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AI�for�Science�(AI4Science)

https://ai4sciencecommunity.github.io/

• Accelerate scientific observation 
and discovery

• Interpret large datatsets
• Gain insights that might not have 

been possible using traditional 
scientific methods alone.
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https://sciml.wur.nl/reviews/sciml/sciml.html

Physics-based modeling

SciML = Machine learning + Science(Physics-based modeling)

• Physics-based models contain mathematical formulas that are based on scientific 
knowledge and physical laws.

• To build these models, observational studies and experiments were carried out.

Scientific�Machine�Learning�(SciML)

11



Differential�equations

• In�mathematics,�a differential�equation is�an equation that�relates�
one�or�more functions and�their derivatives.

- The functions generally represent physical quantities.

- The derivatives represent their rates of change.

- The differential equation defines a relationship between the above two.

https://www.quantamagazine.org/latest-neural-nets-solve-worlds-hardest-equations-faster-than-ever-before-20210419/
https://www.youtube.com/watch?v=jb9U-ZOlvDs12

https://en.wikipedia.org/wiki/Equation
https://en.wikipedia.org/wiki/Function_(mathematics)
https://en.wikipedia.org/wiki/Derivative


Ordinary�Differential�equations�(ODEs)�and�Partial�Differential�equations�(PDEs)

https://www.math.uh.edu/~jiwenhe/math3331/lectures/sec2_5.pdf

ODE example)
Let 𝑥(𝑡) denote the amount of salt at time 𝑡.

Balance Law:
!"($)
!$

= 3– 3𝑥(𝑡).

Initial condition (IC) :
𝑥 𝑡 = 0 = 100.
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Ordinary�Differential�equations�(ODEs)�and�Partial�Differential�equations�(PDEs)

Let 𝑥(𝑡) denote the amount of salt at time 𝑡.

Balance Law:
!"($)
!$

= 3– 3𝑥(𝑡).

Initial condition (IC) :
𝑥 𝑡 = 0 = 100.

https://www.math.uh.edu/~jiwenhe/math3331/lectures/sec2_5.pdf

ODE example)

(rate in)-(rate out)
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Ordinary�Differential�equations�(ODEs)�and�Partial�Differential�equations�(PDEs)

ODE example)

PDE example)

Let 𝑢(𝑡, 𝑥) denote the temperature at point 𝑥 at time 𝑡.

Governing equation (heat equation) :
𝜕𝑢 𝑡, 𝑥
𝜕𝑡 = 𝑘

𝜕&𝑢 𝑡, 𝑥
𝜕𝑥& .

Initial condition (IC) :
𝑢 𝑡 = 0, 𝑥 = 𝑓 𝑥 .

Boundary condition (BC) :
𝑢 𝑡, 𝑥 = 0 = ℎ 𝑡 , 𝑢 𝑡, 𝑥 = 𝐿 = 𝑔 𝑡 .

https://math.libretexts.org/Bookshelves/Differential_Equations/Book%3A_Differential_Equations_for_Engineers_(Lebl)/4%3A_Fourier_series_and_PDEs/4.06%3A_PDEs_separation_of_variables_and_the_heat_equation

Let 𝑥(𝑡) denote the amount of salt at time 𝑡.

Balance Law:
!"($)
!$

= 3– 3𝑥(𝑡).

Initial condition (IC) :
𝑥 𝑡 = 0 = 100.

(rate in)-(rate out)
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It is hard to solve the equation exactly!!

Let 𝑢(𝑡, 𝑥) denote the temperature at point 𝑥 at time 𝑡.

Governing equation (heat equation) :
𝜕𝑢 𝑡, 𝑥
𝜕𝑡 = 𝑘

𝜕&𝑢 𝑡, 𝑥
𝜕𝑥& .

Initial condition (IC) :
𝑢 𝑡 = 0, 𝑥 = 𝑓 𝑥 .

Boundary condition (BC) :
𝑢 𝑡, 𝑥 = 0 = ℎ 𝑡 , 𝑢 𝑡, 𝑥 = 𝐿 = 𝑔 𝑡 .

Let 𝑥(𝑡) denote the amount of salt at time 𝑡.

Balance Law:
!"($)
!$

= 3– 3𝑥(𝑡).

Initial condition (IC) :
𝑥 𝑡 = 0 = 100.

(rate in)-(rate out)

ODE example)

PDE example)
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It is hard to solve the equation exactly!!

Let 𝑢(𝑡, 𝑥) denote the temperature at point 𝑥 at time 𝑡.

Governing equation (heat equation) :
𝜕𝑢 𝑡, 𝑥
𝜕𝑡 = 𝑘

𝜕&𝑢 𝑡, 𝑥
𝜕𝑥& .

Initial condition (IC) :
𝑢 𝑡 = 0, 𝑥 = 𝑓 𝑥 .

Boundary condition (BC) :
𝑢 𝑡, 𝑥 = 0 = ℎ 𝑡 , 𝑢 𝑡, 𝑥 = 𝐿 = 𝑔 𝑡 .

Numerical analysis

Let 𝑥(𝑡) denote the amount of salt at time 𝑡.

Balance Law:
!"($)
!$

= 3– 3𝑥(𝑡).

Initial condition (IC) :
𝑥 𝑡 = 0 = 100.

(rate in)-(rate out)
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Traditional�numerical�methods

https://www.researchgate.net/publication/266465949_GENERALIZED_STABILIZATION_TECHNIQUES_IN_COMPUTATIONAL_FLUID_DYNAMICS

18



Physics-Informed�Machine�Learning

https://www.quantamagazine.org/latest-neural-nets-solve-worlds-hardest-equations-faster-than-ever-before-20210419/
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Physics-Informed�Machine�Learning

https://www.quantamagazine.org/latest-neural-nets-solve-worlds-hardest-equations-faster-than-ever-before-20210419/

Sensors

20



Physics-Informed�Machine�Learning

https://www.quantamagazine.org/latest-neural-nets-solve-worlds-hardest-equations-faster-than-ever-before-20210419/

Sensors → Data science 

𝑡

𝑥

𝜎
𝜎

𝜎

𝜎
𝜎

𝜎

𝐹(𝑡, 𝑥)

Machine learning, AI 

Understand and Predict
21



Physics-Informed�Machine�Learning

https://www.quantamagazine.org/latest-neural-nets-solve-worlds-hardest-equations-faster-than-ever-before-20210419/

Sensors → Data science 

𝑡

𝑥

𝜎
𝜎

𝜎

𝜎
𝜎

𝜎

𝐹(𝑡, 𝑥)

Machine learning, AI 

Understand and Predict

Noisy data

Insufficient amount of data

Problem1

Problem2
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Physics-Informed�Machine�Learning

https://www.quantamagazine.org/latest-neural-nets-solve-worlds-hardest-equations-faster-than-ever-before-20210419/

Sensors → Data science 

𝑡

𝑥

𝜎
𝜎

𝜎

𝜎
𝜎

𝜎

𝐹(𝑡, 𝑥)

Machine learning, AI 

Understand and Predict
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Physics-Informed�Machine�Learning

https://www.quantamagazine.org/latest-neural-nets-solve-worlds-hardest-equations-faster-than-ever-before-20210419/

Sensors → Data science 

𝑡

𝑥

𝜎
𝜎

𝜎

𝜎
𝜎

𝜎

𝐹(𝑡, 𝑥)

Machine learning, AI 

Understand and Predict

Partial Differential Equation (PDE)

𝑢(𝑡, 𝑥) : Temperature at location 𝑥 at time 𝑡.

