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Learning from Data

car car
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E shipE

Goal: Train models from

examples so that they o G s
can make useful AN
predictions for unseen y f(x; 9)9
Learn
data. Fx.0) e H
’ classifier
§ New N
— unseen\ f(X; elearned) label
data d (a horse)

[Based on the assumption of regularity]
3 Slide credit: Prof. Yung-Kyun Noh



Learning from Data

"Data o
egularity o
— (. AN Yy = 2
D= txipitiz ~ P ®© @ o y=1
"Prediction . . ® ®
XERD | yzf(X)) y€{1,2,...,C} ~ ®
i ® ®@ o
“Learning ®
= Learn prediction function f(x;0) € H
from data D

(H: Hypothesis set/Candidate set)

- Slide credit: Prof. Yung-Kyun Noh



Assumptions for Learning (1/2)

" Trained data and data for prediction are randomly chosen
from the same population. (= randomly generated from the
same underlying density function. Reqgularity exists.).

5 Slide credit: Prof. Yung-Kyun Noh



Assumptions for Learning (2/2)

="Consider a set of candidate functions
H = {h1(x), ha(x), ..., hny (%)}

In general, Ny is infinite.

h; (X) can be a prediction function. ‘ i “

h;(X) can be for probability density.
hi(x) — p(x)

6 Slide credit: Prof. Yung-Kyun Noh



Assumptions for Learning (2/2)
"Confine the hypothesis space H..

Estimation with a large number of data

Optimal solution (%) and
the selected solutions of
different realizations.

7 Slide credit: Prof. Yung-Kyun Noh



Assumptions for Learning (2/2)
"Confine the hypothesis space H..

Estimation with a small number of data

Optimal solution (%) and
the selected solutions of
different realizations.

8 Slide credit: Prof. Yung-Kyun Noh



Frequentist Methods (Optimization)

* For given model 2/ — {f(X3 0) ‘ b @}

Find f(x;6%) s.t.

0" = arg m@inL (f(x;80),D)

9 Slide credit: Prof. Yung-Kyun Noh



Bayesian Methods (Integration)

* For given model 2/ — {f(X3 0) ‘ b @}

y = /y p(y|x, D)dy

= / / y p(ylx, 0)p(0|D)dbdy

fooN

f(X; 9) Weight for each model

10 Slide credit: Prof. Yung-Kyun Noh



Introduction to Bayesian Inference



Bayesian Framework

p(D|0) p(6)
p(D)

p(0]D) =

0: parameters
D: data

likelihood X prior

posterior = :
evidence



Probabilistic Modeling of Data

= The likelihood function

N Ex) likelihood function for the
p(D|@) € H  (Thelikelihood of parameter & Gaussian distribution
given data D.)

p(x)

= Maximum likelihood estimation (MLE): N (ol o)

0" = argmaxp(D|60) s
0

Many loss functions we minimize can be interpreted as
L(6) = —logp(D|6O) + some regularizer.

13
Figures from C. Bishop (2023)



Bayesian Model

= Prior: Introduce an assumption (prior distribution p(8)) for
parameter 6.

p(6)

Q. What does it mean by the probability of 67
A. The degree of belief for the hypothesis corresponding to 6.
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Bayesian Model

= Bayes theorem:

p(D|6,H) p(8]|H)
p(D|H)

p(@|D,H) =

6: unknown parameters

D = {x;,y;}i-,: data
p(D|H) = [ p(DI6, H) p(61H)db

H : the hypothesis
space (often omitted)

Prior p(8|H): our degree of belief for 6 before observing the data.
Posterior p(0|D, H ): our degree of belief for O after observing the data.
Evidence p(D|H) (a.k.a. marginal likelihood): measures how well a model
set describes the data.

15



Making Predictions

= Weigh the predictions from each model according to the posterior.

p(ylx, D) = f p(ylx, 0)p(61D) db

Space of p(y|x) _ == p(x,60)

~—_—————I




Bayesian Logistic Regression Example

4
3 ° ° ‘e
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17 Slide credit: Prof. Yung-Kyun Noh



Bayesian Logistic Regression Example

True P(y = 1|x)

Optimal Boundary

1.05

0.80

0.73

0.60

0.45

0.30

0.15

0.00

Slide credit: Prof. Yung-Kyun Noh
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Bayesian Logistic Regression Example

Data and sample pararneters One sample max boundary - Approximation of MAP

'F-|

.I li" -q.“' '\ qf'}t
A ‘; q?' ':‘ 'i“
.I
1' \‘

,.“».' ‘ S ir— \\

19 Slide credit: Prof. Yung-Kyun Noh



Bayesian Logistic Regression Example

Prediction Variance

1.05 4 0.048
L 090 3 0.042
5 0.036
0.75
. 0.030
0.60
0.024
0
0.45
0.018
-1
0.30
0.012
2
0.15 0.006
-3
0.00 0.000
—4 -2 0 2 4

20 Slide credit: Prof. Yung-Kyun Noh




Benefits of Bayesian Inference

" Once assumptions (the choice of prior) are made, the inferences are
objective and unique, reproducible with complete agreement.

= When the assumptions are explicit, they are easier to criticize, easier
to modify.

= When it is not sure which assumption is the most appropriate, we can
treat it as another inference task.

p(D |}[' I) p(}[”) I: the highest assumption, which
p(D |I) we are not questioning.

p(H|D,1) =

= We can take into account our uncertainty regarding such assumptions
when we make subsequent predictions.

p(y|D,I) = ZP(yID,}f, Dp(H|D,T)
H

D. MacKay, Information theory, inference, and learning algorithms (2003)



Gaussian Distribution
and Parameter Estimation



Multivariate Gaussian Distribution

1 1
p(x; 1,%) = — exp (—E(x - W) 'E7 (x —u))
V2 |X2|1/2
Two-dimensional case:

x = (x1,%3, ..., xp) € RP
H E RD 350 -
¥ € RP*P: symmetric, positive-definite. 00 |

E[x;| = 1 o

Cov[xl-,xj: = E[Xixj] — Elx; JE[x;] = Zj;

23
Figure from https://brilliant.org/wiki/multivariate-normal-distribution/



Multivariate Gaussian Distribution

1
p(oux) =—75 exp (_E (x—pw)'Z 1 (x - ,u))
V2 |Z|1/2
I3z
4 Principal axes u;
The eigendecomposition of X: are parallelto " \/
eigenvectors. t1
Zui = Aiui

Red ellipse: The contour of

PG E) = (s 1, 3) - exp ()

24
Figure from C. Bishop (2006)



Marginal and Conditional Gaussian

= For a Gaussian random variable x = (x4, x;) € R?,x, € RPa, x, €
RPp, the marginal and conditional distributions are also Gaussian.

l 10
Iy
ry = 0.7 p(x,) = fp(xa, Xp)dxp
/////;i ,iff;fj
05t //{///”_/ d st
/4 pCtalxy) = Lo o)
J( 7 e “ p (%)
0 0

0 0.5 Ta 1 0 0.5 Ta 1

25
Figures from C. Bishop (2006)



Marginal and Conditional Gaussian

= For a Gaussian random variable x = (x4, x;) € R?,x, € RPa, x, €
RPp, the marginal and conditional distributions are also Gaussian.

p(xa, Xb) = N(,U; Z) y = <.ua> c RP > (Zaa 2:ab) c RDXD

Yhoy X
X exp <—%(x -W'E N x — u)) Hh ba =bb

A useful fact (for deriving the above results) which can be obtained
from Schur’s complement:

1
—E (.X' — M)Tz_l(x R au)
1 Ty—1 1 Ty
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Marginal and Conditional Gaussian

A A
s [l o
Apg  App

1 1/x, —us\" [A A X, — U
—— — DTy 1(y — — __( a a) aa ab]( a a)
2 (x =) (x =) 2 \Xp — Up Apg Appl \Xp — Up

1 - 1 - 1 -
— _E (xa o //‘a) Aaa(xa o .ua) o E (xa o :ua) Aab (xb o :ub) o E (xb o :ub) Aba(xa o .ua)
1
—5 (xp — tp) TApp (x5 — tp)

1 ~ T ~ 1 ~
- = E (xa — Ug T Aa:clLAab (xb T ,le)) Aaa (xa — Ug T AacllAab (xb T ,le)) + E (xb _ .ub)TAbaAaéAab (xb _ .ub)

1
—5 (xp — tp) " App (Xp — 1p)

From Schur’s complement,

Hap = Ua + ZapZpp (Xp — Hip)
z:a|b = Aacll = Xqa — 2:abzl;blzba

o/ Spp = (Mpp — ApaNgahap) ™!

1 T 1 B
) (xa - .Ua|b) Za|1b (Xq — .Ua|b) ) (xp — Hb)TZbl}(xb — Up)




Marginal and Conditional Gaussian

= For a Gaussian random variable x = (x4, x;) € R?,x, € RPa, x, €
RPp, the marginal and conditional distributions are also Gaussian.

