params': rho, 'Ir':1e-1} W

{'params': sigma, 'Ir':1e-1},
{'params': beta, 'Ir':1e-1}],
EPOCHS = 100000

[r=1e-3)

# Adam optimizer

# Number of Training lterations
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Training

# Train

loss_list = []

sigma_list, rho_list, beta_list =[], [], []
network.train()

for i in range(1, EPOCHS+1) :
optimizer.zero_grad()
output = network(t)
output_init = network(t_init)
output_obs = network(t_obs)

dy1 = derivative(output[:,0], t).view(-1)
dy2 = derivative(output[:,1], t).view(-1)
dy3 = derivative(output[:,2], t).view(-1)

loss_init = loss_f(output_init, y_init)

loss_obs = loss_f(output_obs, y_obs)

loss_ge = loss_f(dyl — sigmax(output[:,1]-output[:,0]), torch.zeros_like(dy1)) +W
loss_f(dy2 — output[:,0]*(rho—output[:,2]) + output[:,1], torch.zeros_|ike(dy2) )+
loss_f(dy3 — output[:,0]*output[:,1] + betaxoutput[:,2], torch.zeros_Iike(dy3))

loss = loss_ge + loss_init + loss_obs
loss .backward()
optimizer.step()
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Results

Reference Solution

- 26
- 24
22

Trained Neural Network Solution

- 26
F 24
r 22
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Results

10 A

0

20000 40000 60000 80000 100000
epoch

P B
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16 l N
| l 2.5 I
14
2.0 -
12
104 1.5 -
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6 1 0.5 -
4_
0.0
2 .
-0.5 -

0

20000 40000 60000 80000 100000
epoch

0

20000 40000 60000 80000 100000
epoch
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Part2. Neural Operator



Revisit PINN

- Solving only one instance of PDE at a time? ??

Find u(t, x) satisfying
Lopg = (U Up Uy, Uy, ) = 0
Lic =u(0,x) — g(x) =0
Lge = ulgg — h(t,x)|s0 =0
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Neural Operator

 New Approach: Neural operator

- Learning a mapping from the parameters (e.g. external force, initial,
and boundary conditions) of the PDEs to the corresponding solution.

- Learning a family of PDEs from data.

- Models
- Deep Operator Network (DeepONet)

- Fourier Neural Operator (FNO)

Find a map G: g(x) — u(t, x) satisfying

Lppg = [ U, Uy, Uy, o) = 0
Lic=u(0,x) — gx) =0

Lpc = ulgq — h(t, x)|s0
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Neural Operator

- Operator learning for mapping between infinite-dimensional function spaces has
been recently studied.

* One of the common problems is learn a mapping from the parameters (e.g. external
force, initial, and boundary conditions) of the PDEs to the corresponding solution.

u(t)

Input Function

@)
O o O Neural
ODE/PDE Solver ] 0O - O Operator

o 0

Output Function

s(t)

https://towardsdatascience.com/operator-learning-via-physics-informed-deeponet-lets-implement-it-from-scratch-6659f3179887
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Neural Operator

- Operator learning for mapping between infinite-dimensional function spaces has
been recently studied.

* One of the common problems is learn a mapping from the parameters (e.g. external
force, initial, and boundary conditions) of the PDEs to the corresponding solution.

« For example, in a dam break scenario, it is important to predict the fluid flow over
time according to a random initial height of the fluid.

Output
h(t= 0.5, x1, x2)

1.4 ﬂm\ «Mﬂw‘

Input " W

h(t=0, x1, X2) 0.8

“\

4

1.6

Z 14

x

< 1.2
1.0

0.8 -2

r 1.0

0.5
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Neural Operator

« Traditional numerical methods had to repeat similar calculations for each input
function to derive its output function.

Find a map G: g(x) — u(t, x) satisfying

Lppg = (W, Ug, Uy, Uyy, . ) = 0
Lic=u(0,x)— gx)=0

Lgc = ulgg — h(t, x)|aq

g'(x)

g°(x)

g (x)

v e
0

4’

u?(t, x)

ulV(t, x)
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Neural Operator

« Traditional numerical methods had to repeat similar calculations for each input

function to derive its output function.

 Deep learning-based studies have been emerged to learn the operator from input

function to the output function.

Find a map G: g(x) — u(t, x) satisfying

LPDE :_f(u' Uty Uy, Uyexs _) =0 g(X)
Lic=u(0,x)— gx)=0

Lgc = ulgg — h(t, x)|aq

- We need a dataset {g*(x), u'(t, x)}V,.

- Predict u™¥(t, x) for a new g™¢¥ (x).

* Models
- Deep Operator Networks (DeepONet)
- Fourier Neural Operator (FNO)

71



Comparison between PINN and Neural Operator

- Compared to Physics-Informed Neural Network (PINN)

PINN (t X) Value u™
at (¢, x)
Neural i) UL, %)

Operator




Comparison between PINN and Neural Operator

- Compared to Physics-Informed Neural Network (PINN)

PINN

Neural
Operator

o

( g(x)

Value u™"
at (¢, x)

Key: Designing appropriate

neural networks structure to
handle infinite—dimensional
functions as inputs and outputs

u™(t, x)
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Natural approach : image-to-image regression

« Convolutional Neural Network encoder-decoder (Image-to-image regression)

- Image segmentation, Image Noise Reduction, Image coloring

https://towardsdatascience.com/convolutional-autoencoders-for-image-noise-reduction-32fce9fc1763
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Natural approach : image-to-image regression

« Operator learning (function-to-function regression)

m(x,, x,)

Ex) Poisson equation Goal) Find a solution u(x,, x,) for different source term m(x;, x,).
—Au—-m=0 inQ c R? (Learning operator from the source term to the solution)
u=0 inoQ m(xy, X,) = u(xy, x,)
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Natural approach : image-to-image regression

« Operator learning (function-to-function regression)

m(x,, x,)

X,

0.0

Ex) Poisson equation
—Au-m=0 inQ cR?
u=0 ino0Q

Goal) Find a solution u(x,, x,) for different source term m(x,, x,).

(Learning operator from the source term to the solution)

m(x,, x,) = u(x;, x,)

- We can consider the functions m and u as 2d images m(x;, x,) and u(xy, x;).

- Limitation

- Only when input function values are known in a uniform grid.

- Only when all input function values are known in all grids.
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Part2-1. Deep Operator Network



Deep Operator Networks (DeepONets)

Lu, L., Jin, P., Pang, G., Zhang, Z., & Karniadakis, G. E. (2021). Learning nonlinear operators via DeepONet based on the universal appro

ximation theorem of operators. Nature machine intelligence, 3(3), 218-229.