→ Heat equation  #$(&,()
#&

= #!$(&,()
#(!

Physical and mathematical meaning
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Physics-Informed�Machine�Learning

25Yang, Liu, Dongkun Zhang, and George Em Karniadakis. "Physics-informed generative adversarial networks for stochastic differential equations." SIAM Journal on Scientific Computing 42.1 (2020): A292-A317.



Physics-Informed�Machine�Learning

26Yang, Liu, Dongkun Zhang, and George Em Karniadakis. "Physics-informed generative adversarial networks for stochastic differential equations." SIAM Journal on Scientific Computing 42.1 (2020): A292-A317.



Physics-Informed�Machine�Learning

27Yang, Liu, Dongkun Zhang, and George Em Karniadakis. "Physics-informed generative adversarial networks for stochastic differential equations." SIAM Journal on Scientific Computing 42.1 (2020): A292-A317.



Part1.�Physics-Informed�Neural�Network
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What�is�a�PDE�solver�using�deep�learning?
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Deep�neural�network

https://wiki.seg.org/wiki/Neural_networks
Goal: Find neural network parameters 𝜃 = {𝑊! , 𝑏!}

30



• Using�neural�networks�directly�to�parametrize�the�solution�to�PDEs.

• Solve�one�instance�of�PDE�at�a�time.

• Models
- Physics Informed Neural Network (PINN)

- Deep Ritz Method (DRM)

Deep�learning�approach�to�PDEs

Find 𝒖(𝒕, 𝒙) satisfying
ℒ!"# = 𝑓 𝑢, 𝑢$ , 𝑢% , 𝑢%% , … = 0
ℒ&' = 𝑢 0, 𝑥 − 𝑔 𝑥 = 0

ℒ(' = 𝑢|)* − ℎ 𝑡, 𝑥 |)* = 0

𝑡

𝑥

𝜎

𝜎

𝜎

𝜎

𝜎

𝜎

𝑢!""(𝑡, 𝑥)… …
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Physics-informed�neural�network�(PINN)

“Here�we�revisit�them�using�modern�computational�tools,�and�apply�them�to�more�challenging�dynamic�
problems�described�by�time-dependent�nonlinear�partial�differential�equations.”

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework 
for solving forward and inverse problems involving nonlinear partial differential equations. Journal of Computation
al physics, 378, 686-707.

Automatic differentiation and the back-propagation algorithm

[Schematic of a PINN ]

Lu, L., Meng, X., Mao, Z., & Karniadakis, G. E. (2021). DeepXDE: A deep learning library for solving differential equations. SIAM Review, 63(1), 208-228
.
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Physics-informed�neural�network�(PINN)�­ Forward�problem

Eq : 𝑢$ + 𝑢𝑢% − 0.01/𝜋 𝑢%% = 0
IC : 𝑢 0, 𝑥 = − sin 𝜋𝑥
BC : 𝑢 𝑡, −1 = 𝑢 𝑡, 1 = 0

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial different
ial equations. Journal of Computational physics, 378, 686-707.

(e.g.) Burgers’ equation

𝑥 ∈ −1,1 , 𝑡 ∈ 0,1

33



Physics-informed�neural�network�(PINN)�­ Forward�problem

Data:
(𝑡+ , 𝑥+) ∈ 0,1 × −1,1
(𝑡, , 𝑥,) ∈ {0}× −1,1
(𝑡- , 𝑥-) ∈ 0,1 ×{−1,1}

Eq : 𝑢$ + 𝑢𝑢% − 0.01/𝜋 𝑢%% = 0
IC : 𝑢 0, 𝑥 = − sin 𝜋𝑥
BC : 𝑢 𝑡, −1 = 𝑢 𝑡, 1 = 0

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial different
ial equations. Journal of Computational physics, 378, 686-707.

(e.g.) Burgers’ equation

𝑥 ∈ −1,1 , 𝑡 ∈ 0,1
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Physics-informed�neural�network�(PINN)�­ Forward�problem

Data:
(𝑡+ , 𝑥+) ∈ 0,1 × −1,1
(𝑡, , 𝑥,) ∈ {0}× −1,1
(𝑡- , 𝑥-) ∈ 0,1 ×{−1,1}

Eq : 𝑢$ + 𝑢𝑢% − 0.01/𝜋 𝑢%% = 0
IC : 𝑢 0, 𝑥 = − sin 𝜋𝑥
BC : 𝑢 𝑡, −1 = 𝑢 𝑡, 1 = 0

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial different
ial equations. Journal of Computational physics, 378, 686-707.

𝑳 𝜽

=
1
𝑁!"

&
#$%

&!"

|𝑢' 𝑡# , 𝑥# + 𝑢 𝑡# , 𝑥# 𝑢( 𝑡# , 𝑥# − (0.01/𝜋)𝑢(( 𝑡# , 𝑥# 4
)
+

1
𝑁*+

&
,$%

&#$

|𝑢 𝑡, , 𝑥, + sin 𝜋𝑥, 4
)
+

1
𝑁-+

&
.$%

&%$

|𝑢 𝑡. , 𝑥. 4
)

(e.g.) Burgers’ equation

𝑥 ∈ −1,1 , 𝑡 ∈ 0,1
Loss function 
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Physics-informed�neural�network�(PINN)�­ Forward�problem

Eq : 𝑢$ + 𝑢𝑢% − 0.01/𝜋 𝑢%% = 0
IC : 𝑢 0, 𝑥 = − sin 𝜋𝑥
BC : 𝑢 𝑡, −1 = 𝑢 𝑡, 1 = 0

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial different
ial equations. Journal of Computational physics, 378, 686-707.

(e.g.) Burgers’ equation

𝑥 ∈ −1,1 , 𝑡 ∈ 0,1

Data:
(𝑡+ , 𝑥+) ∈ 0,1 × −1,1
(𝑡, , 𝑥,) ∈ {0}× −1,1
(𝑡- , 𝑥-) ∈ 0,1 ×{−1,1}

𝑳 𝜽

=
1
𝑁!"