1 1 B 1 T
— E (x — .U)Tz_l(x —u) = _E (xp — .ub)Tbel(xb — Up) — E (xa — .ua|b) 2:a|1b (xq — Ma|b)
Marginal distribution:

n(xp) = f p(xg ) dxg = N(xp; iy, Zp) s =%,

X exp (‘ % (xp = up) " Zpp (xp — .Ub)>
Conditional distribution:
p(Xq, Xp)
p(xp)

Ualp = Uq T z:abzlgbl(xb — Up)

p(xglxp) = = N(xg; .ua|b»2a|b)

z:a|b = Lga — z:abzl;blzba

1 T
X exp (_E (xa — .Ua|b) Za|1b (xa - Malb))
28



Gaussian Processes

= A function space view
m(x): mean function
y ~ GP(m, k) k(x{,x5): covariance function
y(x): a random function
Y 4

y(xs)

\ y(x1) () y(x3) /\%(x@
\/\‘\ /.\ ‘
X1 X5 X3 N x4\/x5

»

X

y(x1), ..., y(xy) are jointly Gaussian with mean (m(x,), ...,m(xN))T e RV

k(x1,%1) - k(xq,xp)

and covariance K = € RNXN

k(xy,x1) - k(xy, xy)



Gaussian Processes

= Gaussian process regression

Y s Y(xnew)
| y(xs)
(x4)
y(xs) '
! P R
X1 Xnew X9 \/ X3 \/ X4\/x5 X

Let m(x) = 0. JointPDF:  E[(v(xnen), ¥(x1), ., y(xp))] = (0, ..., 0) € RN*1
Cov(y Cinen), ¥ (), oo,y Ge)) = (£ K 7) € RODX(+D

k K
Recall Hajp = Ha + ZapZpp (X — Up) Conditional E[y(X00) | YL, o, ()] = kKTK "1y € R
1 PDF: Cov[y(xnew) | y(xl); ---:}’(XN)] =xk—k'KlkeR
Zaip = Zaa — ZabZpp Lba DY Cnon) Y1), s ¥ o)) = N(kTK Yy, 1 — kTK k)
7 f

” prediction uncertainty



Gaussian Process Examples

_ 2
k(x,y) = exp (_ (xzh:;/) )

h=1.0

31



Gaussian Process Examples

= Regression

1.0 A

0.5

0.0 7

—0.5 1

—1.0
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Gaussian Process Examples

-\
] ‘
/A UL e
o \ '/li't“"-‘é ADORATH A IV k(x,y) = _ =y
R RPN R x,y) = exp TS
0- AVUN N »
h =203
= P
i
=

33



Gaussian Process Examples

= Regression

1.5 1

34
1.0 o ,‘ “ A ‘ O
> = ' ‘ 'A\‘. t,

0.0 0-

-0.5 =
-2

-1.0 4
_3 .

-1.5 -

0 2 4 6 8 10 0 2 4 6 8 10
X
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Parameter Estimation

= Suppose data points D = {x;}}~,, x; € RP are given.

]RD

/

35

Let’s consider using a
parametric model
p(x; 0), e.g., Gaussian
model, to fit the data!

6 € RP: parameters



Maximum Likelihood Estimation

" Likelihood (i.i.d. assumption for data):
N
L©®) = p(lx}ils;0) = | [pCs0)
i=1
= Maximum likelihood estimation:

N
6., = argmaxlogL(6) = argmaxz logp(x;; 0)
8 6 4
i=1

The necessary condition:
dlogL(6)

=0
20

0=0p1

36



Maximum Likelihood Estimation

= Example: Gaussian model with 8 = (u, 2)

1 1
maxlo L6 E logp(x;; u, 2 u,Y) = <__ )T (x — >
gL(0) = gp(x; u2) p(x; pu, %) ZnDIle/Zexp Z(X 1) (x — )

2

1

= Ty — ) — 2log(2m) — ~logl3]
2 L 2 2

=1

The necessary conditions:

N N
dloglL _ . 1
=ZZ g —w) =0 » I«lML=_zxi
au i=1 Nizl

dlogL - - - 1 ~ ~
B~ 0 Derive this as » Lyl = NZ(XI: — ) (e — )’

oY an exercise ©

Useful facts for the derivation: %(xTZ_lx) = -3 IxxTx 1 —(logIZI) =31
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Maximum a Posteriori Estimation

"Bayesrule: p(8|D) x p(D|6) p(6)

* Maximum a posteriori (MAP) estimation:

éMAP = argmaxp(0|D)
0

= argmax logp(6|D)
6

N
= argmax 2 logp(x;|0) + logp(6)
8 4
1=1

Plays a similar role to the
regularizer in the frequentist
formulations.

38



Maximum a Posteriori Estimation

= Example: one-dimensional Gaussian model with & = u (o2 is fixed).

Prior: p(u) = N(i; po, ¢) Likelihood: [Ti=; p(x:|)

m;lxz logp(x;|u) + logp(n)

N
1 1
milX L(u) = z (—— (x; — #)2> — 2702 (1 — po)?

, 207
i=1

The necessary condition:

N
oL Nog¢ (1 52
=0 D = . x; |+
HMap =g +02<Nz ‘) NoZ + g2 !0

=1

39



Posterior Distribution

= Example: one-dimensional Gaussian model with & = u (o2 is fixed).

Here, we can calculate the exact posterior distribution.

1 - 1
p(u|D) < p(D|pu) p(u) « exp <_ﬁ;(xi - u)2> exp (—275(# — uo)z)

A useful fact for derivation:
2
au” — 2bu
com| 2 (B 2)u-2( 5 ot N
Pl 72\ \o2 of H 02 L bl K =a<u—a> + const.

1
o exp <— 707 (n— .UN)2>

N B NO.OZ ,\ . 0.2 .
p(u|D) = N(u; uy,0f)  where HN = NoZ + o2 HmL NoZ2 + o2 Ho = Hmap
2 e
w0 ON =




Posterior Distribution

Noé . o°
UN = HmL Ho
No§ + o2 No§ + o2
, o20f
O-N — >
No§ + o2

Some special cases:

If N = Oorao2 =0, uy =,uo,01\2, = Ug - Prior.

If o2 > 1, uy = Uo, 05 =~ o¢ > Close to the prior.

IfN — o0, uy =y, 05 =0

—> Posterior is infinitely peaked at [i;; .

2
2 — 0 2 _ 9 : : :
Ifog = o, Uy = il O = > Uninformative prior.

41
Figures from C. Bishop (2006)



Predictive Distribution for Gaussian

p(x|D) = f p(xl)p(ulD) dy

1

1
p(x|w)pu|D) < exp (— 702 (x — u)2> exp (— ) (u— .UN)2>
N

(x — .UN)2 )

p(x|D) « exp (— 267 + 02)
N

p(x|D) = N(x; uy, 02 + 02)

42

Uncertainty
inherent in the data

Uncertainty
from the model

See Appendix for details.




Bayesian Linear Regression



Linear Regression

= Given the dataset D = {(x;,v;)}\~,, x; € R?, y; € R, find a linear
model to fit data.

y=w'x

= Gaussian model:

p(y|x.w,0?) = N(y;w'x,02), weRP
or

y=w'x+e €~N(0,0?)

= Likelihood: RD

N
p(ylx' W’O-Z) = HP()’HXL',W,UZ) X = (xl xN) € RPXN
- y=Q01 = ¥Ynv)'eRN

44




Linear Regression

= Maximum likelihood estimation:

N
1 -, N N

mvexlogL(W)z—T‘zZ(yi—w X;) —iloga —;log(Zn).

=

N N
0
The necessary condition: a—z:(yi —wlx)?% = -2 z(yi —w'x;)x; = 0.
w
i=1 i=1

X — (x X = RDXN
XiX; Zyixi = (XX")"'Xy e R Ca )
i=1 i=1 y=O1 = Ynv)T€eRN

=

» Wy =

45



Bayesian Linear Regression
= We assume a prior p(w) = N(w; 0, a&]1).

Y .

46



Bayesian Linear Regression

= Posterior:

N
pwiD) o | [ pGilxs wip(w)
=1

N
_ 1 1 exp z (i —
- ND D o
V2mo® o2 i=1

Let’s make the exponent to be

1 _
— 5 (W — ) "2t (W — py) to
determine the posterior!

47



Bayesian Linear Regression

= Derive the posterior mean and variance:

N
i—w'x)? ww 1 _
_z ! > Y ST =5 (w — ) "2 (w — ) + const.
i=1 0
XXT 0_21 _1X X — (xl xN) = RDXN
= + —
Hw O'(% y y = (yl yN)T = ]RN

—1 -1
5= o2 (xx7+ %] o (Lyxt+ 2
= 0 —_— R — N
W/v of N \N No§
o?: inherent noise in the data / Regularization becomes small
: 2 As N gets large, X,, becomes small. _ )
assumed in p(y|x, W, o ) with large N and a;j.

48



Bayesian Linear Regression

= Predictive distribution

(lx,D) = | plylx,w) p(wlD) p&lx,w) = N(y;w'x,0%)
p(ylx,D =jp yix,w) p(w|D) dw where
p(w|D) = N(w; uy, Zyy).

1 1
p(ylx,w) p(w|D) = C - exp <—272 (y—w'x)? - > (W= ) TZy (W — uw)>

———

1

2
ZO'ylx,D

2
Marginalizing out w will leave a quadratic term — (y — .Uy|x,z>) :

m p(y|x,D) is a Gaussian!

Let’s calculate the conditional mean and variance of y = w'x + ¢, e~N(0,02) to
figure out i, and 03, o

49



Bayesian Linear Regression

= Predictive distribution  p(y|x,D) = N(¥; thy|x,0: Oyjx.D)

Hy|x,D = IEW,E[le:D] — ]EW,E[WTx +€|x,D] = xT[E[W|D]

a2 \
=x"u, =x" (XXT + 0—021) Xy

0-3%|x,2) = Varw,e [Y|x; D] = ]Ew,e[(WTx + E)2|x, D] o ]EW,E[WT'X + E|X, D]z

= x"E[wwT|D]x + E[e?] — x"E[w|D]E[w|D]Tx = 6% + xT Cov[w|D]x

& 1 o2 \*
=0’ +x"Zy,x=0%+—-x" (—XXT +—I> X

T \ N N Nog

a?: aleatoric uncertainty Epistemic uncertainty (associated with model
(inherent noise in the data) parameter w) which becomes zeroas N — oo.



Bayesian Linear Regression

= Predictive distribution  p(y|x,D) = N(¥; thy|x,0: Oyjx.D)

2 -1 2 -1
T T T o T T o
Uyjep =X Uy =X | XX +—=1 Xy=x XX X+—=I y
Op Op
Results are expressed using
1 inner products
o2 —> Extend to kernel methods!
2 2 T 2 2 T T
o =o0“+x'2yx=0“4+0°-x | XX' +—I X
y|x,D w 2
| k
o ?: aleatoric uncertainty Epistemic uncertainty (associated with model
(inherent noise in the data) parameter w) which becomes zero as N — oo,

2 -1
o)
=02+ ofx " x —ofx"X (XTX + —21> XTx
0,
0 See Appendix for details.
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Kernel Methods

x ER? > ¢p(x) = (xlz,xzz,\/fxlxz) e R3

Kernel function:

x ¥
k(x,y) = ¢(x) " d(y)

¥
x\"

= x{yf + x5y5 + 2x1%,)1 Y7

= (xy)?