Learning an operator G: u(x) = G(u)(y) using the network

Data

Training data

Input function
at fixed sensors z,

I 4 .\ Tm
¢I9 \ »
T \\"/
- ’.
oo = ¥ - xrn
:L‘lx2

u Output function G(u)

...,xT,, atrandom location y
/"-‘
/, ‘\ .
\\§“,
G
— B2 o
\\\.~-_”I
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Deep Operator Networks (DeepONets)

Lu, L., Jin, P., Pang, G., Zhang, Z., & Karniadakis, G. E. (2021). Learning nonlinear operators via DeepONet based on the universal appro

ximation theorem of operators. Nature machine intelligence, 3(3), 218-229.

Learning an operator G: u(x) = G(u)(y) using the network

Data

Training data
Input function « Output function G(u)

at fixed sensors z,...,z,, at random location y
1 4 "o Tm N o
$Io \\ . 2 \\ ) U —»
T "Rege g
G
2 o —_— ~ & .
..____._—’ Tm \~_.___"'
172

Model

u(zy)
u(z2) »| Branch net
u(Tm)

Y —| Trunk net

) G(u)(y)
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Deep Operator Networks (DeepONets)

Lu, L., Jin, P., Pang, G., Zhang, Z., & Karniadakis, G. E. (2021). Learning nonlinear operators via DeepONet based on the universal appro
ximation theorem of operators. Nature machine intelligence, 3(3), 218-229.

Learning an operator G: u(x) = G(u)(y) using the network

[Chen and Chen, 1995]

Theorem 1 (Universal Approximation Theorem for Operator). Suppose that o is a continuous non-
polynomial function, X is a Banach Space, K1 C X, Ko C R% are two compact sets in X and R,
respectively, V is a compact set in C(K1), G is a nonlinear continuous operator, which maps V into C(K3).
Then for any € > 0, there are positive integers n, p, m, constants cif’, 5,07’;’“, G € R, wg € RY, z; € Ky,

1=1,....,n, k=1,...,p, 7 =1,...,m, such that

b n m
Gu)(y) =) ) cko | D ehulz;) +0F | o(wy-y+ )| <e (1)
k=1 i=1 j=1 ol
br;;zch

holds for allw € V and y € Ko.
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Understanding of DeepONet: linear approximation

Learning an operator G: u(x) = G(u)(y) using the network

Model
= .’ ® :
u(xrq | |
G s u(zs) BN e .v® [
o \,__ \ :
H® |\
| ! @ G(u)(v)
1
1
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Understanding of DeepONet: linear approximation

Learning an operator G: u(x) = G(u)(y) using the network

Model
— | ®]
u(xrq | |
ol | o ® |
u(@m) i 5 \ i * It approximates the target function G (u)(y) as
® @+ Gw)() GW)(y) = bty + byty + -+ byt
|
I :’@ / | - Here, t;(¥),t2(¥), ..., t,(¥) are the p-basis functions
y —*I o ! for the target function space domain Y (v € Y).
' ® ! = by, by, ..., b, are the p-coefficient values for the

_____ target function G (u) (depends on the input
sum function u)
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Understanding of DeepONet: linear approximation

https://arxiv.org/abs/1910.03193

[Submitted on 8 Oct 2019 (v1), last revised 15 Apr 2020 (this version, v3)]

DeepONet: Learning nonlinear operators for identifying differential
equations based on the universal approximation theorem of operators

Lu Lu, Pengzhan Jin, George Em Karniadakis

While it is widely known that neural networks are universal approximators of continuous functions, a less known and
perhaps more powerful result is that a neural network with a single hidden layer can approximate accurately any
nonlinear continuous operator. This universal approximation theorem is suggestive of the potential application of
neural networks in learning nonlinear operators from data. However, the theorem guarantees only a small
approximation error for a sufficient large network, and does not consider the important optimization and
generalization errors. To realize this theorem in practice, we propose deep operator networks (DeepONets) to learn
operators accurately and efficiently from a relatively small dataset. A DeepONet consists of two sub-networks, one for
encoding the input function at a fixed number of sensors x;,1 = 1, ***, m (branch net), and another for encoding the
locations for the output functions (trunk net). We perform systematic simulations for identifying two types of
operators, i.e., dynamic systems and partial differential equations, and demonstrate that DeepONet significantly
reduces the generalization error compared to the fully-connected networks. We also derive theoretically the
dependence of the approximation error in terms of the number of sensors (where the input function is defined) as well
as the input function type, and we verify the theorem with computational results. More importantly, we observe high-
order error convergence in our computational tests, namely polynomial rates (from half order to fourth order) and even
exponential convergence with respect to the training dataset size.
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DeepONet: Practical Example

We will learn an antiderivative operator G : u(x) — s(x) such that
ds(x)
dx

= g(s(x), u(x),x), forx e [-1,1],

with g(s(x), u(x), x) = u(x) and s(0) = 0 and

N-1
u(x) € Vooly = { Y aTi(x) : a; ~ Unif[-M, M]}

i=0

where T;(x) are Chebyshev Polynimials of the first kind.

u(z1) %
Then, the data point is triplet (u(x), x, G(u)(x) = s(x)) o sl ul@2) _,w@
u(z,,) \@
®— G(u)(y)
/@
 — (R ®
N
®
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DeepONet: Practical Example

In [1]:

In [2]:

4. DeepONet

import
import

numpy as np
matplotlib.pyplot as plt

from IPython.display import clear_ output

import
import
import

import
import
import

torch
torch.nn as nn
torch.optim as optim

os
pickle
torch.utils.data as data 0

from scipy.integrate import odeint
from tgdm.notebook import tgdm

device

= torch.device('cuda:2")
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DeepONet: Practical Example

-4

Input functions

— |nput u(x)

-1.00 -0.75 -0.50 -0.25 0.00

X

0.25

0.50

0.75

1.00

-4

Output function and prediction

---- Qutput s(x)
— prediction s(x)

I N

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75

X

1.00
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DeepONet: Practical Example

-4

Input functions

— |nput u(x)

-1.00 -0.75 -0.50 -0.25 0.00

X

0.25

0.50

0.75

1.00

-4

Output function and prediction

---- Qutput s(x)
— prediction s(x)

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75

X

1.00
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Quiz)

We will learn an antiderivative operator G : u(x) — s(x) such that
ds(x)

dx
with g(s(x), u(x), x) = u(x) and s(0) = O and ﬁ

= g(s(x),u(x),x), forx e [-1,1],

N-1
u(x) € Vooly = { Z a;Ti(x) : a; ~ Unif[-M, M]
i=0

where T;(x) are Chebyshev Polynimials of the first kind.