&
#$%

&!"

|𝑢' 𝑡# , 𝑥# + 𝑢 𝑡# , 𝑥# 𝑢( 𝑡# , 𝑥# − (0.01/𝜋)𝑢(( 𝑡# , 𝑥# 4
)
+

1
𝑁*+

&
,$%

&#$

|𝑢 𝑡, , 𝑥, + sin 𝜋𝑥, 4
)
+

1
𝑁-+

&
.$%

&%$

|𝑢 𝑡. , 𝑥. 4
)

Loss function 
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Physics-informed�neural�network�(PINN)�­ Inverse�problem???

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial different
ial equations. Journal of Computational physics, 378, 686-707.

Model Data

Forward Problem

Inverse Problem
Data Driven Discovery

ODEs
PDEs
… 𝑥+ , 𝑢+ +./

0
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Physics-informed�neural�network�(PINN)�­ Inverse�problem

(e.g.) Burgers’ equation

𝑥 ∈ −1,1 , 𝑡 ∈ 0,1

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial different
ial equations. Journal of Computational physics, 378, 686-707.

Eq : 𝑢$ + 𝑢𝑢% − 0.01/𝜋 𝑢%% = 0
IC : 𝑢 0, 𝑥 = − sin 𝜋𝑥
BC : 𝑢 𝑡, −1 = 𝑢 𝑡, 1 = 0

Forward problem
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Physics-informed�neural�network�(PINN)�­ Inverse�problem

Eq : 𝑢$ + 𝜆/𝑢𝑢% − 𝜆1𝑢%% = 0
IC : 𝑢 0, 𝑥 = − sin 𝜋𝑥
BC : 𝑢 𝑡, −1 = 𝑢 𝑡, 1 = 0

(e.g.) Burgers’ equation

𝑥 ∈ −1,1 , 𝑡 ∈ 0,1

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial different
ial equations. Journal of Computational physics, 378, 686-707.

Eq : 𝑢$ + 𝑢𝑢% − 0.01/𝜋 𝑢%% = 0
IC : 𝑢 0, 𝑥 = − sin 𝜋𝑥
BC : 𝑢 𝑡, −1 = 𝑢 𝑡, 1 = 0

Forward problem
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Physics-informed�neural�network�(PINN)�­ Inverse�problem

Data-driven discovery of PDE (Solving inverse problem for unknown 
parameter 𝜆/ and 𝜆1)

- We want to identify the unknown parameters by introducing additional trainable parameters.

- Assume a small amount of additional data {𝑡" , 𝑥" , 𝑢"}"#$
%&'(' is given.

- Update not only nn parameter 𝜃 but also the PDE parameters 𝜆* and 𝜆+.

Eq : 𝑢$ + 𝜆/𝑢𝑢% − 𝜆1𝑢%% = 0
IC : 𝑢 0, 𝑥 = − sin 𝜋𝑥
BC : 𝑢 𝑡, −1 = 𝑢 𝑡, 1 = 0

(e.g.) Burgers’ equation

𝑥 ∈ −1,1 , 𝑡 ∈ 0,1

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial different
ial equations. Journal of Computational physics, 378, 686-707. 40



Physics-informed�neural�network�(PINN)�­ Inverse�problem

Eq : 𝑢$ + 𝜆/𝑢𝑢% − 𝜆1𝑢%% = 0
IC : 𝑢 0, 𝑥 = − sin 𝜋𝑥
BC : 𝑢 𝑡, −1 = 𝑢 𝑡, 1 = 0

(e.g.) Burgers’ equation

Data:
(𝑡+ , 𝑥+) ∈ 0,1 × −1,1
(𝑡, , 𝑥,) ∈ {0}× −1,1
(𝑡- , 𝑥-) ∈ 0,1 × −1,1
(𝑡2 , 𝑥2 , 𝑢2) ∈ 0,1 × −1,1 ×ℝ

𝑥 ∈ −1,1 , 𝑡 ∈ 0,1

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial different
ial equations. Journal of Computational physics, 378, 686-707. 41



Physics-informed�neural�network�(PINN)�­ Inverse�problem

Eq : 𝑢$ + 𝜆/𝑢𝑢% − 𝜆1𝑢%% = 0
IC : 𝑢 0, 𝑥 = − sin 𝜋𝑥
BC : 𝑢 𝑡, −1 = 𝑢 𝑡, 1 = 0

(e.g.) Burgers’ equation

Data:
(𝑡+ , 𝑥+) ∈ 0,1 × −1,1
(𝑡, , 𝑥,) ∈ {0}× −1,1
(𝑡- , 𝑥-) ∈ 0,1 × −1,1
(𝑡2 , 𝑥2 , 𝑢2) ∈ 0,1 × −1,1 ×ℝ

𝑳 𝜽, 𝝀𝟏, 𝝀𝟐

=
1
𝑁&'

6
(#$

%!"

|𝑢) 𝑡(, 𝑥( + 𝜆$𝑢 𝑡(, 𝑥( 𝑢* 𝑡(, 𝑥( − 𝜆+𝑢** 𝑡(, 𝑥( ?
+
+

1
𝑁,-

6
.#$

%#$

|𝑢 𝑡., 𝑥. + sin 𝜋𝑥. ?
+
+

1
𝑁/-

6
0#$

%%$

|𝑢 𝑡0, 𝑥0 ?
+

+ /
0,-.-

∑2./
0,-.- |𝑢 𝑡2 , 𝑥2 − 𝑢2|1

𝑥 ∈ −1,1 , 𝑡 ∈ 0,1

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial different
ial equations. Journal of Computational physics, 378, 686-707.

Loss function 
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Physics-informed�neural�network�(PINN)�­ Inverse�problem

Eq : 𝑢$ + 𝜆/𝑢𝑢% − 𝜆1𝑢%% = 0
IC : 𝑢 0, 𝑥 = − sin 𝜋𝑥
BC : 𝑢 𝑡, −1 = 𝑢 𝑡, 1 = 0

(e.g.) Burgers’ equation

𝑥 ∈ −1,1 , 𝑡 ∈ 0,1

Data:
(𝑡+ , 𝑥+) ∈ 0,1 × −1,1
(𝑡, , 𝑥,) ∈ {0}× −1,1
(𝑡- , 𝑥-) ∈ 0,1 × −1,1
(𝑡2 , 𝑥2 , 𝑢2) ∈ 0,1 × −1,1 ×ℝ

𝑳 𝜽, 𝝀𝟏, 𝝀𝟐

=
1
𝑁&'

6
(#$

%!"