Linearly separable in
higher dimension

Linearly non-separable

52



Kernel Methods

" Mercer theorem

k(x,y) is positive semi-definite, i.e.,

k(xl.' X1) k(xl., Xn) Feature mapping ¢ (x) that satisfies

K = e RVNis & k(x,y) = p(x)Tp(y) exists.

k(xN,xl) °ec k(xN,xN)
positive semi-definite for any x4, ..., Xy.

= Examples of kernel functions
= Polynomial kernel k(x,y) = (x Ty + 1)

When d = 2, corresponding ¢(x) = (x? x% 1 V2x.x, V2x; V2x, )€ RS,

| B lx—yll?
" Exponential kernel k(x,y) = exp | ——

2
Correspondingcl)(x)=exp(—x7)(1 X1 v oxp x2/N2 - xB/N2 xyx, ) ER.
53



Kernelization of Bayesian Linear Regression

Feature mapping: x € RP » ¢(x) € RF

X=0( = xn)eR”N o d=(d(x) - ¢(xy)) € RPN

X'xo k=0 Tdp(x) = () Ppx) - o) Tpxy))" = (klxy,x) - klxy,x))" € RV

<¢<x1>T¢<x1> ¢(x1>T¢<xN>> <k<x1,x1> k(xl,xm)
XX > K=0dTd = : .. : — : ., . e RVXN

SO)Td) ) Td(ew)

k(xy,x1) - k(xy,xy)

2 \ 1 5 -1
T Ty 2 2 T o
x' X XX+?I y Uylxp = K K+?I y
0 1 » 0 1
2 2
o o
02 +olx"x—ofx"X <XTX + ?1) XTx Ogixp = 02 + 0gk(x,x) — ofk’ <K + —21) k
0 ’ ops
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w2-axis

Bayesian Linear Regression Examples

W space - prior pdf X space - samples from prior
1.00 1.00
0.75 0.75 -
0.50 0.50 T .
0.25 0.25 -
Ri]
Fa
T 0.00 > 0.00 -
+ : true parameter g
-0.25 —-0.25 4"
-0.50 —0.50 A
-0.75 —0.75 A
-1.00 -1.00 . . .
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
wl-axis ®
W space - likelihood function W space - posterior pdf X space - samples from posterior X space - predictive distribution
1.00 1.00 1.00 1.00
0.75 0.75 0.75 - 0.75 -
0.50 0.50 0.50 - 0.50 -
0.25 0.25 0.25 - 0.25 -
4
0.00 s 000 > 0.00- > 0.00-
E
-0.25 -0.25 —0.25 1 —0.25 -
—-0.75 —-0.75 —0.75 —0.75 *
-1.00 + -1.00 -1.00 . . . -1.00 . . .
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5

wl-axis wl-axis X X




Bayesian Linear Regression Examples

W space - likelihood function W space - posterior pdf X space - samples from posterior X space - predictive distribution
1.00 1.00 1.00 1.00
0.75 0.75 0.75 0.75
0.50 0.50 0.50 0.50
0.25 0.25 0.25 0.25
4 4
> >
T 0.00 T 0.00 > 0.00 - s > 0.00 - &
-0.25 -0.25 ~0.25 - —0.25 -
-0.50 -0.50 —0.50 - -0.50 -
-0.75 -0.75 —0.75 —0.75 e
-1.00 -1.00 -1.00 . . . -1.00 . . .
-1.0 : ) ) ) -1.0 : ) ) : -1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
W space - likelihood function W space - posterior pdf X space - samples from posterior X space - predictive distribution
1.00 1.00 1.00 1.00
0.75 0.75 0.75 0.75
0.50 0.50 0.50 0.50
0.25 0.25 0.25 0.25
0 0
= =
T 0.00 ©  0.00 >  0.00 - > 0.00 -
-0.25 -0.25 —0.25 - —0.25 -
-0.50 -0.50 —0.50 - —0.50 -
-0.75 -0.75 —0.75 - —0.75 -
-1.00 -1.00 —-1.00 === -1.00
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0 -1.0 : ) . . -1.0

wl-axis wl-axis X X



Kernel Bayesian Regression Examples
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X space - samples from posterior Ls X space - predictive distribution
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Polynomial feature mapping:




Kernel Bayesian Regression Examples

X space - samples from posterior s X space - predictive distribution
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Connections to Gaussian Processes

= Gaussian process regression (parameter space view)

Y s Y (new)
| y(xs)
(x4)
y(x3) ’
! P .
X1 Xnew X9 \/ X3 \/ x4\/x5 X

Choosing m(x) = 0 and kGP(xi,xj) =046, + agk(xi,xj) recovers the
results from Bayesian linear regression.

2 -1
=k (K ;2 I) y
UylxD = )
PO e[y, s Y i) = N(itypp 02 p)  Where | 7% o

2

o
Ogixp = 0%+ 04k(x,x) — ok’ (K +—1

O

>_1k
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Laplace Approximation



Intractable Marginal Likelihood and Posterior

" Problem:
Let £(0) = [T, p(x;168) p(8) be the unnormalized posterior.

p(D) = [ f(0)dO: marginal likelihood p(D) and p(8|D) are
, m) intractable unless the
p(8]D) = f(8)/p(D): posterior integration is possible.

= Sol 1. Let’s approximate log f(6) quadratically locally (at the mode)
so that the posterior is a Gaussian.

mp Laplace approximation

= Sol 2. Let’s approximate the posterior with a tractable distribution g(8).

m) Variational inference (will be introduced later)
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Laplace Approximation

= Perform a Gaussian approximation of the posterior at the mode of
the posterior.

= The second order approximation of log £(8) near 0,,4p = argmax f(6) :
0

A A 1 R T A From the necessary condition of 8, 4p,
logf(0) = logf(HMAP) - —(9 - HMAP) A(9 — 9MAP) 9 _
2 aglogf(9)| R = 0.
1 . 0=0map
f(0) = f(QMAP) exp <—§(9 — HMAP) A(9 — HMAP)) A= —aa—;logf(e) € RP*P;

6=0pmap

the negative Hessian matrix.

A A (2m)P —logp(0|D)
# jf(g) do = f(HMAP) ) |A| 0.8 : : - - : 40 /

" q(8) —logq(9)

_ f(e) _ ~ 1 04 x p(6|D) ol \ _
m ¢(9) = O N(Byap, A1) , 1.

0 0
-2 -1 0 1 2 3 4 -2 -1 0 1 2 3 4
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Laplace Approximation

= Perform a Gaussian approximation of the posterior at the mode of
the posterior.

62
A= —— € RPXP:

~ = 1
CI(H) — N(HMAP'A_l) 007 08 (0) 0=0map

the negative Hessian matrix.

Q. When would this approximation be accurate?
—->When log f(0) is nearly quadratic.
—2>When p(6|D) is close to the Gaussian!

—->When N is sufficiently large, p(8|D) is close to Gaussian (due to the central limit
theorem).
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Application to Model Comparison

= Bayesian inference utilizes the hypothesis set, prior distribution to
make predictions. How can we compare different hypotheses, priors?

An idea: Use data D = {x;}}_, to objectively compare the models.

N
Marginal likelihood: p(D|M) = ]Hp(inH,]\/[) p(0| M) db
i=1

A

= Bayes factor: p(DIMy) S
p(DIM) o
i
L\ .
64 Do D

Figures from C. Bishop (2006)



Application to Model Comparison

N
£6) = | [peilo.20) pco120)
1=1

(2m)P
J T4

p(DIM) = f f(6)do ~ f £(6)do = f(Oyap) -

loglzg(DIM)

- 3 p 1
~ z 108P(xi‘9MAP»M) + logp(Oyap| M) + Elog 2T — EloglAI
i=1

—— Occam factor
Log-likelihood
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Bayesian Information Criterion (BIC)

*“|f N > 1, we can approximate further.

0=0p4p

62
A= 902 (Z logp(x;|6, M) + logp(@l]\/[)> ~N-H, where H = —ﬁIEp(x)[logp(xw,M)]‘

0=0n4p

|A| = NP|H|, log|A|=plogN + log|H|.

Bayesian information criterion (BIC):

—log p(D|M) = —Zlog p(xi‘éMAp) + glogN

When we select models with a lower BIC, models of the same likelihood using more
parameters are not selected (Occam’s razor).



erences

Carl Edward Rasmussen and Christopher K. I. Williams
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Information Theory for Machine Learning



Information Content (Degree of Surprise)

= How surprising is it to observe x (a discrete random variable)?

h(x) = —log P(x)

Which event’s information should be larger?
rare event (small P) - large surprise; certain event (P = 1) - zero surprise.

Ex) x € {pass, fail}: if P(pass) = 1, observing x = pass tells us nothing;
if P(pass) = 0.1, observing x = pass is much informative.

Why the log?

If two unrelated events x and y occur, the information gain observing both should
be the sum of the gain from each of them:

p(x,y) =p(x)p(y) 2 h(x,y) = h(x) + h(y)
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Entropy

= Averaged information content of an outcome (a.k.a. uncertainty)

Entropy for a discrete random variable X:

H(X) = —z P(x) log P (x)
(We let P(x) log P(x) = 0 when P(x) = 0.)

Differential entropy for a continuous random variable X:

H(X) = — f p(x) logp(x) dx

70

Ex) Entropy of a binary
random variable

1.0 4

|
0.0 0.5 1.0
p(X=1)

(maximum at p = 0.5)

Figures from K. Murphy (2023)



Entropy: Properties

= Suppose X takes values x4, ..., xpy.

= Non-negative: H(X) = 0, with equality if and only if X is deterministic,

i.e.,, P(x;) = 1foronei.

= Maximal at uniform: H(X) < log M (equality if and only if P(x;) =

cee — P(xM) = 1/M).
= Joint entropy: H(X,Y) = —z P(x,y)log P(x,y)
X,y

= Additive under independence:

Derive these
properties as
an exercise ©

H(X,Y)=H(X)+ H(Y)ifand only if P(x,y) = P(x)P(y).

71




o o

o o

3 0a -~ O

Entropy as Code Length

= —log, P(x) = optimal code length (bits) for symbol x; rare symbols
get longer codes.

