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Learning from Data
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Slide credit: Prof. Yung-Kyun Noh



Learning from Data

▪Data
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(Regularity)

▪Prediction

▪Learning

▪Learn prediction function 𝑓 𝑥; 𝜃 ∈ ℋ

from data (     : Hypothesis set/Candidate set)

Slide credit: Prof. Yung-Kyun Noh



Assumptions for Learning (1/2)

▪Trained data and data for prediction are randomly chosen 
from the same population.   (= randomly generated from the 
same underlying density function. Regularity exists.).

5 Slide credit: Prof. Yung-Kyun Noh



Assumptions for Learning (2/2)

▪Consider a set of candidate functions

6 Slide credit: Prof. Yung-Kyun Noh

In general,          is infinite.

can be a prediction function.

can be for probability density.



Assumptions for Learning (2/2)

▪Confine the hypothesis space ℋ. 

7 Slide credit: Prof. Yung-Kyun Noh

Optimal solution (    ) and 
the selected solutions of 
different realizations.

Estimation with a large number of data



Assumptions for Learning (2/2)

▪Confine the hypothesis space ℋ. 

8 Slide credit: Prof. Yung-Kyun Noh

Optimal solution (    ) and 
the selected solutions of 
different realizations.

Estimation with a small number of data



Frequentist Methods (Optimization)
▪ For given model

9 Slide credit: Prof. Yung-Kyun Noh

Find s.t. ℋ



Bayesian Methods (Integration)
▪ For given model

10 Slide credit: Prof. Yung-Kyun Noh

ℋ

𝑝(𝜃|𝒟)

Weight for each model



Introduction to Bayesian Inference
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Bayesian Framework
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𝜃: parameters
𝒟: data

𝑝 𝜃 𝒟 =
𝑝 𝒟 𝜃 𝑝(𝜃)

𝑝(𝒟)

𝑝𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟 =
𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 × 𝑝𝑟𝑖𝑜𝑟

𝑒𝑣𝑖𝑑𝑒𝑛𝑐𝑒



Probabilistic Modeling of Data
▪ The likelihood function
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▪Maximum likelihood estimation (MLE):

𝑝 𝒟 𝜃 ∈ ℋ (The likelihood of parameter 𝜃 
given data 𝒟.)

𝜃∗ = argmax
𝜃

𝑝 𝒟 𝜃)

Many loss functions we minimize can be interpreted as 
𝐿 𝜃 = − log 𝑝(𝒟|𝜃) + some regularizer.

Figures from C. Bishop (2023)

Ex) likelihood function for the 
Gaussian distribution



Bayesian Model
▪ Prior: Introduce an assumption (prior distribution 𝑝 𝜃 ) for 

parameter 𝜃.
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Q. What does it mean by the probability of 𝜃?

A. The degree of belief for the hypothesis corresponding to 𝜃.

𝜃

𝑝(𝜃)



Bayesian Model
▪ Bayes theorem:
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𝑝 𝜃 𝒟,ℋ =
𝑝 𝒟 𝜃,ℋ 𝑝 𝜃 ℋ)

𝑝(𝒟|ℋ)
𝜃: unknown parameters

𝒟 = 𝑥𝑖 , 𝑦𝑖 𝑖=1
𝑁 : data

ℋ: the hypothesis 
space (often omitted)

Prior 𝑝 𝜃 ℋ): our degree of belief for 𝜃 before observing the data.
Posterior 𝑝 𝜃 𝒟,ℋ : our degree of belief for 𝜃 after observing the data.
Evidence 𝑝(𝒟|ℋ) (a.k.a. marginal likelihood): measures how well a model 
set describes the data.

𝑝(𝒟|ℋ) = ∫ 𝑝 𝒟 𝜃,ℋ 𝑝 𝜃 ℋ)𝑑𝜃



▪Weigh the predictions from each model according to the posterior.

Making Predictions
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𝑝 𝑦 𝑥, 𝒟 = න𝑝 𝑦 𝑥, 𝜃 𝑝 𝜃 𝒟 𝑑𝜃

Θ

A form of Bayesian model averaging: Space of 𝑝(𝑦|𝑥) 𝑝(𝑦|𝑥, 𝜃)

True 𝑝(𝑦|𝑥)

𝑝(𝑦|𝑥, 𝜃∗)

Averaged model 𝑝 𝑦 𝑥, 𝒟

𝑝(𝜃|𝒟)



Bayesian Logistic Regression Example
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Bayesian Logistic Regression Example
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True 𝑃 𝑦 = 1|𝑥

Slide credit: Prof. Yung-Kyun Noh



Bayesian Logistic Regression Example
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Bayesian Logistic Regression Example
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Benefits of Bayesian Inference
▪Once assumptions (the choice of prior) are made, the inferences are 

objective and unique, reproducible with complete agreement.
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▪When the assumptions are explicit, they are easier to criticize, easier 
to modify.