Then, the data point is triplet (u(x), x, G(u)(x) = s(x))

Can we give a physics-informed loss function in
DeepONet similar to PINN?

|
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Physics-Informed DeepONet

Wang, Sifan, Hanwen Wang, and Paris Perdikaris. "Learning the solution operator of parametric partial differential equations with physics-informed
DeepONets." Science advances 7.40 (2021): eabi8605.

DeepONet

\ 4

A

90



Part2-2. Fourier Neural Operator
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Neural Operator
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Neural Operator

Kovachki, N., Li, Z., Liu, B., Azizzadenesheli, K., Bhattacharya, K., Stuart, A., & Anandkumar, A. (2023). Neural operator: Learning maps between functi
on spaces with applications to pdes. Journal of Machine Learning Research, 24(89), 1-97.

Neural networks -> Learning in fixed dimensions

Matrix Multiplication or Convolution
Composing linear function with non-linearity.

Input: :
Feature —3»  |jnear function —> > 00 OLUtg u|t.
Vector Veactgr

Neural Network can approximate any continuous function.



Neural Operator

Kovachki, N., Li, Z., Liu, B., Azizzadenesheli, K., Bhattacharya, K., Stuart, A., & Anandkumar, A. (2023). Neural operator: Learning maps between functi
on spaces with applications to pdes. Journal of Machine Learning Research, 24(89), 1-97.

Neural operator -> Learning in infinite dimensions

Integral operator

| kG, y)v(y) dy

Composing linear integral operator with non-linearity.

Input:
Initial and Outout
boundar : utput;
condition*c, —>  Llinear operator —>» —> 00 ?olu?on
unction

v(x)

Neural Operator can approximate any continuous operator



Neural Operator

Kovachki, N., Li, Z., Liu, B., Azizzadenesheli, K., Bhattacharya, K., Stuart, A., & Anandkumar, A. (2023). Neural operator: Learning maps between functi
on spaces with applications to pdes. Journal of Machine Learning Research, 24(89), 1-97.

Layer 1 > Layer2 —>eoe00 Layer L —)@

Neural Operator Layer

[ ke yv@)dut) + bx) \

Instantiations of neural operator layer

Neural Operator Layer

1
Bter)| ;Zm.,.f’x'}; V) + bx)
ot \—@/__>

Neural Operator Layer

Z; I<L~(J).,,)‘;,(JJ[_‘-' + b(x)
LNO layer W

Neural Operator Layer

:

:

FYR.F)x) + bfx)

FNO layer

:

Figure 2: Neural operator architecture schematic
The input function a is passed to a pointwise lifting operator P that is followed by T" layers of integral
operators and pointwise non-linearity operations o. In the end, the pointwise projection operator () outputs
the function u. Three instantiation of neural operator layers, GNO, LNO, and FNO are provided.



Neural Operator

Kovachki, N., Li, Z., Liu, B., Azizzadenesheli, K., Bhattacharya, K., Stuart, A., & Anandkumar, A. (2023). Neural operator: Learning maps between functi
on spaces with applications to pdes. Journal of Machine Learning Research, 24(89), 1-97.

Layer]1 > Layer2 [>©@@—» LayerL —)@

Neural Operator Layer

[ ke ypv@)dut) + bx) \

Instantiations of neural operator layer

Neural Operator Layer

B 2 Ky, + b
Ve Bt
GNO layer @/\—’@—/__\\‘_"

Neural Operator Layer

Z;ﬂ(,‘.(,r).,,)‘:u][_r) + b(x)
LNO layer @/\_».—/__'\\‘_’.

Neural Operator Layer

FYR.F)x) + bfx)
FNO layer \‘_,‘

Figure 2: Neural operator architecture schematic
The input function a is passed to a pointwise lifting operator P that is followed by T" layers of integral
operators and pointwise non-linearity operations o. In the end, the pointwise projection operator () outputs
the function u. Three instantiation of neural operator layers, GNO, LNO, and FNO are provided.




Neural Operator

Li, Z., Kovachki, N., Azizzadenesheli, K., Liu, B., Bhattacharya, K., Stuart, A., & Anandkumar, A. (2020). Fourier neural operator for parametric partial di
fferential equations. arXiv preprint arXiv:2010.08895.

Learning an operator G: a(x) ~ G(a)(x) = u(x) using the network

* Neural Operator
- Lifting : vy (x) = P(a(x))

- lterative Kernel Integration

Ve (x) =0 (Wevt(x) + K¢vt(x)) , Where K¢vt(x) = fD Kd)(x» y, a(x), a()’))vt()’)dy
- Projection :u(x) = Q(vr(x))

Layer 1 |» Layer2 [>© @ @—>

_ / .k(x, Yv(y)du(y) + b(x)
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Fourier Neural Operator

Li, Z., Kovachki, N., Azizzadenesheli, K., Liu, B., Bhattacharya, K., Stuart, A., & Anandkumar, A. (2020). Fourier neural operator for parametric partial di
fferential equations. arXiv preprint arXiv:2010.08895.

Learning an operator G: a(x) ~ G(a)(x) = u(x) using the network

* Neural Operator

= 1ty (%) * 1, (1)
= F 1| Flicy | Flv,]|

- L|ft|ng . vo(X) = P(a(X)) K¢ ~ Kd)(x — y)
- lterative Kernel Integration

Ve (x) =0 (Wevt(x) + K¢vt(x)) , Where K¢vt(x) = fD Kd)(x» y, a(x), a()’))”t()’)dy
- Projection :u(x) = Q(vr(x))

Layer1 [» Layer2 —> 0 0 0 > Layer L —-)@

T -
Seag
‘‘‘‘‘

_______
,,,,,

Neural Operator Layer

/ k(xyve)du(y) + b(x) \
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Fourier Neural Operator

Li, Z., Kovachki, N., Azizzadenesheli, K., Liu, B., Bhattacharya, K., Stuart, A., & Anandkumar, A. (2020). Fourier neural operator for parametric partial di

fferential equations. arXiv preprint arXiv:2010.08895.

Learning an operator G: a(x) ~ G(a)(x) = u(x) using the network

* Neural Operator

- Lifting : vy (x) = P(a(x))

- lterative Kernel Integration

Ky = K¢(x -y)

= k(%) * v, (%)

= F 1| Flicy | Flv,]|

Ve (x) =0 (Wevt(x) + K¢vt(x)) , Where K¢vt(x) = fD Kd)(x» y, a(x), a()’))”t()’)dy
- Projection :u(x) = Q(vr(x))

Fourier layer 1

Fourier layer 2|—> @ ® ® —>

Fourier layer T

Fourier layer

o ©®

Fourier Neural Operator

- Kpvp(x) = F 1Ry - (Frp)) (%)
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Fourier Neural Operator

Li, Z., Kovachki, N., Azizzadenesheli, K., Liu, B., Bhattacharya, K., Stuart, A., & Anandkumar, A. (2020). Fourier neural operator for parametric partial di
fferential equations. arXiv preprint arXiv:2010.08895.