= Entropy = minimum average code length to encode data from P
(Shannon’s source coding theorem): H(X) = _zp(x) log,, P(x)

Ex) a non-uniform 8-state distribution

P(x) Length = —log,P(x) Code
1/2 1 0 Average code length
1/4 2 10 = %1+ %2+ %3 +1/16:4 + 1/64-6-4
1/8 3 110 = 2 bits = H(X)
1/16 4 1110
1/64 6 111100
1/64 6 111101 Cf) Uniform case
1/64 6 111110 Average code length = 3 bits = H(X)
1/64 6 111111 72




Cross Entropy

* What if we encode data x ~ P with a code based on the wrong
distribution Q?

Cross entropy: H(P,Q) = — z P(x)log Q(x)

= average code length using a code based on Q, on data from P.

The cross entropy is minimized when Q = P for a fixed P
(will be addressed shortly).
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KL-Divergence

" The Kullback-Leibler (KL) divergence (or the relative entropy)
between two PDFs p(x) and q(x):

KL(pllq) = —fp(x) logq(x) dx + fp(x) logp(x) dx = fp(x) logzgg dx

= H(p,q) — H(p)

= average additional code length required to encode data
from p due to using a code based on g (instead of p).
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KL-Divergence

p(x)
KL(p| )=j (x)log——= dx
plq p gq(x)
= Gibbs’ inequality: KL(p||g) = 0 with equality if and only if
p(x) = q(x) for all x. A

proof idea) apply the Jensen’s inequality for convex functions,
i.e., E[f(x)] = f(E|x]) for a convex function f.

A convex function ;)

chord \

KL-divergence is a very useful quantitative means of
measuring the difference between two probability
distributions.

=Y

Note: not a distance metric (asymmetric, triangular inequality not satisfied).

75
Figures from C. Bishop (2006)



KL-Divergence

= Connections to the maximum likelihood:

q" = argmin KL(p|lq) = argmin—fp(x) logq(x) dx + fp(x) logp(x) dx
q q

Suppose p is the empirical distribution from {x;}};:

pp(x) = %Z’i\’zl 6x,(x)  (6y,(x) = 1ifx = x; and zero otherwise.)

KL(pollg) = — [ pp(x) logq(x) dx + C = —f(%Z’iil 5xi(x))logq(x) dx +C

1
= Zliv=1 log q(x;) + C.

N

Minimizing KL(pp|lq) is equivalent to maximizing the log likelihood.

76



KL-Divergence

= Asymmetry

| p(x) nKL(alln) = f loe 1) 4
minKLGllg) = [pCologl s ax  MnKLGI) = [ aG)log 75 dx
q(x) should not be zero when p(x) > 0. p(x) should not be zero when q(x) > 0.

Ex) p is a mixture of two Gaussians, g is a single Gaussian.

N\
2\

O

Zero-avoiding Mode-seeking (or zero-forcing)

Figures from C. Bishop (2006)



Mutual Information

Conditional entropy:

HXIY) = — f j p(x,) log p(xly) dx dy

H(X) H(Y)

H(X,Y) = H(Y) + H(X|Y)

Mutual information:
p(x,y)
I06Y) = KL, IpRO)) = || pley)log 52 dx dy
=H() - H(|X)
= H(X) — HX|Y)

[(X;Y) = 0 and becomes zero if and only if X and Y are
independent, i.e., p(x,y) = p(x)p(y).

78
Figures from Wikipedia
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Variational Inference



Practical Difficulties in Bayesian Methods

" |n many cases, it is infeasible to evaluate the posterior or to compute
expectations using the posterior.

- _p(Dl6) p(o)
Posterior: p(0|D) = (D)
aena p(D) = [ p(DI6) p(6) db

Predictive p(x|17) = fp(ﬂg)p(mD) do

distribution:
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A Variational Problem

qgg)ig? Eqoyl—logp(D]6)] + KL(q(0)||p(6))

P: the space of probability distributions

The optimal solution to this variational problem is

q*(6) =p(0|D) € P.
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A Variational Problem

Eqoyl—logp(D]6)] + KL(q(0)||p(6))

= [Eq(g) [—log p(@|9)l’)(9)] — H(CI)
= Eq)[—log p(D)p(6|D)] — H(q)

= —log p(D) + KL(q(6)||p(6]D))
Independent of g(8). Minimized when q(6) = p(6|D).

This functional is minimized when q*(6) = p(0|D) € P.
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Variational Inference

" Consider the following variational problem for g € Q in a tractable
family Q.

q?g;lgg Eq)l—logp(D|0)] + KL(q(6)]|p(6))

We do not need intractable p(8|D) or p(D) but p(D|6),p(0), q(O)
—> tractable!

The optimal solution g*(8) € Q approximates the posterior p(8|D).

Different choices of Q are possible: multivariate Gaussian, g(8) =
M qi(6), ..
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The Evidence Lower Bound (ELBO)

= For any distribution q(8), the log-evidence splits exactly:

log p(D) = Eyg)llog p(D]6)] — KL(q(8)||p(8)) + KL(q(8)||p(8]|D))
> Eqg)llog p(DI[6)] — KL(q(8)]|p(6))

The evidence lower bound (ELBO)

The former variational problem is equivalent to maximizing the ELBO with respect to

q€Q:
log p(D) (fixed)

oors T < u®ip6)
ot [

85

Optimizing q grows the
bound, shrinks the gap.



Variational Autoencoder (VAE)

= Consider a latent variable model.

4 I
Neural
o N/

network

x: observed data
Z: unobserved latent variables

p(x|z,w) = N(g(z,w),a?I): likelihood model
p(z) = N(O,I): prior

To fit the data, we want to maximize the (marginal) likelihood

p(xlw) = f p(xlz, w)p(2)dz.

However, it is usually intractable. = Variational inference!
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Variational Autoencoder (VAE)

N N
logp(DIw) = > Li+ Y KL(@i(z)IIp(zilxi,w))
i=1 i=1

The evidence lower bound (ELBO)

D = {x;})_,: Data (i.i.d.)
{z;}i,: Latent variables

L; = f a:(z0log p(xilz w)dzi — KL(q: (2D 1p(z)

Note: Each latent variable has its own distribution g;(z;) to be optimized separately.
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Variational Autoencoder (VAE)

= Amortized inference

It is inefficient to optimize every g;(z;) separately.

Introduce an inference model g(z|x, ¢), a parametric model to approximate all
p(z;|x;, w)s.

Usually set g(z|x, ¢) as a Gaussian with a diagonal covariance:

M
q(zlx, ¢) = 1—[1\’ (26 |e G, #), 02 (2, 8)), z = (202, 1 Z(u) )-
-\

Neural networks

Let’s try to perform a gradient-based optimization for w and ¢.
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Variational Autoencoder (VAE)

=" The reparametrization trick

L; = jCI(Zilxi» $)log p(x;|z;, w)dz; — KL(q(z;|x;, ) |Ip(z;))

M
1
- . 2 2 2
analytically evaluated: EZ 1 +logo(x) — ugp () — oy (x;)
]=

Consider a Monte Carlo approximation for the first term:

L
121 (
7 08D \ Xi
[=1

Note: When the samples z

Zi(l)'W)' 7" ~ q(zi|x;, $)

(D

i

are fixed, changes in ¢ do not alter Zl-(l).
D)

—> We do not have a way to obtain the gradient of z;~ with respect to ¢.
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Variational Autoencoder (VAE)

=" The reparametrization trick
Z = 0€ + U, E~N(O,1) m) Z~N(ﬂ,02)

l l
Zi((f)') — “(f)(xi"/))Ei((}) + ue)(xi, P)

1 1%
L= z zz(l +log oy — Uiy — Tij) +Zz logp (Xi
o =1

High = b @), aigy = oy (xi, $)

We can perform a gradient-based optimization for w and ¢.
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Variational Autoencoder (VAE)

e €~N(,1)

Encoder Decoder

a(zlx, ) D GZW) .

reconstruction

(Negative) ELBO objective:

min—£ = ) [Bqz ey [-108 PGl w)] + KL(ailxi ) 1p(z0)]

reconstruction error regularizer
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Variational Autoencoder (VAE)

[ |

Sampling LbbbEEEOOOD000000008
quaaaizzeeoooooooooa
48222222285500000002
qa322222233838860066382 Z””IVUII)
949a222223333835866853
99433222333333555557
999993333333335555527
999999333333333555577 ~
999999%333333338¢8¢877 X p(xlz,w)
7999999885333 33888857
7999999288888 8888857
79999998886086666668557
79999998886666666657
799999998866666666¢5s
744499799956::2ff5t1
7994999993556 £/ :
7999991131166 eeeess ™ Many extensions and
799997113V VLG bbddt17 : . .
777777711 VNV VUL L0117 applications exist.

8 77777770 v vt
(a) Learned Frey Face manifold (b) Learned MNIST manifold = Connections to diffusion

Figure 4: Visualisations of learned data manifold for generative models with two-dimensional latent MO d e | S Can b e Mma d e.
space, learned with AEVB. Since the prior of the latent space is Gaussian, linearly spaced coor-
dinates on the unit square were transformed through the inverse CDF of the Gaussian to produce
values of the latent variables z. For each of these values z, we plotted the corresponding generative

pe(x|z) with the learned parameters 6. _ _ _
Figures from Kingma & Welling (2014)



Thank you!
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Overfitting and Generalization
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K. Murphy, Probabilistic Machine Learning: An Introduction (2023)

A curve fitting example:

Fit data D = {(x;, y)}Heq
using a polynomial model

flx;0) = agx® + a;x' + -+ a,x?,
where 6 = (ao, ...,ap) is the
parameter.