|𝑢) 𝑡(, 𝑥( + 𝜆$𝑢 𝑡(, 𝑥( 𝑢* 𝑡(, 𝑥( − 𝜆+𝑢** 𝑡(, 𝑥( ?
+
+

1
𝑁,-

6
.#$

%#$

|𝑢 𝑡., 𝑥. + sin 𝜋𝑥. ?
+
+

1
𝑁/-

6
0#$

%%$

|𝑢 𝑡0, 𝑥0 ?
+

+ /
0,-.-

∑2./
0,-.- |𝑢 𝑡2 , 𝑥2 − 𝑢2|1

Loss function 

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial different
ial equations. Journal of Computational physics, 378, 686-707. 43



Physics-informed�neural�network�(PINN)�­ Inverse�problem

Eq : 𝑢$ + 𝜆/𝑢𝑢% − 𝜆1𝑢%% = 0
IC : 𝑢 0, 𝑥 = − sin 𝜋𝑥
BC : 𝑢 𝑡, −1 = 𝑢 𝑡, 1 = 0

(e.g.) Burgers’ equation

𝑥 ∈ −1,1 , 𝑡 ∈ 0,1

Data:
(𝑡+ , 𝑥+) ∈ 0,1 × −1,1
(𝑡, , 𝑥,) ∈ {0}× −1,1
(𝑡- , 𝑥-) ∈ 0,1 × −1,1
(𝑡2 , 𝑥2 , 𝑢2) ∈ 0,1 × −1,1 ×ℝ

𝑳 𝜽, 𝝀𝟏, 𝝀𝟐

=
1
𝑁&'

6
(#$

%!"

|𝑢) 𝑡(, 𝑥( + 𝜆$𝑢 𝑡(, 𝑥( 𝑢* 𝑡(, 𝑥( − 𝜆+𝑢** 𝑡(, 𝑥( ?
+
+

1
𝑁,-

6
.#$

%#$

|𝑢 𝑡., 𝑥. + sin 𝜋𝑥. ?
+
+

1
𝑁/-

6
0#$

%%$

|𝑢 𝑡0, 𝑥0 ?
+

+ /
0,-.-

∑2./
0,-.- |𝑢 𝑡2 , 𝑥2 − 𝑢2|1

Loss function 

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial different
ial equations. Journal of Computational physics, 378, 686-707. 44



Benefits�and�drawbacks�of�PINN

Dockhorn, T. (2019). A discussion on solving partial differential equations using neural networks. arXiv preprint arXiv:1904.07200
.
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Practical�Coding!

Let's�implement

Physics-Informed�Neural�Network!
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Supervised Learning - Regression

𝑦# = sin 𝑥# + 𝜖, 𝜖~𝑁(0, 0.1))

(Parametric) Regression task consists of the following 
procedures :

0.  Given dataset 𝐷 = (𝑥# , 𝑦#) #$%
&

1. Choose a hypothesis class 𝐻 = 𝑓 𝑓/ ∶ 𝑋 → 𝑌,… }
parameterized by 𝑤 ∈ 𝑅. , e.g., 𝑓 𝑥;𝑤 = 𝑤0𝑥

2. Choose a proper loss functional 𝐿 ∶ 𝐻 → 𝑅, e.g., 𝐿 𝑓/ =
∑#$%& 𝑓 𝑥#; 𝑤 − 𝑦# )

3. Minimize the loss function with respect to the parameter 𝑤
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Supervised Learning - Regression

Initialize a neural network 𝑓 𝑥;𝑤 ,

𝑤~𝑈𝑁𝐼𝐹(−
1
𝑛
,
1
𝑛
)

(Parametric) Regression task consists of the following 
procedures :

0.  Given dataset 𝐷 = (𝑥# , 𝑦#) #$%
&

1. Choose a hypothesis class 𝐻 = 𝑓 𝑓/ ∶ 𝑋 → 𝑌,… }
parameterized by 𝑤 ∈ 𝑅. , e.g., 𝑓 𝑥;𝑤 = 𝑤0𝑥

2. Choose a proper loss functional 𝐿 ∶ 𝐻 → 𝑅, e.g., 𝐿 𝑓/ =
∑#$%& 𝑓 𝑥#; 𝑤 − 𝑦# )

3. Minimize the loss function with respect to the parameter 𝑤
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Supervised Learning - Regression

𝑦# = 𝑓 𝑥#; 𝑤 + 𝜖, 𝜖~𝑁 0, 𝜎) , 𝑖𝑖𝑑

Þ 𝑦# = 𝑓 𝑥#; 𝑤 + 𝜖 ~𝑁(𝑓(𝑥#; 𝑤), 𝜎))

Þ 𝑃 𝑌 𝑤 = Π#$%
& 𝑁 𝑦# 𝑓 𝑥#; 𝑤 , 𝜎))

Þ log 𝑃 𝑌 𝑤 = ∑#$%& log𝑁 𝑦# 𝑓 𝑥#; 𝑤 , 𝜎))

Þ log 𝑃 𝑌 𝑤 = 𝐶 − %
)1)

∑#$%
& 𝑦# − 𝑓 𝑥#; 𝑤

)

𝑤23! = argmax/ 𝑃 𝑌 𝑤

Þ 𝑤23! = argmin/ ∑#$%& 𝑦# − 𝑓 𝑥#; 𝑤
)

(Parametric) Regression task consists of the following 
procedures :

0.  Given dataset 𝐷 = (𝑥# , 𝑦#) #$%
&

1. Choose a hypothesis class 𝐻 = 𝑓 𝑓/ ∶ 𝑋 → 𝑌,… }
parameterized by 𝑤 ∈ 𝑅. , e.g., 𝑓 𝑥;𝑤 = 𝑤0𝑥

2. Choose a proper loss functional 𝐿 ∶ 𝐻 → 𝑅, e.g., 𝐿 𝑓/ =
∑#$%& 𝑓 𝑥#; 𝑤 − 𝑦# )

3. Minimize the loss function with respect to the parameter 𝑤
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Gradient-based optimization algorithms

Gradient descent : The simplest one

𝑤'4% = 𝑤' − 𝜂 ∗ ∇5&
#$%

&

𝑦# − 𝑓 𝑥#; 𝑤' )

Supervised Learning - Regression

(Parametric) Regression task consists of the following 
procedures :

0.  Given dataset 𝐷 = (𝑥# , 𝑦#) #$%
&

1. Choose a hypothesis class 𝐻 = 𝑓 𝑓/ ∶ 𝑋 → 𝑌,… }
parameterized by 𝑤 ∈ 𝑅. , e.g., 𝑓 𝑥;𝑤 = 𝑤0𝑥

2. Choose a proper loss functional 𝐿 ∶ 𝐻 → 𝑅, e.g., 𝐿 𝑓/ =
∑#$%& 𝑓 𝑥#; 𝑤 − 𝑦# )

3. Minimize the loss function with respect to the parameter 𝑤
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Basic Settings
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Data Generation
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Data Generation
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Neural Network
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Loss Function, Optimizer
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Training
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Results
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Basic Settings
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Data Generation

Observations :

59



Neural Network
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Loss Function, Optimizer
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Training
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Results
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Results
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Part2.�Neural�Operator
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- Solving only one instance of PDE at a time???