* Neural Operator: Iterative Kernel Integration

Vesr () = 0 (Wove () + K v, ()

where K v, (x) = [ 14 (x, y)v,(y)dy ~ F~! [T[K¢]T[vt]]-
=Ry
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Fourier Neural Operator

Li, Z., Kovachki, N., Azizzadenesheli, K., Liu, B., Bhattacharya, K., Stuart, A., & Anandkumar, A. (2020). Fourier neural operator for parametric partial di

fferential equations. arXiv preprint arXiv:2010.08895.

* Neural Operator: Iterative Kernel Integration

vesa (1) = 0 (Wov, () + K yve(0))

where K v, (x) = [ 14 (x, y)v,(y)dy ~ F~! [T[qu]T[vt]]-
=Ry

Learning an operator G: a(x) ~ G(a)(x) = u(x) using the network

@@—) Fourier layer 1 |
a(xy, x2) .

Fourier layer 2

—> @ @ @ >

Fourier layer T

0 T
05 .-
0.0 @ -

Fourier layer

0.00
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Fourier Neural Operator

(ex) 2-D Navier-Stokes equation (viscous, incompressible fluid in vorticity form)

(atw(x, t) +u(x,t) - Vw(x, t) = vaw(x,t) + f(x),

) V-u(x,t) =0, x € (0,1)?
w(x,0) = wo(x), t € (0,T]

\ w(x, t) = Vxu(x,t),

Learning an operatorG: W|(0,1)2x[0’9] = W|(o,1)2><[10,19] \\\ " !
g

t09

t=10~19

Initial Vorticity t=15 t= 20 t=25 t=30

l' \\‘ N P\‘ §
B

/3

[N
-

Zero-shot super-resolution: Navier-Stokes Equation with v1scos1ty v = le—4; Ground truth on top and

prediction on bottom; trained on 64 X 64 x 20 dataset; evaluated on 256 X 256 x 80 (see Section 5.4).
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Fourier Neural Operator

(ex) 2-D Navier-Stokes equation (viscous, incompressible fluid in vorticity form)

r(3,:W(x, t) +u(x,t) - Vw(x, t) = vaw(x,t) + f(x),

) V-u(x,t) =0, x € (0,1)?
w(x,0) = wo(x), t € (0,T]

\ w(x, t) = Vxu(x,t),

' ...\ ..3 FNO )
Learning an operatorG: w/| 1y2xj0.01 = Wl(0,1)2x[10,19] \\\!‘.' ! i :

t=10~19

Table 1: Benchmarks on Navier Stokes (fixing resolution 64 x 64 for both training and testing)

Parameters Time v=1e—-3 v=1le—4 v=1le—4 v=1e-5
Config per T =50 T =30 T =30 T =20
epoch | N=1000 N =1000 N =10000 N = 1000
FNO-3D 6,558,537 38.99s 0.0086 0.1918 0.0820 0.1893
FNO-2D 414,517 127.80s 0.0128 0.1559 0.0834 0.1556
U-Net 24,950,491 48.67s 0.0245 0.2051 0.1190 0.1982
TF-Net 7,451,724  47.21s 0.0225 0.2253 0.1168 0.2268
ResNet 266,641  78.47s 0.0701 0.2871 0.2311 0.2753 103




Practical Coding/

Let's implement

Fouvier Neural operator (FNO)!



Fourier Neural Operator - Burgers’ eq example

(ex) 1-D Burgers’ equation

Goal: Learning an operator G:uy = u(-, 1)

2.0

1.0

0.5 A

0.0 A

—1.0 T

_1'5 -

-2.0

r6tu(x, t) + 0, (u?(x,t)/2) = vo,,ulx,t),

u(x,0) = up(x),

input and output functions

x € (0,1)
t € (0,1]

— Input up(x)

— Outputu(x, t=1)

0.0 0.2 0.4 0.6 0.8

1.0
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Fourier Neural Operator - Burgers’ eq example

BHARBR ARG ARG IR R WA R U RAR B U RRB U RRR DR RRBURRBBURRBRRBBRRRBBHRBIH
# fourier layer
BHARBR ARG ARG AR B U RRB U HAR B U RAD R RARBRRRBRRRBBRRRBRRBBRRRBBRRBBH
class SpectralConvld(nn.Module):
def __init__ (self, in_channels, out_channels, modesl):
super(SpectralConvld, self).__init_ ()

1D Fourier layer. It does FFT, linear transform, and Inverse FFT.

self.in_channels = in_channels
self.out_channels = out_channels
self.modesl = modesl #Number of Fourier modes to multiply, at most floor(N/2) + 1

self.scale = (1 / (in_channels*out_channels))
self.weightsl = nn.Parameter(self.scale * torch.rand(in_channels, out_channels, self.modesl, dtype=torch.cfloat))

# Complex multiplication

def compl_mulld(self, input, weights):
# (batch, in_channel, x ), (in_channel, out_channel, x) -> (batch, out_channel, x)
return torch.einsum("bix, iox->box", input, weights)

def forward(self, x):
batchsize = x.shapel[@]
#Compute Fourier coeffcients up to factor of e~(- something constant)
x_ft = torch.fft.rfft(x)

# Multiply relevant Fourier modes
out_ft = torch.zeros(batchsize, self.out_channels, x.size(-1)//2 + 1, device=x.device, dtype=torch.cfloat)
out_ft[:, :, :self.modesl] = self.compl_mulld(x_ft[:, :, :self.modesl], self.weightsl)

#Return to physical space
x = torch.fft.irfft(out_ft, n=x.size(-1))
return x
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Fourier Neural Operator - Burgers’ eq example

class FNO1d(nn.Module):
def __init__ (self, modes, width):
super(FNO1d, self).__init_ ()

The overall network. It contains 4 layers of the Fourier layer.
1. Lift the input to the desire channel dimension by self.fc@ .
2. 4 layers of the integral operators u' = (W + K)(u).