To obtain 8, we minimize the
following loss function:

N
1 :
min > 11 (i 0) = will>.
i=1

Generalization gap
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Using More Data

truth = degree 2, model = degree 1

—— bedt
== e
0 35 50 7 14 125 150 175 200
Size of training set
truth = degree 2, model = degree 10
| B test
| == brain
0 25 50 78 mu 25 150 175 200
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1751
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100 A
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80

254

[111]

125

truth = degree 2, modd = degree 2
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0 % s 7% 100 125 150 135 200
Size of training set
truth = degree 2, modd = degree 20
S

[} ] 30 75

Size of training set

100 123 150 175 2040
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Bayes error (the
error of the optimal
predictor due to
inherent noise in
the data)

K. Murphy, Probabilistic Machine Learning: An Introduction (2023)



Example: A Bent Coin

Let p, be the probability of heads, which is unknown.
The probability that F tosses results in a sequence s of F, heads and F, tails is

P(s|py, F) = pg“(l —p,)Fv.  (likelihood)

Assumption: a uniform prior for p,, i.e., p(p,) = 1 forp, € [0,1]
Bayes theorem:

P(slpa, F)p(Pa) . pga(l — pa)’?
P(s|F) -~ P(s|F)

p(pa|S; F) —

The normalizing constant is given by the Beta integral:

1 E\F,!

P(sIF) = | p2(1 —py)Fedp, =
61 = [ P = p)rdpa =

P(s,palF)

Example from D. MacKay (2003), Figure from C. Bishop (2023)
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Example: A Bent Coin

Posterior distributions p(p,|s, F):
Ex)s = aba,F = 3 Ex)s = bbb, F = 3

1.75 A

1.50 ~
1.25 A
™
w 1.00 ~

. F,
Cf) Frequentists’ result: —=

=
2 0.75
o

0.50

0.25 A

0.00 A

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
Pa

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
Pa

Prediction for the next toss:

1 1 Fq F
p (1 —pg)f?
P(als, F) = j P(alp)p(pals, F)dp, = f p Pa P 7

0 0 P(s|F)
(R + DR ) E,'F,!
C(E 4+ Fy+2)V (E,+F, +1)!
_ F+1
CF, 4+ Fy+2 o

Example from D. MacKay (2003), Figure from C. Bishop (2023)



Predictive Distribution for Gaussian

1 1

p(x|w)p(u|D) = exp (— 7oz (X = u)2> exp (— 707 (n— MN)2>
1 (x? 1 1 X Uy
% ——|Ss+|ls+=5 | -2|5+=

e"p( 2(02+(02+0ﬁ>” ( )“))

1 2 1 2
1[ x? 1 1 1 1\ (x puy 1 1\ [(x puy
—_— —_ —_— —_— —_ —_— —_— —_— —_ —_ —_— —_— __l__

Marginalize out u.
1 1 1 /1 1\ 1 uy (1 1\ ? Uncertainty
2
p(x|D) o exp S5l \5z 754 (0_2 + 01\2,> xe — 2 0201\2, <02 + 0'1\2,) X from?odel

ocexp(—z(a2 +0,%)> ‘ p(xlD) — N(X} UN» 0'2 + 0'1\21)
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p(x|D) = j p(xeli)p(ulD) di




Predictive Distribution for Bayesian Linear Regression
= Changing the expressions:

-1 -1
T T o* T T o*
Uyjxp =X | XX +—1 Xy=x X\ X X+—=I y

Oy \ Oy

XXT+aDX=XX"X + al)

2\ 1 2 \1
o o
Ogixp = 0%+ 0%-xT (XXT + —21) x=0%+0fx"x—cfx"X (XTX +—21) XTx

) /‘ 0o
XXT+aD)t=a U -XX"X+a)™1X) from the Woodbury matrix inversion lemma

A+UCV)T=4"1-Au(ct+vAatu)~vat

All the results are based on inner products, e.g., xlfrxj,xiTx, and x " x.
—> Extend to kernel methods!
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Selecting Priors: Empirical Bayes Method

= Bayesian inference utilizes the prior distribution to make predictions.
In many cases, however, we may not have any useful assumptions to
make for the prior distribution.

An idea: Use data D = {x;})_, to objectively set the prior.

Let the prior distribution be p(8; ), where [ is a parameter to
control the prior, often called the hyperparameter.

Marginal likelihood: p(D; 8) = [ 1)L, p(x;18) p(8; B) dO

= Empirical Bayes method:

Set the prior as p(0; Beg), where Bz = argmax p(D; ).
B
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Selecting Priors: Empirical Bayes Method

= Example: log marginal likelihood of Gaussian

1 — )2
p(x|u) = N(x; ‘u,o-z) — exp (_ (x — ) )

2102 202

N
p(D; B) = fl_[p(xilu) p(u; B) du
i=1

1 u?
p(u; B) = N(1;0,8%) = WeXp <— 2_BZ>

1 N 2 N l 1 N
# logp(D;,B)=—Nlog( Zna)—zlog<1+a—'82> ( > (;;—) _T‘z;xiz
= Empirical Bayes method:

o2 o2
— X — — if |x| = ’—
,BEB = argr:(l)axp(ﬂ;ﬁ) - BEB =4 [* N if |X| =N where x = %Zlivzl Xi.

otherwise
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KL-Divergence

= Reparametrization invariance

Under a reparametrization x — z = n(x), the probability density function

p(z) q(z)

transforms as follows:

p(x) =p(2) -

p(x) q(x)
X

KL(pp()llg(x)) = f p(x) logzgm

Q. How about the differential entropy H(X)?

x) dx = fp(z) log

103

p(z) -

dz

dx

q(z) -

dz

dx

dz = KL(p(2)llq(2))



Connections to Information Geometry
* The Fisher information matrix (FIM):

dlogp(x;0) dlogp(x;0)
00, 00,

Fij(0) = E@) ~px;6)

= Connection between KL-divergence and the FIM:

1
KL(p(x; 6 + d)lIp(x; 6)) = 5 d6TF(0)d6 + o(]1d011?)
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f-Divergence
= The f-divergence between two PDFs p(x) and q(x):

qx ( ) Ex) a-divergence
) x f(:]j) - Q(ll_a) (1 — % — Oﬁ(l — ,f[j))

D¢ (pllq) = fp(x)f(

p(x)
where f is a convex function satisfying f(1) = 0 — 05
and strictly convex at x = 1. ] oo

2.5 1 a=1.5
— a=2.0
2.0 A a=2.5

falx)

Some properties of f-divergence:

1.5 1

D¢(pllq) = 0 with equality if and only if p(x) = gq(x) for all x.

0.5 1

Asymmetric. 0.0

O.IO 0.|5 l.IO l.|5 2:0 2.|5
Reparametrization invariance. q/p

Connections to FIM:  D(p(x; 6 + d6)|lp(x; 6)) = rd )deTF(e)dH + o(ld01I?)
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      max w ⁡    log ⁡  L  ( w ) = −  1  2  𝜎 2  ∑  i = 1 N     (   y i −  w ⊤  x i ) 2 −  N 2   log ⁡   𝜎 2 −  N 2   log ⁡  ( 2 𝜋 ) .


   𝜕  𝜕 w  ∑  i = 1 N     (   y i −  w ⊤  x i ) 2 = − 2  ∑  i = 1 N   (   y i −  w ⊤  x i )  x i = 0 .


     w ^  M L =    (   ∑  i = 1 N   x i  x i ⊤ )  − 1  ∑  i = 1 N   y i  x i =    (  X  X ⊤ )  − 1 X y ∈  ℝ D


  X =  (      x 1  ⋯   x N ) ∈  ℝ  D × N


  y =    (      y 1  ⋯   y N ) ⊤ ∈  ℝ N


  p  ( w ) = N ( w ; 0 ,  𝜎 0 2 I )


   ℝ D


  y


  p  ( w | 𝒟 ) ∝  ∏  i = 1 N  p  (   y i |   x i , w ) p ( w )


  =  1      2 𝜋  𝜎 2  N D  1      2 𝜋  𝜎 0 2 D   exp ⁡   (  −  ∑  i = 1 N       (   y i −  w ⊤  x i ) 2  2  𝜎 2 −    w ⊤ w  2  𝜎 0 2 )


  −  1 2    (  w −  𝜇 w ) ⊤  Σ w  − 1 ( w −  𝜇 w )


   ℝ D


  y


  −  ∑  i = 1 N       (   y i −  w ⊤  x i ) 2  2  𝜎 2 −    w ⊤ w  2  𝜎 0 2 = −  1 2    (  w −  𝜇 w ) ⊤  Σ w  − 1  (  w −  𝜇 w ) + c o n s t .


   𝜇 w =    (  X  X ⊤ +    𝜎 2   𝜎 0 2 I )  − 1 X y


   Σ w =  𝜎 2    (  X  X ⊤ +    𝜎 2   𝜎 0 2 I )  − 1 =    𝜎 2 N    (   1 N X  X ⊤ +    𝜎 2  N  𝜎 0 2 I )  − 1


  N


   𝜎 0 2


   𝜎 2


  p  ( y |  x , w ,  𝜎 2 )


  N


   Σ w


  X =  (      x 1  ⋯   x N ) ∈  ℝ  D × N


  y =    (      y 1  ⋯   y N ) ⊤ ∈  ℝ N


  p  ( y |  x , 𝒟 ) = ∫  p  ( y |  x , w )   p  ( w | 𝒟 )   d w


  p  ( y |  x , w ) = N  (  y ;  w ⊤ x ,  𝜎 2 )


  p  ( w | 𝒟 ) = N  (  w ;  𝜇 w ,  Σ w ) .


  p  ( y |  x , w )   p  ( w | 𝒟 ) = C ⋅   exp ⁡   (  −  1  2  𝜎 2    (  y −  w ⊤ x ) 2 −  1 2    (  w −  𝜇 w ) ⊤  Σ w ( w −  𝜇 w ) )


  w


  −  1  2  𝜎  y | x , 𝒟 2    (  y −  𝜇  y | x , 𝒟 ) 2


  p  ( y |  x , 𝒟 )


  y =  w ⊤ x + 𝜖 ,     𝜖 ~ N ( 0 ,  𝜎 2 )


   𝜇  y | x , 𝒟


   𝜎  y | x , 𝒟 2


   𝜇  y | x , 𝒟 =  𝔼  w , 𝜖  [  y | x , 𝒟 ] =  𝔼  w , 𝜖  [   w ⊤ x + 𝜖 | x , 𝒟 ] =  x ⊤ 𝔼  [  w | 𝒟 ]


   𝜎  y | x , 𝒟 2 = V a  r  w , 𝜖  [ y |  x , 𝒟 ] =  𝔼  w , 𝜖  [     (   w ⊤ x + 𝜖 ) 2 | x , 𝒟 ] −  𝔼  w , 𝜖    [   w ⊤ x + 𝜖 | x , 𝒟 ] 2