D. MacKay, Information theory, inference, and learning algorithms (2003)

▪When it is not sure which assumption is the most appropriate, we can 
treat it as another inference task.

𝑝 ℋ 𝒟, 𝐼 =
𝑝 𝒟 ℋ, 𝐼 𝑝 ℋ 𝐼)

𝑝(𝒟|𝐼)
𝐼: the highest assumption, which 
we are not questioning.

▪We can take into account our uncertainty regarding such assumptions 
when we make subsequent predictions.

𝑝 𝑦 𝒟, 𝐼 =෍

ℋ

𝑝 𝑦 𝒟,ℋ, 𝐼 𝑝(ℋ|𝒟, 𝐼)



Gaussian Distribution 
and Parameter Estimation

22



Multivariate Gaussian Distribution
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𝑝 𝑥; 𝜇, Σ =
1

2𝜋
𝐷
Σ 1/2

exp −
1

2
𝑥 − 𝜇 ⊤Σ−1(𝑥 − 𝜇)

𝑥 = 𝑥1, 𝑥2, … , 𝑥𝐷 ∈ ℝ𝐷

𝜇 ∈ ℝ𝐷

Σ ∈ ℝ𝐷×𝐷: symmetric, positive-definite.

ℝ𝐷

𝐶𝑜𝑣 𝑥𝑖 , 𝑥𝑗 = 𝔼 𝑥𝑖𝑥𝑗 − 𝔼 𝑥𝑖 𝔼[𝑥𝑗] = Σ𝑖𝑗

Figure from https://brilliant.org/wiki/multivariate-normal-distribution/

Two-dimensional case:

𝔼 𝑥𝑗 = 𝜇𝑗



Multivariate Gaussian Distribution
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𝑝 𝑥; 𝜇, Σ =
1

2𝜋
𝐷
Σ 1/2

exp −
1

2
𝑥 − 𝜇 ⊤Σ−1(𝑥 − 𝜇)

Figure from C. Bishop (2006)

Σ𝑢𝑖 = 𝜆𝑖𝑢𝑖

Red ellipse: The contour of 

𝑝 𝑥; 𝜇, Σ = 𝑝 𝜇; 𝜇, Σ ⋅ exp −
1

2

The eigendecomposition of Σ :
Principal axes 
are parallel to 
eigenvectors.



Marginal and Conditional Gaussian
▪ For a Gaussian random variable 𝑥 = 𝑥𝑎, 𝑥𝑏 ∈ ℝ𝐷, 𝑥𝑎 ∈ ℝ

𝐷𝑎 , 𝑥𝑏 ∈
ℝ𝐷𝑏, the marginal and conditional distributions are also Gaussian.

25
Figures from C. Bishop (2006)

𝑝 𝑥𝑎 = න𝑝 𝑥𝑎 , 𝑥𝑏 𝑑𝑥𝑏

𝑝 𝑥𝑎 𝑥𝑏 =
𝑝(𝑥𝑎, 𝑥𝑏)

𝑝(𝑥𝑏)



A useful fact (for deriving the above results) which can be obtained 
from Schur’s complement: 

−
1

2
𝑥 − 𝜇 ⊤Σ−1 𝑥 − 𝜇

= −
1

2
𝑥𝑏 − 𝜇𝑏

⊤Σ𝑏𝑏
−1 𝑥𝑏 − 𝜇𝑏 −

1

2
𝑥𝑎 − 𝜇𝑎|𝑏

⊤
Σ𝑎|𝑏
−1 (𝑥𝑎 − 𝜇𝑎|𝑏)

Marginal and Conditional Gaussian
▪ For a Gaussian random variable 𝑥 = 𝑥𝑎, 𝑥𝑏 ∈ ℝ𝐷, 𝑥𝑎 ∈ ℝ

𝐷𝑎 , 𝑥𝑏 ∈
ℝ𝐷𝑏, the marginal and conditional distributions are also Gaussian.
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𝜇 =
𝜇𝑎
𝜇𝑏

∈ ℝ𝐷 Σ =
Σ𝑎𝑎
Σ𝑏𝑎

Σ𝑎𝑏
Σ𝑏𝑏

∈ ℝ𝐷×𝐷

Σ𝑎 = Σ𝑎𝑎

𝜇𝑎|𝑏 = 𝜇𝑎 + Σ𝑎𝑏Σ𝑏𝑏
−1(𝑥𝑏 − 𝜇𝑏)