Revisit�PINN

Find 𝒖(𝒕, 𝒙) satisfying
ℒ!"# = 𝑓 𝑢, 𝑢$ , 𝑢% , 𝑢%% , … = 0
ℒ&' = 𝑢 0, 𝑥 − 𝑔 𝑥 = 0

ℒ(' = 𝑢|)* − ℎ 𝑡, 𝑥 |)* = 0

𝑡

𝑥

𝜎

𝜎

𝜎

𝜎

𝜎

𝜎

𝑢!
""(𝑡, 𝑥)… …
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• New�Approach:�Neural�operator
- Learning a mapping from the parameters (e.g. external force, initial, 

and boundary conditions) of the PDEs to the corresponding solution.

- Learning a family of PDEs from data.

- Models

­ Deep Operator Network (DeepONet)

­ Fourier Neural Operator (FNO)

Neural�Operator

Find a map 𝓖:𝒈 𝒙 ↦ 𝒖(𝒕, 𝒙) satisfying
ℒ!"# = 𝑓 𝑢, 𝑢$ , 𝑢% , 𝑢%% , … = 0
ℒ&' = 𝑢 0, 𝑥 − 𝑔 𝑥 = 0
ℒ(' = 𝑢|)* − ℎ(𝑡, 𝑥)|)*

𝜎

𝜎

𝜎

𝜎

𝜎

𝜎

𝑢!""(𝑡, 𝑥)… …𝑔(𝑥)
Neural Network
(function to function 

mapping)
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• Operator learning for mapping between infinite-dimensional function spaces has 

been recently studied.

• One of the common problems is learn a mapping from the parameters (e.g. external 

force, initial, and boundary conditions) of the PDEs to the corresponding solution.

Neural�Operator

https://towardsdatascience.com/operator-learning-via-physics-informed-deeponet-lets-implement-it-from-scratch-6659f3179887
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• Operator learning for mapping between infinite-dimensional function spaces has 

been recently studied.

• One of the common problems is learn a mapping from the parameters (e.g. external 

force, initial, and boundary conditions) of the PDEs to the corresponding solution.

• For example, in a dam break scenario, it is important to predict the fluid flow over 

time according to a random initial height of the fluid.

Neural�Operator
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• Traditional numerical methods had to repeat similar calculations for each input 

function to derive its output function.

Neural�Operator

Find a map 𝓖:𝒈 𝒙 ↦ 𝒖(𝒕, 𝒙) satisfying

ℒ`ab = 𝑓 𝑢, 𝑢c, 𝑢d, 𝑢dd, … = 0
ℒef = 𝑢 0, 𝑥 − 𝑔 𝑥 = 0
ℒgf = 𝑢|hi − ℎ(𝑡, 𝑥)|hi

𝑢j(𝑡, 𝑥)𝑔j(𝑥) Solve PDE

𝑢k(𝑡, 𝑥)𝑔k(𝑥) Solve PDE

𝑢l(𝑡, 𝑥)𝑔l(𝑥) Solve PDE

…
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• Traditional numerical methods had to repeat similar calculations for each input 

function to derive its output function.

• Deep learning-based studies have been emerged to learn the operator from input 

function to the output function. 

- We need a dataset {𝑔( 𝑥 , 𝑢( 𝑡, 𝑥 }(#$% .

- Predict 𝑢123(𝑡, 𝑥) for a new 𝑔123(𝑥).

• Models

- Deep Operator Networks (DeepONet)

- Fourier Neural Operator (FNO)

Neural�Operator

Find a map 𝓖:𝒈 𝒙 ↦ 𝒖(𝒕, 𝒙) satisfying

ℒ`ab = 𝑓 𝑢, 𝑢c, 𝑢d, 𝑢dd, … = 0
ℒef = 𝑢 0, 𝑥 − 𝑔 𝑥 = 0
ℒgf = 𝑢|hi − ℎ(𝑡, 𝑥)|hi

𝜎

𝜎

𝜎

𝜎

𝜎

𝜎

𝑢""(𝑡, 𝑥)… …𝑔(𝑥)
Neural Network
(function to function 

mapping)

71



• Compared to Physics-Informed Neural Network (PINN)

Comparison�between�PINN�and�Neural�Operator

𝜎

𝜎

𝜎

𝜎

𝜎

𝜎

Value 𝑢""
at (𝑡, 𝑥)

… …(𝑡, 𝑥) Neural Network

𝜎

𝜎

𝜎

𝜎

𝜎

𝜎

𝑢""(𝑡, 𝑥)… …𝑔(𝑥) Neural Network

PINN

Neural 
Operator
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𝜎

𝜎

𝜎

𝜎

𝜎

𝜎

Value 𝑢""
at (𝑡, 𝑥)

… …

• Compared to Physics-Informed Neural Network (PINN)

Comparison�between�PINN�and�Neural�Operator

(𝑡, 𝑥) Neural Network

𝜎

𝜎

𝜎

𝜎

𝜎

𝜎

𝑢""(𝑡, 𝑥)… …𝑔(𝑥) Neural Network

PINN

Neural 
Operator

Key: Designing appropriate 

neural networks structure to 
handle infinite-dimensional 

functions as inputs and outputs
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Natural�approach�:�image-to-image�regression

• Convolutional�Neural�Network�encoder-decoder�(Image-to-image�regression)
- Image segmentation, Image Noise Reduction, Image coloring

https://towardsdatascience.com/convolutional-autoencoders-for-image-noise-reduction-32fce9fc1763
74



Natural�approach�:�image-to-image�regression

• Operator�learning�(function-to-function�regression)
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Natural�approach�:�image-to-image�regression

• Operator�learning�(function-to-function�regression)

- We can consider the functions 𝑚 and 𝑢 as 2d images 𝑚(𝑥', 𝑥&) and 𝑢(𝑥', 𝑥&).

- Limitation

­ Only when input function values are known in a uniform grid.

­ Only when all input function values are known in all grids.
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Part2-1.�Deep�Operator�Network
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Deep�Operator�Networks�(DeepONets)

Lu, L., Jin, P., Pang, G., Zhang, Z., & Karniadakis, G. E. (2021). Learning nonlinear operators via DeepONet based on the universal appro
ximation theorem of operators. Nature machine intelligence, 3(3), 218-229.