  =  𝜎 2 +  x ⊤  Σ w x =  𝜎 2 +    𝜎 2 N ⋅  x ⊤    (   1 N X  X ⊤ +    𝜎 2  N  𝜎 0 2 I )  − 1 x


  =  x ⊤ 𝔼  [  w  w ⊤ | 𝒟 ] x + 𝔼  [   𝜖 2 ] −  x ⊤ 𝔼  [ w | 𝒟 ] 𝔼    [ w | 𝒟 ] ⊤ x =  𝜎 2 +  x ⊤ C o v  [  w | 𝒟 ] x


  =  x ⊤  𝜇 w =  x ⊤    (  X  X ⊤ +    𝜎 2   𝜎 0 2 I )  − 1 X y


  p  ( y |  x , 𝒟 ) = N ( y ;  𝜇  y | x , 𝒟 ,  𝜎  y | x , 𝒟 2 )


   𝜎 2


  w


  N → ∞


  p  ( y |  x , 𝒟 ) = N ( y ;  𝜇  y | x , 𝒟 ,  𝜎  y | x , 𝒟 2 )


   𝜎 2


  w


  N → ∞


   𝜇  y | x , 𝒟 =  x ⊤  𝜇 w =  x ⊤    (  X  X ⊤ +    𝜎 2   𝜎 0 2 I )  − 1 X y =  x ⊤ X    (   X ⊤ X +    𝜎 2   𝜎 0 2 I )  − 1 y


   𝜎  y | x , 𝒟 2 =  𝜎 2 +  x ⊤  Σ w x =  𝜎 2 +  𝜎 2 ⋅  x ⊤    (  X  X ⊤ +    𝜎 2   𝜎 0 2 I )  − 1 x


  =  𝜎 2 +  𝜎 0 2  x ⊤ x −  𝜎 0 2  x ⊤ X    (   X ⊤ X +    𝜎 2   𝜎 0 2 I )  − 1  X ⊤ x


   x 1


   x 2


  x ∈  ℝ 2 ↦ 𝜙  ( x ) =  (   x 1 2 ,  x 2 2 ,  2  x 1  x 2 ) ∈  ℝ 3


   𝜙 1  ( x )


   𝜙 2  ( x )


   𝜙 3  ( x )


  k  (  x , y ) = 𝜙    ( x ) ⊤ 𝜙  ( y )


  =  x 1 2  y 1 2 +  x 2 2  y 2 2 + 2  x 1  x 2  y 1  y 2


  =    (   x ⊤ y ) 2


  k  (  x , y ) =    (   x ⊤ y + 1 ) d


  𝜙  ( x ) =   exp ⁡   (  −    x 2 2 )  (     1   x 1  ⋯           x D   x 1 2 /  2  ⋯           x D 2 /  2   x 1  x 2  ⋯ ) ∈  ℝ ∞


  k  (  x , y ) =   exp ⁡   (  −      ‖  x − y ‖ 2 2 )


  d = 2


  𝜙  ( x ) =  (      x 1 2   x 2 2  1           2  x 1  x 2   2  x 1   2  x 2       ) ∈  ℝ 6


  k ( x , y )


  ⇔


  𝜙  ( x )


  k  (  x , y ) = 𝜙    ( x ) ⊤ 𝜙 ( y )


  K =  (     k  (   x 1 ,  x 1 )  ⋯  k  (   x 1 ,  x N )   ⋮  ⋱  ⋮   k  (   x N ,  x 1 )  ⋯  k  (   x N ,  x N ) ) ∈  ℝ  N × N


   x 1 , … ,  x N


  x ∈  ℝ D ↦ 𝜙  ( x ) ∈  ℝ F


  X =  (      x 1  ⋯   x N ) ∈  ℝ  D × N ↦ Φ =  (     𝜙  (   x 1 )  ⋯  𝜙  (   x N ) ) ∈  ℝ  F × N


   X ⊤ x ↦ k ≡  Φ ⊤ 𝜙  ( x ) =    (     𝜙    ( x ) ⊤ 𝜙  (   x 1 )  ⋯  𝜙    ( x ) ⊤ 𝜙  (   x N ) ) ⊤ =    (     k  (   x 1 , x )  ⋯  k  (   x N , x ) ) ⊤ ∈  ℝ  N × 1


   X ⊤ X ↦ K ≡  Φ ⊤ Φ =  (     𝜙    (   x 1 ) ⊤ 𝜙  (   x 1 )  ⋯  𝜙    (   x 1 ) ⊤ 𝜙  (   x N )   ⋮  ⋱  ⋮   𝜙    (   x N ) ⊤ 𝜙  (   x 1 )  ⋯  𝜙    (   x N ) ⊤ 𝜙  (   x N ) ) =  (     k  (   x 1 ,  x 1 )  ⋯  k  (   x 1 ,  x N )   ⋮  ⋱  ⋮   k  (   x N ,  x 1 )  ⋯  k  (   x N ,  x N ) ) ∈  ℝ  N × N


   x ⊤ X    (   X ⊤ X +    𝜎 2   𝜎 0 2 I )  − 1 y


   𝜎 2 +  𝜎 0 2  x ⊤ x −  𝜎 0 2  x ⊤ X    (   X ⊤ X +    𝜎 2   𝜎 0 2 I )  − 1  X ⊤ x


   𝜇  y | x , 𝒟 =  k ⊤    (  K +    𝜎 2   𝜎 0 2 I )  − 1 y


   𝜎  y | x , 𝒟 2 =  𝜎 2 +  𝜎 0 2 k ( x , x ) −  𝜎 0 2  k ⊤    (  K +    𝜎 2   𝜎 0 2 I )  − 1 k


  𝜙  ( x ) =    (     (   x s ) p ,    (   x s )  p − 1 , … ,  x s , 1 ) ⊤ ∈  ℝ F


   ℝ F


   ℝ F


  y


  y


   ℝ F


   ℝ F


  y


  y


  m  ( x ) = 0


   k  G P  (   x i ,  x j ) =  𝜎 2  𝛿  i j +  𝜎 0 2 k (  x i ,  x j )


   x 1


   x 2


   x 3


   x 4


   x 5


  y  (   x 1 )


  y  (   x 2 )


  y  (   x 3 )


  y  (   x 4 )


  y  (   x 5 )


  y


  x


   x  n e w


  p  (  y  (   x  n e w ) |  y  (   x 1 ) , … , y  (   x N ) ) = N (  𝜇  y | x , 𝒟 ,  𝜎  y | x , 𝒟 2 )


   𝜇  y | x , 𝒟 =  k ⊤    (  K +    𝜎 2   𝜎 0 2 I )  − 1 y


   𝜎  y | x , 𝒟 2 =  𝜎 2 +  𝜎 0 2 k ( x , x ) −  𝜎 0 2  k ⊤    (  K +    𝜎 2   𝜎 0 2 I )  − 1 k


  y  (   x  n e w )


    log ⁡  f  ( 𝜃 )


  q  ( 𝜃 )


  f  ( 𝜃 ) =  ∏  i = 1 N  p  (   x i | 𝜃 )   p ( 𝜃 )


  p ( 𝒟 ) = ∫  f  ( 𝜃 ) d 𝜃


  p  ( 𝜃 | 𝒟 ) = f  ( 𝜃 ) / p ( 𝒟 )


  p ( 𝒟 )


  p  ( 𝜃 | 𝒟 )


    log ⁡  f ( 𝜃 )


     𝜃 ^  M A P =     argmax 𝜃 ⁡  f ( 𝜃 ) :


    log ⁡   f ^ ( 𝜃 ) =   log ⁡  f  (     𝜃 ^  M A P ) −  1 2    (  𝜃 −    𝜃 ^  M A P ) ⊤ A  (  𝜃 −    𝜃 ^  M A P )


   f ^  ( 𝜃 ) = f  (     𝜃 ^  M A P )   exp ⁡   (  −  1 2    (  𝜃 −    𝜃 ^  M A P ) ⊤ A  (  𝜃 −    𝜃 ^  M A P ) )


  ∫   f ^  ( 𝜃 )   d 𝜃 = f  (     𝜃 ^  M A P ) ⋅        (  2 𝜋 ) p   | A |


  𝜃


  𝜃


  −   log ⁡  p ( 𝜃 | 𝒟 )  


  p ( 𝜃 | 𝒟 )


  q ( 𝜃 )


  −   log ⁡  q ( 𝜃 )  


  q  ( 𝜃 ) =    f ^  ( 𝜃 )  ∫   f ^  ( 𝜃 )   d 𝜃 = N  (     𝜃 ^  M A P ,  A  − 1 )


  A = −        𝜕 2  𝜕  𝜃 2   log ⁡  f  ( 𝜃 ) |  𝜃 =    𝜃 ^  M A P ∈  ℝ  p × p


     𝜃 ^  M A P


       𝜕  𝜕 𝜃   log ⁡  f  ( 𝜃 ) |  𝜃 =    𝜃 ^  M A P = 0


  q  ( 𝜃 ) = N  (     𝜃 ^  M A P ,  A  − 1 )


  A = −        𝜕 2  𝜕  𝜃 2   log ⁡  f  ( 𝜃 ) |  𝜃 =    𝜃 ^  M A P ∈  ℝ  p × p


    log ⁡  f ( 𝜃 )


  p ( 𝜃 | 𝒟 )


  N


  p ( 𝜃 | 𝒟 )


  𝒟 =    {   x i }  i = 1 N


    p  ( 𝒟 |   ℳ 1 )  p  ( 𝒟 |   ℳ 2 )


  p ( 𝒟 | ℳ ) = ∫   ∏  i = 1 N  p  (   x i |  𝜃 , ℳ )   p ( 𝜃 | ℳ )   d 𝜃


    log ⁡  p  (  𝒟 | ℳ ) ≈  ∑  i = 1 N    log ⁡  p  (   x i |     𝜃 ^  M A P , ℳ ) +   log ⁡  p (    𝜃 ^  M A P | ℳ ) +  p 2   log ⁡  2 𝜋 −  1 2   log ⁡   | A |


  p  ( 𝒟 | ℳ ) = ∫  f  ( 𝜃 ) d 𝜃 ≈ ∫   f ^  ( 𝜃 )   d 𝜃 = f  (     𝜃 ^  M A P ) ⋅        (  2 𝜋 ) p   | A |


  f  ( 𝜃 ) =  ∏  i = 1 N  p  (   x i |  𝜃 , ℳ )   p ( 𝜃 | ℳ )