W defined by self.w; K defined by self.conv .

input: the solution of the initial condition and location (a(x), x)
input shape: (batchsize, x=s, c¢=2)

output: the solution of a later timestep

output shape: (batchsize, x=s, c=1)

self.modesl = modes

self.width = width

self.padding = 2 # pad the domain if input is non-periodic

self.fc® = nn.Linear(2, self.width) # input channel is 2: (a(x), x)

self.conv®d = SpectralConvld(self.width, self.width, self.modesl)
self.convl = SpectralConvld(self.width, self.width, self.modesl)
self.conv2 = SpectralConvld(self.width, self.width, self.modesl)
self.conv3 = SpectralConvld(self.width, self.width, self.modesl)
self.wd = nn.Convld(self.width, self.width, 1)
self.wl = nn.Convld(self.width, self.width, 1)
self.w2 = nn.Convld(self.width, self.width, 1)
self.w3 = nn.Convld(self.width, self.width, 1)

self.fcl = nn.Linear(self.width, 128)
self.fc2 = nn.Linear(128, 1)

Aaf Favrcmvdleal £ wise

3. Project from the channel space to the output space by self.fcl and self.fc2 .

def

forward(self, x):

grid = self.get_grid(x.shape, x.device)

x = torch.cat((x, grid), dim=-1)

x = self.fcO(x)

X = x.permute(@, 2, 1)

# x = F.pad(x, [0,self.padding]) # pad the domain if input is non-periodic

x1 = self.conv@(x)
x2 = self.wl(x)

X = x1 + x2

x = F.gelu(x)

x1 = self.convl(x)
x2 = self.wl(x)
Xi= X104 %2

x = F.gelu(x)

x1 = self.conv2(x)
x2 = self.w2(x)

X = x1 + x2

x = F.gelu(x)

x1 = self.conv3(x)
x2 = self.w3(x)
X = x1 + x2

X = x[..., :-self.padding] # pad the domain if input is non-periodic
x.permute(@, 2, 1)

self.fcl(x)

F.gelu(x)

= self.fc2(x)

return x

X X X X %
"

get_grid(self, shape, device):

batchsize, size_x = shape[@], shape[1]

gridx = torch.tensor(np.linspace(@, 1, size_x), dtype=torch.float)
gridx = gridx.reshape(1l, size_x, 1).repeat([batchsize, 1, 1])
return gridx.to(device)
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Fourier Neural Operator - Burgers’ eq example

o input and output functions o input and output functions
— Input ug(x) ---- OQutputu(x,t=1)
1.5 A 1.5 1
—— Outputu(x, t=1) — Input uo(x)
1.0 A 1.0 1
0.5 A 0.5 1
0.0 1 0.0 1
—0.5 A —0.5 1
-1.0 1 -1.0 1
-1.5 -1.5 A
-2.0 T T T T T T -2.0 T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X
- input and output functions o input and output functions
—— Input ue(x) ---- Outputu(x,t=1)
1.5 1 1.5 A
—— Outputu(x, t=1) — Input ug(x)
1.0 1 \ 1.0 ’
0.5 1 0.5 1
0.0 A 0.0 A
—0.5 A —0.5 1
—1.0 1 —1.0 1
—=1.5 A -1.5 A s
-2.0 T T T T T T -2.0 T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X
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DeepONet vs Fourier Neural Operator

u(zq) 4
u.(.l'Q) Branch net <'@

u(x, N
(Zm) B

u —»

Y

@—> Fourier layer 1|—{Fourier layer 2—> @ @ @ —»Fourier layer T
O— G(u)(y) T S

®, — P
- =00
Y —| Trunk net <'@ NW

Lu, L., Jin, P., Pang, G., Zhang, Z., & Karniadakis, G. E. (2021). Learn Li, Z., Kovachki, N., Azizzadenesheli, K., Liu, B., Bhattacharya, K., Stuart, A.,
ing nonlinear operators via DeepONet based on the universal approxi & Anandkumar, A. (2020). Fourier neural operator for parametric partial dif
mation theorem of operators. Nature machine intelligence, 3(3), 218-2 ferential equations. arXiv preprint arXiv:2010.08895.

29.
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DeepONet vs Fourier Neural Operator

Kovachki, N., Li, Z., Liu, B., Azizzadenesheli, K., Bhattacharya, K., Stuart, A., & Anandkumar, A. (2023). Neural operator: Learning maps between functi
on spaces with applications to pdes. Journal of Machine Learning Research, 24(89), 1-97.

Model NNs | DeepONets | Interpolation | Neural Operators
Property
Discretization Invariance X X v v
Is the output a function? X v v v
Can query the output at any point? | X v v v
Can take the input at any point? X X v v
Universal Approximation X v X v

Table 1: Comparison of deep learning models. The first row indicates whether the model is dis-
cretization invariant. The second and third rows indicate whether the output and input are a func-
tions. The fourth row indicates whether the model class is a universal approximator of operators.
Neural Operators are discretization invariant deep learning methods that output functions and can

approximate any operator.
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DeepONet vs Fourier Neural Operator

Lu, L., Meng, X., Cai, S., Mao, Z., Goswami, S., Zhang, Z., & Karniadakis, G. E. (2022). A comprehensive and fair comparison of two neural operators (wi
th practical extensions) based on fair data. Computer Methods in Applied Mechanics and Engineering, 393, 114778.

Table 2
Comparison between vanilla DeepONet and vanilla FNO.
DeepONet FNO
Input domain D’ & Output domain D’ Arbitrary Cuboid, D = D’
Discretization of output function u No Yes
Mesh Arbitrary Grid
Prediction location Arbitrary Grid points
Full field observation data No Yes
Discontinuous functions Good Questionable
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Part3. Recent works for SciML



Selected Research Works

[1] Lee, J. Y., SungWoong, C. H. O., & Hwang, H. J. (2023). HyperDeepONet: learning operator with
complex target function space using the limited resources via hypernetwork, ICLR 2023.

[2] Lee, J.Y., Ko, S., Hong, Y. (2025). Finite element operator network for solving elliptic-type para
metric pdes. SIAM Journal on Scientific Computing.

[3] Song, S. K., Shin, B. G., & Lee, J. Y. (2026). Discovering Ordinary Differential Equations with LLM
-Based Qualitative and Quantitative Evaluation. ICML 2026.

[4] Seo, J., Lee, S., & Lee, J. Y. (2026). Unbiased and Second-Order-Free Training for High-Dimens
ional PDEs. ICML 2026.
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[ICLR 2023] HyperDeepONet

u(z1)
u(z2)

u(zm)

Learning an operator G: u(x) = G(u)(y) using the network

DeepONet
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New perspective of DeepONet
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[ICLR 2023] HyperDeepONet

 We propose a general model HyperDeepONet, which contains all the previo

us models, as a special case of the HyperDeepONet.

« The hypernetwork generates all parameters of the target network.

u(xq)
u(xz)

()

\

O-'W
O'b

!