Learning an operator 𝐺: 𝑢(𝑥) ↦ 𝐺(𝑢)(𝑦) using the network

Data
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Deep�Operator�Networks�(DeepONets)

Lu, L., Jin, P., Pang, G., Zhang, Z., & Karniadakis, G. E. (2021). Learning nonlinear operators via DeepONet based on the universal appro
ximation theorem of operators. Nature machine intelligence, 3(3), 218-229.

Learning an operator 𝐺: 𝑢(𝑥) ↦ 𝐺(𝑢)(𝑦) using the network

Data Model
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Deep�Operator�Networks�(DeepONets)

Learning an operator 𝐺: 𝑢(𝑥) ↦ 𝐺(𝑢)(𝑦) using the network

[Chen and Chen, 1995]

Lu, L., Jin, P., Pang, G., Zhang, Z., & Karniadakis, G. E. (2021). Learning nonlinear operators via DeepONet based on the universal appro
ximation theorem of operators. Nature machine intelligence, 3(3), 218-229.
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Understanding�of�DeepONet:�linear�approximation

Learning an operator 𝐺: 𝑢(𝑥) ↦ 𝐺(𝑢)(𝑦) using the network

Model

𝑡j(𝑦)

𝑡k(𝑦)

𝑡m(𝑦)

…

𝑏j×

𝑏k×

𝑏m×

sum

𝐺(𝑢)(𝑦)
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Learning an operator 𝐺: 𝑢(𝑥) ↦ 𝐺(𝑢)(𝑦) using the network

• It approximates the target function 𝐺 𝑢 𝑦 as

𝐺 𝑢 𝑦 ≈ 𝑏'𝑡' + 𝑏&𝑡& +⋯+ 𝑏(𝑡(
- Here,	𝑡$(𝑦), 𝑡+(𝑦),… , 𝑡4(𝑦) are the p-basis functions

for the target function space domain𝒴 (𝑦 ∈ 𝒴).

- 𝑏$, 𝑏+, … , 𝑏4 are the p-coefficient values for the 

target function 𝐺 𝑢 (depends on the input 

function 𝑢)

Model

𝑡j(𝑦)

𝑡k(𝑦)

𝑡m(𝑦)

…

𝑏j×

𝑏k×

𝑏m×

sum

𝐺(𝑢)(𝑦)

Understanding�of�DeepONet:�linear�approximation
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Understanding�of�DeepONet:�linear�approximation

https://arxiv.org/abs/1910.03193

83

https://arxiv.org/abs/1910.03193


Practical�Coding!

Let's�implement

Deep�Operator�Network(DeepONet)!
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DeepONet:�Practical�Example
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DeepONet:�Practical�Example
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DeepONet:�Practical�Example
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DeepONet:�Practical�Example
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Quiz)

Can we give a physics-informed loss function in 
DeepONet similar to PINN? 
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Physics-Informed�DeepONet

Wang, Sifan, Hanwen Wang, and Paris Perdikaris. "Learning the solution operator of parametric partial differential equations with physics-informed 
DeepONets." Science advances 7.40 (2021): eabi8605.
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Part2-2.�Fourier�Neural�Operator
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Kovachki, N., Li, Z., Liu, B., Azizzadenesheli, K., Bhattacharya, K., Stuart, A., & Anandkumar, A. (2023). Neural operator: Learning maps between functi
on spaces with applications to pdes. Journal of Machine Learning Research, 24(89), 1-97.

9
2

Neural Operator



Neural networks -> Learning in fixed dimensions

Neural Network can approximate any continuous function.

Composing linear function with non-linearity.

Input:
Feature
Vector

Output:
Label
Vector

Linear function
Non-linearity

function

Matrix Multiplication or Convolution

Kovachki, N., Li, Z., Liu, B., Azizzadenesheli, K., Bhattacharya, K., Stuart, A., & Anandkumar, A. (2023). Neural operator: Learning maps between functi
on spaces with applications to pdes. Journal of Machine Learning Research, 24(89), 1-97.

9
3

Neural Operator



Neural operator -> Learning in infinite dimensions

Neural Operator can approximate any continuous operator

Composing linear integral operator with non-linearity.

Input:
Initial and 
boundary 
conditions

Output:
Solution 
function

Linear operator Non-linearity

∫ 𝑘 𝑥, 𝑦 𝑣 𝑦 𝑑𝑦

Kovachki, N., Li, Z., Liu, B., Azizzadenesheli, K., Bhattacharya, K., Stuart, A., & Anandkumar, A. (2023). Neural operator: Learning maps between functi
on spaces with applications to pdes. Journal of Machine Learning Research, 24(89), 1-97.

Integral operator

𝑣 𝑥

9
4

Neural Operator



Kovachki, N., Li, Z., Liu, B., Azizzadenesheli, K., Bhattacharya, K., Stuart, A., & Anandkumar, A. (2023). Neural operator: Learning maps between functi
on spaces with applications to pdes. Journal of Machine Learning Research, 24(89), 1-97.

9
5

Neural Operator



Kovachki, N., Li, Z., Liu, B., Azizzadenesheli, K., Bhattacharya, K., Stuart, A., & Anandkumar, A. (2023). Neural operator: Learning maps between functi
on spaces with applications to pdes. Journal of Machine Learning Research, 24(89), 1-97.

9
6

Neural Operator



Neural�Operator

Learning an operator 𝒢: 𝑎 𝑥 ↦ 𝒢 𝑎 𝑥 = 𝑢(𝑥) using the network

Li, Z., Kovachki, N., Azizzadenesheli, K., Liu, B., Bhattacharya, K., Stuart, A., & Anandkumar, A. (2020). Fourier neural operator for parametric partial di
fferential equations. arXiv preprint arXiv:2010.08895.

• Neural�Operator
- Lifting : 𝑣5 𝑥 = 𝑃(𝑎 𝑥 )

- Iterative Kernel Integration

𝑣$)' 𝑥 = 𝜎 𝑊*𝑣$ 𝑥 + 𝑲𝝓𝒗𝒕 𝒙 , where 𝑲𝝓𝒗𝒕 𝒙 = ∫𝑫𝜿𝝓 𝒙, 𝒚, 𝒂 𝒙 , 𝒂 𝒚 𝒗𝒕 𝒚 𝒅𝒚

- Projection : u 𝑥 = 𝑄(𝑣6 𝑥 )
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Fourier�Neural�Operator

Learning an operator 𝒢: 𝑎 𝑥 ↦ 𝒢 𝑎 𝑥 = 𝑢(𝑥) using the network

Li, Z., Kovachki, N., Azizzadenesheli, K., Liu, B., Bhattacharya, K., Stuart, A., & Anandkumar, A. (2020). Fourier neural operator for parametric partial di
fferential equations. arXiv preprint arXiv:2010.08895.