  N ≫ 1 ,


  A = −        𝜕 2  𝜕  𝜃 2  (   ∑  i = 1 N    log ⁡  p  (   x i | 𝜃 , ℳ ) +   log ⁡  p  ( 𝜃 | ℳ ) ) |  𝜃 =    𝜃 ^  M A P ≈ N ⋅ H ,


   | A | ≈  N p  | H | ,               log ⁡   | A | ≈ p   log ⁡ N +   log ⁡   | H |


  − log   p  (  𝒟 | ℳ ) ≈ −  ∑  i = 1 N  log   p  (   x i |     𝜃 ^  M A P ) +  p 2 log   N


  H = −        𝜕 2  𝜕  𝜃 2  𝔼  p  ( x )  [    log ⁡  p  (  x | 𝜃 , ℳ ) ] |  𝜃 =    𝜃 ^  M A P


  x


  h  ( x ) = −   log ⁡  P  ( x )


  P


  P = 1


  x


  y


  x ∈  {  p a s s ,   f a i l }


  P  (  p a s s ) = 1


  x = p a s s


  P  (  p a s s ) = 0 .


  x = p a s s


  p  (  x , y ) = p  ( x ) p ( y )


  h  (  x , y ) = h  ( x ) + h ( y )


  H  ( X ) = −  ∑ x  P  ( x )   log ⁡  P ( x )


  X


  P  ( x )   log ⁡  P ( x ) = 0


  P  ( x ) = 0


  X


  H  ( X ) = − ∫  p  ( x )   log ⁡  p ( x )   d x


  p = 0 . 5


  X


   x 1 , … ,  x M


  H ( X ) ≥ 0


  X


  P (  x i ) = 1


  i


  H ( X ) ≤   log ⁡ M


  P  (   x 1 ) = … = P (  x M ) = 1 / M


  H  (  X , Y ) = H  ( X ) + H ( Y )


  P  (  x , y ) = P  ( x ) P ( y )


  H  (  X , Y ) = −  ∑  x , y  P  (  x , y )   log ⁡  P ( x , y )


  −   log 2 P  ( x ) =


  x


  P


  H  ( X ) = −  ∑ x  P  ( x )     log 2 ⁡  P ( x )


  x


  P  ( x )


  −   log 2 P  ( x )


  H  ( X )


  H  ( X )


  x ∼ P


  Q


  H  (  P , Q ) = −  ∑ x  P  ( x )   log   Q  ( x )


  Q


  P


  Q = P


  P


  p ( x )


  q ( x )


  K L  (  p  ‖ q ) = − ∫  p  ( x )   log ⁡  q  ( x )   d x + ∫  p  ( x )   log ⁡  p  ( x )   d x = ∫  p  ( x )   log ⁡    p  ( x )  q  ( x )   d x


  p


  q


  p


  = H  (  p , q ) − H  ( p )


  𝔼  [  f  ( x ) ] ≥ f  (  𝔼  [ x ] )


  f


  K L  (  p  ‖ q ) = ∫  p  ( x )   log ⁡    p  ( x )  q  ( x )   d x


  K L ( p |  | q ) ≥ 0


  p  ( x ) = q ( x )


  x


   q ∗ =     argmin q ⁡  K L ( p  ‖ q ) =     argmin q ⁡  − ∫  p  ( x )   log ⁡  q ( x )   d x + ∫  p  ( x )   log ⁡  p ( x )   d x


  p


     {   x i }  i = 1 N


   p 𝒟  ( x ) =  1 N  ∑  i = 1 N   𝛿   x i ( x )


  K L  (   p 𝒟  ‖ q ) = − ∫   p 𝒟  ( x )   log ⁡  q  ( x )   d x + C = − ∫   (   1 N  ∑  i = 1 N   𝛿   x i  ( x ) )   log ⁡  q  ( x )   d x + C


   𝛿   x i  ( x ) = 1


  x =  x i


  K L  (   p 𝒟  ‖ q )


  = −  1 N  ∑  i = 1 N    log ⁡  q  (   x i ) + C


      min q ⁡  K L ( p | | q ) = ∫  p  ( x )   log ⁡    p  ( x )  q  ( x )   d x


      min q ⁡  K L ( q | | p ) = ∫  q  ( x )   log ⁡    q  ( x )  p  ( x )   d x


  q  ( x )


  p  ( x ) > 0


  p  ( x )


  q  ( x ) > 0


  p


  q


  I  (  X ; Y ) = K L  (  p  (  x , y )  ‖  p  ( x ) p  ( y ) ) = ∬  p  (  x , y )   log ⁡    p  (  x , y )  p  ( x ) p  ( y )   d x   d y


  = H  ( Y ) − H ( Y | X )


  H  ( X | Y ) = − ∫  ∫  p  (  x , y )   log ⁡  p ( x | y ) d x d y


  = H  ( X ) − H ( X | Y )


  H  (  X , Y ) = H  ( Y ) + H ( X | Y )


  I  (  X ; Y ) ≥ 0


  X


  Y


  p  (  x , y ) = p  ( x ) p ( y )


  p  ( 𝜃 | 𝒟 ) =   p  ( 𝒟 | 𝜃 )   p ( 𝜃 )  p ( 𝒟 )


  p ( 𝒟 ) = ∫ p  ( 𝒟 | 𝜃 )   p ( 𝜃 )   d 𝜃


  p  ( x | 𝒟 ) = ∫  p  ( x | 𝜃 ) p  ( 𝜃 | 𝒟 )   d 𝜃


      min  q  ( 𝜃 ) ∈ 𝒫 ⁡   𝔼  q  ( 𝜃 )  [  − log   p  ( 𝒟 | 𝜃 ) ]   + K L ( q  ( 𝜃 ) | | p  ( 𝜃 ) )


  𝒫


   q ∗  ( 𝜃 ) = p  ( 𝜃 | 𝒟 ) ∈ 𝒫


   𝔼  q  ( 𝜃 )  [  − log   p  ( 𝒟 | 𝜃 ) ]   + K L ( q  ( 𝜃 ) | | p  ( 𝜃 ) )


  q  ( 𝜃 )


  =  𝔼  q  ( 𝜃 )  [  − log   p  ( 𝒟 | 𝜃 ) p  ( 𝜃 ) ] − H  ( q )


  =  𝔼  q  ( 𝜃 )  [  − log   p ( 𝒟 ) p  ( 𝜃 | 𝒟 ) ] − H  ( q )


  = − log   p ( 𝒟 ) + KL ( q  ( 𝜃 ) | | p  ( 𝜃 | 𝒟 ) )


  q  ( 𝜃 ) = p  ( 𝜃 | 𝒟 )


   q ∗  ( 𝜃 ) = p  ( 𝜃 | 𝒟 ) ∈ 𝒫


  q ∈ 𝒬


  𝒬


      min  q  ( 𝜃 ) ∈ 𝒬 ⁡   𝔼  q  ( 𝜃 )  [  − log   p  ( 𝒟 | 𝜃 ) ]   + K L ( q  ( 𝜃 ) | | p  ( 𝜃 ) )


   q ∗  ( 𝜃 ) ∈ 𝒬


  p  ( 𝜃 | 𝒟 )


  p  ( 𝜃 | 𝒟 )


  p ( 𝒟 )


  p  ( 𝒟 | 𝜃 ) , p  ( 𝜃 ) , q  ( 𝜃 )


  𝒬


  q  ( 𝜃 ) =  ∏  i = 1 M   q i  (   𝜃 i )


  q  ( 𝜃 )


  log   p ( 𝒟 ) =  𝔼  q  ( 𝜃 )  [  log   p  ( 𝒟 | 𝜃 ) ] − K L ( q  ( 𝜃 ) | | p  ( 𝜃 ) ) + K L ( q  ( 𝜃 ) | | p  ( 𝜃 | 𝒟 ) )


  ≥  𝔼  q  ( 𝜃 )  [  log   p  ( 𝒟 | 𝜃 ) ] − K L ( q  ( 𝜃 ) | | p  ( 𝜃 ) )


  log   p ( 𝒟 )


  q


  KL ( q  ( 𝜃 ) | | p  ( 𝜃 | 𝒟 ) )


  q


  q


  q ∈ 𝒬


  z


  x


  x


  z


  p  ( x |  z , w ) = N  (  g  (  z , w ) ,  𝜎 2 I )


  p  ( z ) = N  (  0 , I )


  p  ( x | w ) = ∫  p  ( x |  z , w ) p  ( z ) d z .