%’ Go (W) (y)

Target network

HyperDeepONet (Our model)
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[ICLR 2023] HyperDeepONet

Toy example

e G:ulx) > ;—xu(x) (u ~Chebyshev degree 20)

« We choose the differentiation operator to focus on operator learning when the
operator's output function space is complicated.

(a) Input u(x) and output G(u)(x) 1(Ob) Prediction using DeepOnet & variants o (c) Prediction using HyperDeepONet
— input -
054 output 0.5 1 0.5

0.0 0.0

0.0 ::

S0SE iR T = % 7 —05 Target function

-1.0 4 —1.0 4! \J —— DeepONet
i i Shift-DeepONet
-15+— . . . . ; ; -1.5 +— . . : . ——— flexDeepONet . . . . . .
-1.00 —0.75 —0.50 —-0.25 0.00 0.25 0.50 0.75 1.00 -1.00 —0.75 -0.50 —-0.25 0.00 025 050 —— NOMAD £0.75 -0.50 —0.25 0.00 0.25 0.50 0.75 1.00
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[SIAM SISC 2025] Finite Element Operator Network(FEONet)

SIAM J. Sc1. COMPUT. @ 2025 Society for Industrial and Applied Mathematics
Vol. 47, No. 2, pp. C501-C528

FINITE ELEMENT OPERATOR NETWORK FOR SOLVING
ELLIPTIC-TYPE PARAMETRIC PDEs"

JAE YONG LEE, SEUNGCHAN KO, AND YOUNGJOON HONGS#

Abstract. Partial differential equations (PDEs) underlie our understanding and prediction of
natural phenomena across numerous fields, including physics, engineering, and finance. However,
solving parametric PDEs is a complex task that necessitates efficient numerical methods. In this
paper, we propose a novel approach for solving parametric PDEs using a Finite Element Operator
Network (FEONet). Our proposed method leverages the power of deep learning in conjunction with
traditional numerical methods, specifically the finite element method, to solve parametric PDEs in
the absence of any paired input-output training data. We performed various experiments on several
benchmark problems and confirmed that our approach has demonstrated excellent performance across
various settings and environments, proving its versatility in terms of accuracy, generalization, and
computational flexibility. While our method is not meshless, the FEONet framework shows potential
for application in various fields where PDEs play a crucial role in modeling complex domains with
diverse boundary conditions and singular behavior. Furthermore, we provide theoretical convergence
analysis to support our approach, utilizing finite element approximation in numerical analysis.

Key words. scientific machine learning, finite element methods, physics-informed operator
learning, parametric PDEs, boundary layer
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[SIAM SISC 2025] Finite Element Operator Network(FEONet)

« Schematic diagram of our model

Parametric PDE

Viu + k?>u = f(x) inD Express u(x) = k(x)

( Set  V={¢;(x), $2(x), ...}

F(x)

y Deep Learning 1 Finite Element Methods
== S prem |
Input Neural Network Output | Domain Triangulation i
! 1
. e —————— I
Input of PDEs: * « Fully-Connected Neural Networks (FC) > Coefficients
- External Force or {A ( ) N(h) i v
- Variable Coefficient . C lutional Neural Networks (CNN O \W) g
. Boundary condition onvolutional Neural Networ s (CNN) k=1 P1-Element P2-Element
- Initial Condition fr—————— | :
. L Parameter Updates | A
I
| Loss Function Solution Prediction : :
L, » M N(h) e N(h) < | I
a3y 35 35 om0~ oisrent’ [ o= 3 anion) | | maconsiaciion wits e peste (010
/ el P e e e m e D |
2 2
Loss = ||— [, Vu-Vvdx+k? [ uvdx— [ frdx || (veV)
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[SIAM SISC 2025] Finite Element Operator Network(FEONet)

Results

Input f(x, y)

Input f(x, y)

fix, y)

Truth u(x, y)

Truth u(x, y)

DeepONet w/30 .

u(x, y)

0.64

0.48

0.32

0.16

0.00

-0.16

-0.32

—-0.48

—0.64

—-0.80
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[ICML 2026] Unbiased and Second-Order-Free Training for High-Dimensional

PDEs
Question.

Q. Can we efficiently solve high-dimensional PDEs?

/ Physics \ : Small Data

Computational Fluid Dynamics (CFD) L H
Lots of Physics

(e.g., Navier-Stokes equation)

aV <y oy 4
p [E-I_ - V)V] = —Vp + pg + uv?v

. J

. Some Data

' No Physics

-

Data \

(Experimental results)
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[ICML 2026] Unbiased and Second-Order-Free Training for High-Dimensional
PDEs

Unbiased and Second-Order-Free
Training for High-Dimensional PDEs

ICML 2026

Jaemin Seo, SuRinLee, Jae Yong Lee'

Department of Al, Chung-Ang University
‘ea®  Maisc

https://surinlee.github.io/Un-EM-BSDE/
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[ICML 2026] Unbiased and Second-Order-Free Training for High-Dimensional
PDEs

Existing approaches inherently suffer from discretization-induced bias for finite time step sizes At.

Moreover, recent approaches that address this issue often require second-order computations, resulting
in significantly increased computational cost.

To address these issues, we propose the Unbiased EM-BSDE method (Un-EM-BSDE), which is both
unbiased and second-order-free.

Table 1. Summary of bias properties, computational requirements,
and training time.

Method Unbiased 2nd-order-free @ Time
EM-BSDE (Raissi, 2024) X v 1x

Shotgun (Xu & Zhang, 2025) X v 0.75x
Multi-Shot EM-BSDE X v 1.74x
Heun-BSDE (Park & Tu, 2025) v X 42.91x
FS-PINNSs (Park & Tu, 2025) v X 32.07x
Un-EM-BSDE (ours) v v 1.79x
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[ICML 2026] Unbiased and Second-Order-Free Training for High-Dimensional
PDEs

Table 2. Mean RL2 errors (x 10™2) with standard deviations (x10~2) over three random seeds. The best and second-best results are

highlighted in bold with underline and bold, respectively. For AC, the error is computed only at ¢ = 0.