• Neural�Operator
- Lifting : 𝑣5 𝑥 = 𝑃(𝑎 𝑥 )

- Iterative Kernel Integration

𝑣$)' 𝑥 = 𝜎 𝑊*𝑣$ 𝑥 + 𝑲𝝓𝒗𝒕 𝒙 , where 𝑲𝝓𝒗𝒕 𝒙 = ∫𝑫𝜿𝝓 𝒙, 𝒚, 𝒂 𝒙 , 𝒂 𝒚 𝒗𝒕 𝒚 𝒅𝒚

- Projection : u 𝑥 = 𝑄(𝑣6 𝑥 )

𝜿𝝓 ≈ 𝜿𝝓 𝒙 − 𝒚
= 𝜿𝝓 𝒙 ∗ 𝒗𝒕 𝒙
= 𝓕.𝟏 𝓕 𝜿𝝓 𝓕 𝒗𝒕
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Fourier Neural�Operator

• Neural�Operator
- Lifting : 𝑣5 𝑥 = 𝑃(𝑎 𝑥 )

- Iterative Kernel Integration

𝑣$)' 𝑥 = 𝜎 𝑊*𝑣$ 𝑥 + 𝑲𝝓𝒗𝒕 𝒙 , where 𝑲𝝓𝒗𝒕 𝒙 = ∫𝑫𝜿𝝓 𝒙, 𝒚, 𝒂 𝒙 , 𝒂 𝒚 𝒗𝒕 𝒚 𝒅𝒚

- Projection : u 𝑥 = 𝑄(𝑣6 𝑥 )

• Fourier�Neural�Operator

- 𝐾8𝑣) 𝑥 = ℱ9$ 𝑅8 ⋅ (ℱ𝑣)) (𝑥)

Learning an operator 𝒢: 𝑎 𝑥 ↦ 𝒢 𝑎 𝑥 = 𝑢(𝑥) using the network

Li, Z., Kovachki, N., Azizzadenesheli, K., Liu, B., Bhattacharya, K., Stuart, A., & Anandkumar, A. (2020). Fourier neural operator for parametric partial di
fferential equations. arXiv preprint arXiv:2010.08895.

𝜿𝝓 ≈ 𝜿𝝓 𝒙 − 𝒚
= 𝜿𝝓 𝒙 ∗ 𝒗𝒕 𝒙
= 𝓕.𝟏 𝓕 𝜿𝝓 𝓕 𝒗𝒕

99



Fourier�Neural�Operator
Li, Z., Kovachki, N., Azizzadenesheli, K., Liu, B., Bhattacharya, K., Stuart, A., & Anandkumar, A. (2020). Fourier neural operator for parametric partial di
fferential equations. arXiv preprint arXiv:2010.08895.

• Neural�Operator:�Iterative�Kernel�Integration

𝑣$a/ 𝑥 = 𝜎 𝑊b𝑣$ 𝑥 + 𝑲𝝓𝒗𝒕 𝒙

where 𝑲𝝓𝒗𝒕 𝒙 = ∫𝑫𝜿𝝓 𝒙, 𝒚 𝒗𝒕 𝒚 𝒅𝒚 ≈ 𝓕f𝟏 𝓕 𝜿𝝓 𝓕 𝒗𝒕 .

= 𝑹𝝓
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Fourier�Neural�Operator
Li, Z., Kovachki, N., Azizzadenesheli, K., Liu, B., Bhattacharya, K., Stuart, A., & Anandkumar, A. (2020). Fourier neural operator for parametric partial di
fferential equations. arXiv preprint arXiv:2010.08895.

• Neural�Operator:�Iterative�Kernel�Integration

𝑣$a/ 𝑥 = 𝜎 𝑊b𝑣$ 𝑥 + 𝑲𝝓𝒗𝒕 𝒙

where 𝑲𝝓𝒗𝒕 𝒙 = ∫𝑫𝜿𝝓 𝒙, 𝒚 𝒗𝒕 𝒚 𝒅𝒚 ≈ 𝓕f𝟏 𝓕 𝜿𝝓 𝓕 𝒗𝒕 .

𝒂 𝒙𝟏, 𝒙𝟐
𝒖 𝒙𝟏, 𝒙𝟐

Learning an operator 𝒢: 𝑎 𝑥 ↦ 𝒢 𝑎 𝑥 = 𝑢(𝑥) using the network

= 𝑹𝝓
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Fourier�Neural�Operator

(ex)�2-D�Navier-Stokes�equation�(viscous,�incompressible�fluid�in�vorticity�form)

𝜕$𝑤 𝑥, 𝑡 + 𝑢 𝑥, 𝑡 ⋅ ∇𝑤 𝑥, 𝑡 = 𝜈Δ𝑤 𝑥, 𝑡 + 𝑓 𝑥 ,
∇ ⋅ 𝑢 𝑥, 𝑡 = 0,
𝑤 𝑥, 0 = 𝑤0 𝑥 ,

𝑤 𝑥, 𝑡 = ∇×𝑢 𝑥, 𝑡 ,

𝑥 ∈ 0,1 k

𝑡 ∈ (0, 𝑇]

Learning an operator𝒢: w| o,j !×[o,r] ↦ w| o,j !×[jo,jr]
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Fourier�Neural�Operator

(ex)�2-D�Navier-Stokes�equation�(viscous,�incompressible�fluid�in�vorticity�form)

𝜕$𝑤 𝑥, 𝑡 + 𝑢 𝑥, 𝑡 ⋅ ∇𝑤 𝑥, 𝑡 = 𝜈Δ𝑤 𝑥, 𝑡 + 𝑓 𝑥 ,
∇ ⋅ 𝑢 𝑥, 𝑡 = 0,
𝑤 𝑥, 0 = 𝑤0 𝑥 ,

𝑤 𝑥, 𝑡 = ∇×𝑢 𝑥, 𝑡 ,

𝑥 ∈ 0,1 k

𝑡 ∈ (0, 𝑇]

Learning an operator𝒢: w| o,j !×[o,r] ↦ w| o,j !×[jo,jr]
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Practical�Coding!

Let's�implement

Fourier�Neural�Operator�(FNO)!
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Fourier�Neural�Operator�­ Burgers’�eq�example

(ex)�1-D�Burgers’�equation

𝜕$𝑢 𝑥, 𝑡 + 𝜕"(𝑢& 𝑥, 𝑡 /2) = 𝜈𝜕""𝑢 𝑥, 𝑡 ,

𝑢 𝑥, 0 = 𝑢0 𝑥 ,
𝑥 ∈ 0,1
𝑡 ∈ (0,1]

Goal: Learning an operator 𝒢: uo ↦ 𝑢(⋅, 1)
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Fourier�Neural�Operator�­ Burgers’�eq�example
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Fourier�Neural�Operator�­ Burgers’�eq�example
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Fourier�Neural�Operator�­ Burgers’�eq�example
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DeepONet vs�Fourier�Neural�Operator

Lu, L., Jin, P., Pang, G., Zhang, Z., & Karniadakis, G. E. (2021). Learn
ing nonlinear operators via DeepONet based on the universal approxi
mation theorem of operators. Nature machine intelligence, 3(3), 218-2
29.