Σ𝑎|𝑏 = Σ𝑎𝑎 − Σ𝑎𝑏Σ𝑏𝑏
−1Σ𝑏𝑎

𝑝 𝑥𝑎, 𝑥𝑏 = 𝑁(𝜇, Σ)

∝ exp −
1

2
𝑥 − 𝜇 ⊤Σ−1(𝑥 − 𝜇)



Marginal and Conditional Gaussian

▪ Let Σ−1 =
Λ𝑎𝑎 Λ𝑎𝑏
Λ𝑏𝑎 Λ𝑏𝑏

.
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= −
1

2
𝑥𝑎 − 𝜇𝑎 + Λ𝑎𝑎

−1Λ𝑎𝑏 𝑥𝑏 − 𝜇𝑏
⊤
Λ𝑎𝑎 𝑥𝑎 − 𝜇𝑎 + Λ𝑎𝑎

−1Λ𝑎𝑏 𝑥𝑏 − 𝜇𝑏 +
1

2
𝑥𝑏 − 𝜇𝑏

⊤Λ𝑏𝑎Λ𝑎𝑎
−1Λ𝑎𝑏(𝑥𝑏 − 𝜇𝑏)

−
1

2
𝑥𝑏 − 𝜇𝑏

⊤Λ𝑏𝑏(𝑥𝑏 − 𝜇𝑏)

−
1

2
𝑥 − 𝜇 ⊤Σ−1 𝑥 − 𝜇 = −

1

2

𝑥𝑎 − 𝜇𝑎
𝑥𝑏 − 𝜇𝑏

⊤ Λ𝑎𝑎 Λ𝑎𝑏
Λ𝑏𝑎 Λ𝑏𝑏

𝑥𝑎 − 𝜇𝑎
𝑥𝑏 − 𝜇𝑏

= −
1

2
𝑥𝑎 − 𝜇𝑎

⊤Λ𝑎𝑎(𝑥𝑎 − 𝜇𝑎) −
1

2
𝑥𝑎 − 𝜇𝑎

⊤Λ𝑎𝑏(𝑥𝑏 − 𝜇𝑏) −
1

2
𝑥𝑏 − 𝜇𝑏

⊤Λ𝑏𝑎(𝑥𝑎 − 𝜇𝑎)

−
1

2
𝑥𝑏 − 𝜇𝑏

⊤Λ𝑏𝑏(𝑥𝑏 − 𝜇𝑏)

= −
1

2
𝑥𝑎 − 𝜇𝑎|𝑏

⊤
Σ𝑎|𝑏
−1 (𝑥𝑎 − 𝜇𝑎|𝑏) −

1

2
𝑥𝑏 − 𝜇𝑏

⊤Σ𝑏𝑏
−1 𝑥𝑏 − 𝜇𝑏

From Schur’s complement,

𝜇𝑎|𝑏 = 𝜇𝑎 + Σ𝑎𝑏Σ𝑏𝑏
−1(𝑥𝑏 − 𝜇𝑏)

Σ𝑎|𝑏 = Λ𝑎𝑎
−1 = Σ𝑎𝑎 − Σ𝑎𝑏Σ𝑏𝑏

−1Σ𝑏𝑎

Σ𝑏𝑏 = Λ𝑏𝑏 − Λ𝑏𝑎Λ𝑎𝑎
−1Λ𝑎𝑏

−1



Marginal and Conditional Gaussian
▪ For a Gaussian random variable 𝑥 = 𝑥𝑎, 𝑥𝑏 ∈ ℝ𝐷, 𝑥𝑎 ∈ ℝ

𝐷𝑎 , 𝑥𝑏 ∈
ℝ𝐷𝑏, the marginal and conditional distributions are also Gaussian.

28

𝑝 𝑥𝑏 = න𝑝 𝑥𝑎, 𝑥𝑏 𝑑𝑥𝑎 = 𝑁 𝑥𝑏; 𝜇𝑏, Σ𝑏 Σ𝑏 = Σ𝑏𝑏

𝜇𝑎|𝑏 = 𝜇𝑎 + Σ𝑎𝑏Σ𝑏𝑏
−1(𝑥𝑏 − 𝜇𝑏)

Σ𝑎|𝑏 = Σ𝑎𝑎 − Σ𝑎𝑏Σ𝑏𝑏
−1Σ𝑏𝑎

−
1

2
𝑥 − 𝜇 ⊤Σ−1 𝑥 − 𝜇 = −

1

2
𝑥𝑏 − 𝜇𝑏

⊤Σ𝑏𝑏
−1 𝑥𝑏 − 𝜇𝑏 −

1

2
𝑥𝑎 − 𝜇𝑎|𝑏

⊤
Σ𝑎|𝑏
−1 (𝑥𝑎 − 𝜇𝑎|𝑏)