Cases Biased methods Unbiased methods
EM-BSDE Shotgun gﬁ{%gﬁ% Heun-BSDE FS-PINNs Un-?(l;:[l .::)S DE
Soft constraint
HJB 0.4055+0.0107 1.1409+0.1588 0.1617+0.0144 0.1424+0.0102 0.0867+0.0018 0.1348+0.0153
BSB 0.3483+0.0008  39.9934+23.6762 0.1046+0.0024 0.1030+0.0036 0.0478+0.0015 0.0814+0.0026
AC 0.0462+0.0154 0.0951+0.1270 0.0206+0.0010  0.0774+0.0027 0.0325+0.0018 0.0147+0.0044
BZ 5.3633+0.0338  86.5295+115.6677 5.3379+0.0304  6.1697+0.0845  174.4345+120.3304 5.1778+0.0533
PIDE  1.1094+0.0753 1.2072+0.0344 1.0771+0.0314  0.9199+0.0448 0.4973+0.0097 1.0878+0.0481
Hard constraint
HIB 0.3433+0.0051 0.2036+0.0110 0.1172+0.0086  0.2655+0.0876 0.1876+0.0487 0.1444+0.0275
BSB 0.3456+0.0002 0.1629+0.0016 0.0739-0.0002 0.0201+0.0016 0.0048+0.0009 0.0120+0.0004
AC 0.0400+0.0142 0.0136+0.0016 0.0113+0.0029  0.0912+0.0004 0.0301+0.0004 0.0034+0.0024
BZ 1.1912+0.0083 0.2383+0.0403 1.1952+0.0070 1.1885+0.0027 0.2129+0.0063 0.2279+0.0010
PIDE 0.0374+0.0155 0.4057+0.0205 0.0245+0.0087 0.1874+0.0162 0.0137+0.0022 0.0226+0.0028

RL2 error
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Heun-BSDE —— FS-PINNs

100 10! 215

Multi-Shot EM-BSDE
Un-EM-BSDE (Ours)

Figure 3. Runtime-accuracy on the BSB benchmark: RL2
recorded over runtime. Both axes are plotted on a log scale.
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[ICML 2026] Discovering Ordinary Differential Equations with LLM-Based
Qualitative and Quantitative Evaluation

Question.

/ Physics \

Computational Fluid Dynamics (CFD)

(e.g., Navier-Stokes equation)

aV <y oy 4
p [E-I_ - V)V] = —Vp + pg + uv?v

\_ J

Small Data

u
. Some Data ,

Lots of Physics

No Physics

-

\-

Data

(Experimental results)
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X
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X

~

/

Q. Can LLMs help discover governing PDEs by incorporating domain-
specific context and physical principles?
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https://bon99yun.github.io/DolLQ/
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[ICML 2026] Discovering Ordinary Differential Equations with LLM-Based
Qualitative and Quantitative Evaluation

Motivation: https://symbolicregression2025.github.io/

Symbolic Regression: Towards Interpretability
and Automated Scientific Discovery

y S
Parshin Shojace ~ Nour Makke Sanjay Chawla  Chandan Reddy
- Y| ¢
Tutorial Slides: VI RG I N IA anaraﬁﬂ;ﬁmm r
: TECH st zen I Dl

The 39th Annual AAAI
//1?7. Conference on Artificial

Intelligence Tutorial Wed 2-6pm
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[ICML 2026] Discovering Ordinary Differential Equations with LLM-Based
Qualitative and Quantitative Evaluation

* Motivation: https://symbolicregression2025.github.io/

What is Symbolic Regression?

Problem Definition

, —x +e" +sin(6x)
3z + sin(6x)
/) —a + x +sin(z) + sin(6z) — cos(x)

Given a dataset (X;,¥;)i<y, Where each point X;
€ R? and y; € R, find a mathematical expression

f:R? - Rsuchthat f(X;) = y;

x + sin(6z)

—x +sin(6z) + cos(x)
—22% + x +sin(6z)

Accuracy Interpretability Generalization
5| A 3 A &
i A A {%¥| N samples
10 ‘\ ¢ 1- }‘ ‘:\ g“ SymbOIIC =
0 ‘-%-! W ":.%f — =) | Regression | == ()
10 - 5 0: 3. 10 ¥ % Y

y= f(xlleJ "'IxD) Data

24

* Plot borrowed from presentation of unified Deep Symbolic Regression (Landajuela et al., 2022) Tutorial - AAAI 2025 — Symbolic Regression
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[ICML 2026] Discovering Ordinary Differential Equations with LLM-Based
Qualitative and Quantitative Evaluation

* Motivation: https://symbolicregression2025.github.io/

Why Symbolic Regression?

Accuracy Interpretability Generalization
x2 sin(5x) + exp(—x/2)
— mp| MO0l gy fr(x)
2’ Regression
 d
: 5 T : H 7 M 3 :. ‘® .
™ N ] — True
T , | B ~ ——. Mathematical Model
b Neural - fe* (ylx) =301 ... Neural Networks
Networks
Xp . Xp Y x x
Black box Not Interpretable

25
Tutorial - AAAI 2025 — Symbolic Regression
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[ICML 2026] Discovering Ordinary Differential Equations with LLM-Based
Qualitative and Quantitative Evaluation

Problem Definition

Xo (ID-Ext)
xy (ID-Ext)

m— X, (Train)
X, (Train)

State Value
~N Ey (=2}
//

o

4 6 8 10
Time (t)

o
~N

+ Description of data

How can we find the ODE?

—

Problem setting: Discovering governing ODEs from trajectory data and semantic descriptions

&g = —0.222 — sin(z)
, cos(z)
L1 =Ty —

Lo
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[ICML 2026] Discovering Ordinary Differential Equations with LLM-Based
Qualitative and Quantitative Evaluation

Motivation: Toy example!

3 . Different equations
/\ B= —3 + gcos(4t) 4—'1

, 3.5 40, 160,
r=——r+ — — —t —t
MSE, ~ MSE, = B 8 9

Figure 1. Similar MSE does not imply correct discovery: even with
a low MSE, the identified equation may differ from the true one,

suggesting that quantitative metrics alone are insufficient and that
qualitative evaluation is therefore necessary.
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[ICML 2026] Discovering Ordinary Differential Equations with LLM-Based
Qualitative and Quantitative Evaluation

* We propose an LLM-driven iterative framework for ODE discovery that combines symbolic generation,
numerical optimization, and qualitative scientific reasoning.