Li, Z., Kovachki, N., Azizzadenesheli, K., Liu, B., Bhattacharya, K., Stuart, A., 
& Anandkumar, A. (2020). Fourier neural operator for parametric partial dif
ferential equations. arXiv preprint arXiv:2010.08895.
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DeepONet vs�Fourier�Neural�Operator
Kovachki, N., Li, Z., Liu, B., Azizzadenesheli, K., Bhattacharya, K., Stuart, A., & Anandkumar, A. (2023). Neural operator: Learning maps between functi
on spaces with applications to pdes. Journal of Machine Learning Research, 24(89), 1-97.
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DeepONet vs�Fourier�Neural�Operator
Lu, L., Meng, X., Cai, S., Mao, Z., Goswami, S., Zhang, Z., & Karniadakis, G. E. (2022). A comprehensive and fair comparison of two neural operators (wi
th practical extensions) based on fair data. Computer Methods in Applied Mechanics and Engineering, 393, 114778.
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Part3.�Recent�works�for�SciML
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[1] Lee, J. Y., SungWoong, C. H. O., & Hwang, H. J. (2023). HyperDeepONet: learning operator with 

complex target function space using the limited resources via hypernetwork, ICLR 2023.

[2] Lee, J.Y., Ko, S., Hong, Y. (2025). Finite element operator network for solving elliptic-type para

metric pdes. SIAM Journal on Scientific Computing.

[3] Song, S. K., Shin, B. G., & Lee, J. Y. (2026). Discovering Ordinary Differential Equations with LLM

-Based Qualitative and Quantitative Evaluation. ICML 2026.

[4] Seo, J., Lee, S., & Lee, J. Y. (2026). Unbiased and Second-Order-Free Training for High-Dimens

ional PDEs. ICML 2026.

Selected�Research�Works
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[ICLR�2023]�HyperDeepONet

Learning an operator 𝐺: 𝑢(𝑥) ↦ 𝐺(𝑢)(𝑦) using the network

DeepONet New perspective of DeepONet

=
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[ICLR�2023]�HyperDeepONet

• We propose a general model HyperDeepONet, which contains all the previo

us models, as a special case of the HyperDeepONet.

• The hypernetwork generates all parameters of the target network.

HyperDeepONet (Our model)
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[ICLR�2023]�HyperDeepONet

Toy�example

• 𝐺: 𝑢 𝑥 ↦ !
!"
𝑢(𝑥) (𝑢 ∼Chebyshev�degree�20)

• We�choose�the�differentiation�operator�to�focus�on�operator�learning�when�the�
operator’s�output�function�space�is�complicated.
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[SIAM�SISC�2025]�Finite�Element�Operator�Network(FEONet)
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[SIAM�SISC�2025]�Finite�Element�Operator�Network(FEONet)
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• Schematic diagram of our model

Parametric PDE

∇k𝑢 + 𝑘k𝑢 = 𝑓(𝑥) in D

Loss = −∫" ∇u ⋅ ∇𝑣 𝑑𝒙 + 𝑘
1 ∫" 𝑢𝑣 𝑑𝒙 − ∫" 𝑓𝑣 𝑑𝒙  

1
(𝑣 ∈ 𝑉)

Express u(𝒙) = ∑𝛼t𝜙t(𝒙)

Set V= {𝜙j 𝒙 , 𝜙k 𝒙 ,… }

𝑓(𝑥)



[SIAM�SISC�2025]�Finite�Element�Operator�Network(FEONet)
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• Results



Question.

Q. Can we efficiently solve high-dimensional PDEs?

[ICML 2026] Unbiased and Second-Order-Free Training for High-Dimensional 
PDEs
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https://surinlee.github.io/Un-EM-BSDE/

[ICML 2026] Unbiased and Second-Order-Free Training for High-Dimensional 
PDEs
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[ICML 2026] Unbiased and Second-Order-Free Training for High-Dimensional 
PDEs

• Existing approaches inherently suffer from discretization-induced bias for finite time step sizes Δ𝑡.

• Moreover, recent approaches that address this issue often require second-order computations, resulting 
in significantly increased computational cost.

• To address these issues, we propose the Unbiased EM-BSDE method (Un-EM-BSDE), which is both 
unbiased and second-order-free.
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[ICML 2026] Unbiased and Second-Order-Free Training for High-Dimensional 
PDEs

123



Question.

Q. Can LLMs help discover governing PDEs by incorporating domain-
specific context and physical principles?

[ICML 2026] Discovering Ordinary Differential Equations with LLM-Based 
Qualitative and Quantitative Evaluation
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https://bon99yun.github.io/DoLQ/
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• Motivation: https://symbolicregression2025.github.io/

[ICML 2026] Discovering Ordinary Differential Equations with LLM-Based 
Qualitative and Quantitative Evaluation
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• Motivation: https://symbolicregression2025.github.io/

[ICML 2026] Discovering Ordinary Differential Equations with LLM-Based 
Qualitative and Quantitative Evaluation
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• Motivation: https://symbolicregression2025.github.io/

[ICML 2026] Discovering Ordinary Differential Equations with LLM-Based 
Qualitative and Quantitative Evaluation
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• Problem setting: Discovering governing ODEs from trajectory data and semantic descriptions

[ICML 2026] Discovering Ordinary Differential Equations with LLM-Based 
Qualitative and Quantitative Evaluation
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• Motivation: Toy example!

[ICML 2026] Discovering Ordinary Differential Equations with LLM-Based 
Qualitative and Quantitative Evaluation
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• We propose an LLM-driven iterative framework for ODE discovery that combines symbolic generation, 
numerical optimization, and qualitative scientific reasoning. 

DoLQ: Discovers Ordinary differential equations with LLM-based Qualitative and Quantitative evaluation

[ICML 2026] Discovering Ordinary Differential Equations with LLM-Based 
Qualitative and Quantitative Evaluation

131



• Result:

[ICML 2026] Discovering Ordinary Differential Equations with LLM-Based 
Qualitative and Quantitative Evaluation
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Conclusion

By bridging the gap between physical principles and data, Scientific ML 
revolutionizes efficiency and generalization in physics simulations
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Personal Homepage: https://www.jaeyong-lee.com/

Lab Homepage: https://sites.google.com/view/maisc-lab/

E-mail: jaeyong@cau.ac.kr
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Thank�you�for�listening!
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