  N


  𝒟 =   {  x i }  i = 1 N


    {  z i }  i = 1 N


    log ⁡  p  ( 𝒟 | w ) =  ∑  i = 1 N   ℒ i +  ∑  i = 1 N  K L (  q i  (   z i ) | | p  (   z i |   x i , w ) )


   ℒ i = ∫   q i  (   z i ) log   p  (   x i |   z i , w ) d  z i − K L (  q i  (   z i ) | | p  (   z i ) )


   q i  (   z i )


   q i  (   z i )


  q  ( z |  x , 𝜙 )


  p  (   z i |   x i , w )


  q  ( z |  x , 𝜙 )


  q  ( z |  x , 𝜙 ) =  ∏  j = 1 M  N  (   z   ( j ) |   𝜇   ( j )  (  x , 𝜙 ) ,  𝜎   ( j ) 2  (  x , 𝜙 ) ) ,


  z =  (   z   ( 1 ) , … ,  z   ( M ) ) .


  w


  𝜙


   ℒ i = ∫  q  (   z i |  x i , 𝜙 ) log   p  (   x i |   z i , w ) d  z i − K L ( q  (   z i |  x i , 𝜙 ) | | p  (   z i ) )


   1 2  ∑  j = 1 M  1 +   log ⁡   𝜎   ( j ) 2  (   x i ) −  𝜇   ( j ) 2  (   x i ) −  𝜎   ( j ) 2  (   x i )  


   1 L  ∑  l = 1 L    log ⁡  p  (   x i |   z i   ( l ) , w ) ,      z i   ( l ) ∼ q  (   z i |  x i , 𝜙 )


   z i   ( l )


  𝜙


   z i   ( l )


   z i   ( l )  


  𝜙


  z = 𝜎 𝜖 + 𝜇 ,     𝜖 ∼ N  (  0 , 1 )


  z ∼ N  (  𝜇 ,  𝜎 2 )


  ℒ ≃  ∑ i   [   1 2  ∑  j = 1 M  ( 1 +   log ⁡   𝜎  i  ( j ) 2 −  𝜇  i  ( j ) 2 −  𝜎  i  ( j ) 2 )   +  1 L  ∑  l = 1 L    log ⁡  p  (   x i |   z i   ( l ) , w ) ]


   z  i  ( j )   ( l ) =  𝜎   ( j )  (   x i , 𝜙 )  𝜖  i  ( j )   ( l ) +    𝜇   ( j )  (   x i , 𝜙 )


   𝜇  i  ( j ) =  𝜇   ( j )  (   x i , 𝜙 ) ,      𝜎  i  ( j )   =  𝜎   ( j )  (   x i , 𝜙 )


  w


  𝜙


  x


  q  ( z |  x , 𝜙 )


  𝝁


  𝝈


  𝜖


  𝜖 ∼ N  (  0 , 1 )


  z


  z = 𝜎 ⊙ 𝜖 + 𝜇


  p  ( x |  z , w )


   x ^


      min  w , 𝜙 ⁡  − ℒ =  ∑ i   [   𝔼  q  (   z i |  x i , 𝜙 ) [ − log   p  (   x i |   z i , w ) ] + K L ( q  (   z i |  x i , 𝜙 ) | | p  (   z i ) ) ]


  z ∼ N  (  0 , I )


  x   ∼ p  ( x |  z , w )


  𝒟 =    {   (   x i ,  y i ) }  i = 1 N


      min 𝜃 ⁡   1 2  ∑  i = 1 N     ‖  f  (   x i ; 𝜃 ) −  y i ‖ 2 .


  𝜃


  f  (  x ; 𝜃 ) =  a 0  x 0 +  a 1  x 1 + ⋯ +  a p  x p ,  


  𝜃 =  (   a 0 , … ,  a p )


   p a


  F


  s


   F a


   F b


  P  ( s |   p a , F ) =  p a   F a    (  1 −  p a )   F b


   p a


  p (  p a ) = 1


   p a ∈ [ 0 , 1 ]


  p  (   p a |  s , F ) =   P  ( s |   p a , F ) p (  p a )  P ( s | F ) =    p a   F a    (  1 −  p a )   F b  P ( s | F )


  P  ( s | F ) =  ∫ 0 1   p a   F a    (  1 −  p a )   F b d  p a =    F a !  F b !   (   F a +  F b + 1 ) !


  P ( s ,  p a | F )


  P  ( a |  s , F ) =  ∫ 0 1  P  ( a |   p a ) p  (   p a |  s , F ) d  p a =  ∫ 0 1   p a    p a   F a    (  1 −  p a )   F b  P ( s | F ) d  p a


  s = a b a ,   F = 3


  s = b b b ,   F = 3


  p (  p a | s , F )


  =   (  F a + 1 ) !  F b !   (   F a +  F b + 2 ) ! /    F a !  F b !   (   F a +  F b + 1 ) !


  =    F a + 1   F a +  F b + 2


     F a   F a +  F b


  p  ( x | 𝒟 ) = ∫  p  ( x | 𝜇 ) p  ( 𝜇 | 𝒟 )   d 𝜇


  p  ( x | 𝜇 ) p  ( 𝜇 | 𝒟 ) ∝   exp ⁡   (  −  1  2  𝜎 2    (  x − 𝜇 ) 2 )   exp ⁡   (  −  1  2  𝜎 N 2    (  𝜇 −  𝜇 N ) 2 )


  ∝   exp ⁡   (  −  1 2  (     x 2   𝜎 2 +  (   1   𝜎 2 +  1   𝜎 N 2 )  𝜇 2 − 2  (   x   𝜎 2 +    𝜇 N   𝜎 N 2 ) 𝜇 ) )


  ∝   exp ⁡   (  −      (  x −  𝜇 N ) 2  2 (  𝜎 2 +  𝜎 N 2 ) )


  ∝   exp ⁡   (  −  1 2  (     x 2   𝜎 2 +  (   1   𝜎 2 +  1   𝜎 N 2 )    (  𝜇 −    (   1   𝜎 2 +  1   𝜎 N 2 )  − 1  (   x   𝜎 2 +    𝜇 N   𝜎 N 2 ) ) 2 −    (   1   𝜎 2 +  1   𝜎 N 2 )  − 1    (   x   𝜎 2 +    𝜇 N   𝜎 N 2 ) 2 ) )


  p  ( x | 𝒟 ) ∝   exp ⁡   (  −  1 2  (   (   1   𝜎 2 −  1   𝜎 4    (   1   𝜎 2 +  1   𝜎 N 2 )  − 1 )  x 2 − 2    𝜇 N   𝜎 2  𝜎 N 2    (   1   𝜎 2 +  1   𝜎 N 2 )  − 1 x ) )


  𝜇


  p  ( x | 𝒟 ) = N ( x ;  𝜇 N ,    𝜎 2 +  𝜎 N 2 )


   𝜇  y | x , 𝒟 =  x ⊤    (  X  X ⊤ +    𝜎 2   𝜎 0 2 I )  − 1 X y =  x ⊤ X    (   X ⊤ X +    𝜎 2   𝜎 0 2 I )  − 1 y


   𝜎  y | x , 𝒟 2 =  𝜎 2 +  𝜎 2 ⋅  x ⊤    (  X  X ⊤ +    𝜎 2   𝜎 0 2 I )  − 1 x =  𝜎 2 +  𝜎 0 2  x ⊤ x −  𝜎 0 2  x ⊤ X    (   X ⊤ X +    𝜎 2   𝜎 0 2 I )  − 1  X ⊤ x


   (  X  X ⊤ + 𝛼 I ) X = X  (   X ⊤ X + 𝛼 I )


     (  X  X ⊤ + 𝛼 I )  − 1 =  𝛼  − 1 ( I − X    (   X ⊤ X + 𝛼 I )  − 1 X )


   x i ⊤  x j ,    x i ⊤ x ,


   x ⊤ x


     (  A + U C V )  − 1 =  A  − 1 −  A  − 1 U    (   C  − 1 + V  A  − 1 U )  − 1 V  A  − 1


  p ( 𝜃 ; 𝛽 )


  𝛽


  p ( 𝜃 ;  𝛽  E B )


   𝛽  E B =     argmax 𝛽 ⁡  p  (  𝒟 ; 𝛽 )


  p ( 𝒟 ; 𝛽 ) = ∫   ∏  i = 1 N  p  (   x i | 𝜃 )   p ( 𝜃 ; 𝛽 )   d 𝜃


  𝒟 =    {   x i }  i = 1 N


  p  ( x | 𝜇 ) = N  (  x ; 𝜇 ,  𝜎 2 ) =  1    2 𝜋  𝜎 2   exp ⁡   (  −      (  x − 𝜇 ) 2  2  𝜎 2 )


  p ( 𝜇 ; 𝛽 ) = N  (  𝜇 ; 0 ,  𝛽 2 ) =  1    2 𝜋  𝛽 2   exp ⁡   (  −    𝜇 2  2  𝛽 2 )


  p  (  𝒟 ; 𝛽 ) = ∫   ∏  i = 1 N  p  (   x i | 𝜇 )   p ( 𝜇 ; 𝛽 )   d 𝜇


    log ⁡  p ( 𝒟 ; 𝛽 ) = − N   log ⁡   (    2 𝜋 𝜎 ) −  1 2   log ⁡   (  1 +   N  𝛽 2   𝜎 2 ) +  1 2    (   1   𝛽 2 +  N   𝜎 2 )  − 1    (   ∑  i = 1 N     x i   𝜎 2 ) 2 −  1  2  𝜎 2  ∑  i = 1 N   x i 2  


   𝛽  E B =     argmax  𝛽 ≥ 0 ⁡  p  (  𝒟 ; 𝛽 )


   𝛽  E B =  {         x - −    𝜎 2 N    0


   |   x - | ≥      𝜎 2 N


   x - =  1 N  ∑  i = 1 N   x i


  x ↦ z = 𝜂  ( x ) ,


  p  ( x ) = p  ( z ) ⋅  |    d z  d x | .


  K L  (  p  ( x )  ‖  q  ( x ) ) = ∫  p  ( x )   log ⁡    p  ( x )  q  ( x )   d x = ∫  p  ( z )   log ⁡    p  ( z ) ⋅  |    d z  d x |  q  ( z ) ⋅  |    d z  d x |   d z = K L ( p  ( z )  ‖  q  ( z ) )


  H ( X )


  x


  z


  p ( x )


  p ( z )


  𝜂


  q ( x )


  q ( z )


   F  i j  ( 𝜃 ) =  𝔼   ( x )   ~ p ( x ; 𝜃 )  [    𝜕   log ⁡  p  (  x ; 𝜃 )  𝜕  𝜃 i   𝜕   log ⁡  p  (  x ; 𝜃 )  𝜕  𝜃 j ]


  K L  (  p  (  x ; 𝜃 + d 𝜃 )  ‖  p  (  x ; 𝜃 ) ) =  1 2 d  𝜃 ⊤ F  ( 𝜃 ) d 𝜃 + o  (     ‖  d 𝜃 ‖ 2 )


  𝒇


  f


  p ( x )


  q ( x )


   D f  (  p  ‖ q ) = ∫  p  ( x ) f  (    q ( x )  p ( x ) )   d x


  f


  f  ( 1 ) = 0


  x = 1


   D f ( p |  | q ) ≥ 0


  p  ( x ) = q ( x )


  x


  f


  𝛼


  q / p


   D f  (  p  (  x ; 𝜃 + d 𝜃 )  ‖  p  (  x ; 𝜃 ) ) =    f  ′ ′ ( 1 ) 2 d  𝜃 ⊤ F  ( 𝜃 ) d 𝜃 + o  (     ‖  d 𝜃 ‖ 2 )