DoLQ: Discovers Ordinary differential equations with LLM-based Qualitative and Quantitative evaluation

Ontimirar
Sampler Optimizel
pler LLM Resp 5 = S
Sampler Prompt LLM * Function Generation ] Scientist Prompt
ol { XO_t List : sin(x0), X1, ... defx0_t(x0, x1, params): y’l . = PR =
You are a mathematician specializing T X1_t List : x0%x1, log(x1)... = return Tmms[u]{:;}:_sz)nix? ! You are a senior scientist specializing in ODE discovery.
e n 5 : params XORE:
in differential equation discovery. " " H2 + params[2] * x1%*4 / # System Description (22)
romp H3 | i
# System Description (1a) T /
Hybrid Optimizer ’," #Accumulated Insights # Removed Terms List
#Accumulated Knowledge gt Params=[-1.00, 0.21, 1.57] i - Analysis up to this point x1**4, np.tanh(x0+C)
i suggests that the sin(x1) ...
#Term-by-Term Eval / - The last two terms inx1_t ... (2b)
e — o e S 7
npsin(xl)Keep | ST TTTT T T T TT TS éi‘___‘_:::::::::vﬂ;::j\ . X
el Hold ( —— ' 3N #New Experiment Results #Term-by-Term Evaluation
¢ | Feedback Quantitative i Prompt : ! [Global Best ] + NMSE For all terms in the current
#Removed Terms List I cecvac Evaluation | P ==, attempt, evaluate only the
i 1 , following 2 aspects:
x1**4, np.tanh(x0+C) (1b) 1 Synthesis 1 \ 1) [Previous Attempt] + NMSE ) g
1 npsin(x1) +782% good | | P Ny X0t=..,xlt=.., 1. Semantic Quality
1 I | Scientist LLM Response 2 Evaluate with the description.
# Required Condition 1 x0*x1 +1.5% meutrall | | [ . .. [ Sl [Current Attempt] + NMSE - good: Clearly aligns ...
npsin(xl) ® ® Keep Ssi 1 = = - I
# Example 1| xo*x1 ® ® Hod 1| “term”:“-1.00 * np.sin(x1)”, \ [Sampler's Reasoning] .
"0_t": [ | 1 "semantic_quality": "good", l, Models the influence of gravity 2. Reasoning
= | | x1**4 ® @® Remove 1| ‘reasoning”:“Aterm I proportional to the sine of the Explain your evaluation Focus on
et o ing the .." 1 flight ... the system description.
term” : “params[0] * x0 1 1 P \ 8
“reasoning” : “A linear system...” 1 1 1 LR (2¢) (2d)
g ¥ i N
1 I Y
(1c) | . I
1 I
\ )

Figure 2. Overview of the DoLQ framework for LLM-based ODE discovery. The framework operates through an iterative loop among
three components: (1) the Sampler Agent proposes candidate terms with physical justifications based on the system description and
Scientist Agent’s feedback; (2) the Parameter Optimizer makes functions and fits their parameters; and (3) the Scientist Agent evaluates
each term through qualitative semantic assessment and quantitative iterative comparison, determining actions that guide subsequent
iterations.
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[ICML 2026] Discovering Ordinary Differential Equations with LLM-Based
Qualitative and Quantitative Evaluation

Result:
(a) Problem
Ground Truth Data
—x, (Train) Xo (ID-Ext)
s Xy (Train) X1 (ID-Ext)
5 6
2,
o
s
02
[] .
0 2 4 6 8 10
Time (t)

Ground Truth Equation

&g = —0.2z2 — sin(z;)

. cos(zy)

T =29 — ———
Zo

(b) Reasonable NMSE Models

def equation(inputs: np.ndarray, params: np.ndarray) -> np.ndarray:

DoLQ

"x1_t": [
"semantic_quality": "neutral”,
"reasoning": "The term involving cos(x1)/x0 is unusual. While ...",
"term": "C*(np.cos(x1)/x0)",
"performance_impact": "positive",
"action": "hold"},
{"semantic_quality": "neutral",
“reasoning": "This term is very small (coefficient near zero), ...”,
“term": "C*(np.sin(x1))",
"performance_impact": "neutral",
"action": "hold"},
{"semantic_quality": "good",

"reasoning": "This term indicates that the rate of change of the ...”

"term": "C*(x0)",
"performance_impact": "positive",
"action": "keep"}]

Result

¥o = (-0.99*(npssin(x1)))
+ (-0.20*(x0*np.abs(x0)))
+ (-3.15e-05*(np.sin(x1)*x0)) + 0 * 1

X1 = (-0.99*(np.cos(x1)/x0))
+ (-8.36e-05*(np.sin(x1))) + (1.00*(x0))
+ (-6.18e-04* 1)

the flight path angle.

P 0_cubed + term_p3_cos x1_div_x0 +
1_div_x0 + term_pS x0_cos x1+ term_p6 x0_sin x1 +

cos x1.div.x0_sq

Result
xo =
-1.05e-4*x0 + 6.97e-4*x1 - 4.11e-4*np.cos(x1)
-0.99*np.sin(x1) + 2.97e-4*x0*np.cos(x1)
- 1.55e-4*x0*np.sin(x1) - 0.20*x0**2 - 1.17e-
5*x0*x1 + 4.6e-05*np.sin(2*x1) - 1.02e-4*x1**2
X, =
1.00*x0 - 1.47e-4*x0**2 + 1.3e-05*x0**3 -
1.00*np.cos(x1)/x0 + 1.46e-5*np.sin(x1)/x0 +

1.07e-4*x0*np.cos(x1) + 3.16e-5*x0*np.sin(x1) +
2.29e-4*np.cos(x1)/x0**2

(c) Unreasonable NMSE Models

Result

X = - 0.2%x0%2
-1.0*np.sin(1.0*x1) - 0.00

X1 = 0.56/(x0**1.8*x1**0.56)
+0.86*x0 - 0.17*x1 + 1.07

Result
Xo = (x0/-1.76) - np.sin(x1)

X1 = X0 - (np.cos(x1) / x0)

Result
Xo =-0.2*np.sin(x1) - 1.0*x0**2
X1 = 1.29*x1*np.log(Abs(x0)) +

3.71%x1 + 0.43*x0**2%x1 -
1.24*x0 + 1.55*x1*np.cos(x0)

Figure 3. Equation comparison on the 2D dimensionless Glider system. Ground truth terms are highlighted in green. Group (b) shows
models with reasonable NMSE: DoLQ achieves integral NMSE < 102 across all dimensions, and LLM-SR exhibits the lowest

NMSE among the remaining methods. Group (c) shows models with higher NMSE. Each model’s discovered equation terms and their
corresponding optimized coefficients are displayed.
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Conclusion

-

dt

\-

av -
p [—+ - V)V] = —Vp + pg + uvv

Physics \

Computational Fluid Dynamics (CFD)

(e.g., Navier-Stokes equation)

—

/

By bridging the gap between physical principles and data, Scientific ML

Small Data

Lots of Physics

- Some Data

No Physics

-

\-

Data

(Experimental results)

\

revolutionizes efficiency and generalization in physics simulations
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Thank you For listening/

Personal Homepage: https://www.jaeyong-lee.com/

Lab Homepage: https://sites.google.com/view/maisc-lab/

E-mail: jaeyong@cau.ac.kr
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