𝑝 𝑥𝑎 𝑥𝑏 =
𝑝(𝑥𝑎 , 𝑥𝑏)

𝑝(𝑥𝑏)
= 𝑁(𝑥𝑎; 𝜇𝑎|𝑏, Σ𝑎|𝑏)

Marginal distribution:

Conditional distribution:

∝ exp −
1

2
𝑥𝑏 − 𝜇𝑏

⊤Σ𝑏𝑏
−1 𝑥𝑏 − 𝜇𝑏

∝ exp −
1

2
𝑥𝑎 − 𝜇𝑎|𝑏

⊤
Σ𝑎|𝑏
−1 (𝑥𝑎 − 𝜇𝑎|𝑏)



Gaussian Processes
▪ A function space view
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𝑦 ∼ 𝐺𝑃 𝑚, 𝑘
𝑚(𝑥): mean function
𝑘(𝑥1, 𝑥2): covariance function
𝑦(𝑥): a random function

𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦 𝑥1
𝑦 𝑥2

𝑦 𝑥3
𝑦 𝑥4

𝑦 𝑥5

𝑦 𝑥1 , … , 𝑦(𝑥𝑁) are jointly Gaussian with mean 𝑚 𝑥1 , … ,𝑚 𝑥𝑁
⊤
∈ ℝ𝑁 

and covariance 𝐾 =
𝑘 𝑥1, 𝑥1 ⋯ 𝑘 𝑥1, 𝑥𝑁

⋮ ⋱ ⋮
𝑘 𝑥𝑁, 𝑥1 ⋯ 𝑘 𝑥𝑁, 𝑥𝑁

∈ ℝ𝑁×𝑁.

𝑦

𝑥



Gaussian Processes
▪Gaussian process regression
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▪ Choose 
𝑚 𝑥 = 0 
and 𝑘()

𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦 𝑥1
𝑦 𝑥2

𝑦 𝑥3
𝑦 𝑥4

𝑦 𝑥5

𝑦

𝑥𝑥𝑛𝑒𝑤

Recall 𝜇𝑎|𝑏 = 𝜇𝑎 + Σ𝑎𝑏Σ𝑏𝑏
−1(𝑥𝑏 − 𝜇𝑏)

Σ𝑎|𝑏 = Σ𝑎𝑎 − Σ𝑎𝑏Σ𝑏𝑏
−1Σ𝑏𝑎 𝑝 𝑦 𝑥𝑛𝑒𝑤 𝑦 𝑥1 , … , 𝑦 𝑥𝑁 = 𝑁(𝑘⊤𝐾−1𝑦, 𝜅 − 𝑘⊤𝐾−1𝑘)

𝐶𝑜𝑣 𝑦 𝑥𝑛𝑒𝑤 , 𝑦 𝑥1 , … , 𝑦 𝑥𝑁 = 𝜅 𝑘⊤

𝑘 𝐾
∈ ℝ(𝑁+1)×(𝑁+1)

𝔼 𝑦 𝑥𝑛𝑒𝑤 | 𝑦 𝑥1 , … , 𝑦 𝑥𝑁 = 𝑘⊤𝐾−1𝑦 ∈ ℝ

prediction uncertainty

𝑦 𝑥𝑛𝑒𝑤

𝔼 𝑦 𝑥𝑛𝑒𝑤 , 𝑦 𝑥1 , … , 𝑦 𝑥𝑁 = 0,… , 0 ∈ ℝ𝑁+1Joint PDF:

Conditional 
PDF: 𝐶𝑜𝑣 𝑦 𝑥𝑛𝑒𝑤 | 𝑦 𝑥1 , … , 𝑦 𝑥𝑁 = 𝜅 − 𝑘⊤𝐾−1𝑘 ∈ ℝ

Let 𝑚 𝑥 = 0 .



Gaussian Process Examples
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𝑘 𝑥, 𝑦 = exp −
𝑥 − 𝑦 2

2ℎ2

ℎ = 1.0



Gaussian Process Examples
▪ Regression

32



Gaussian Process Examples
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𝑘 𝑥, 𝑦 = exp −
𝑥 − 𝑦 2

2ℎ2

ℎ = 0.3



Gaussian Process Examples
▪ Regression

34



Parameter Estimation
▪ Suppose data points 𝒟 = 𝑥𝑖 𝑖=1

𝑁 , 𝑥𝑖 ∈ ℝ
𝐷 are given.

35

ℝ𝐷
Let’s consider using a 
parametric model 
𝑝(𝑥; 𝜃), e.g., Gaussian 
model, to fit the data!

𝜃 ∈ ℝ𝑝: parameters



Maximum Likelihood Estimation
▪ Likelihood (i.i.d. assumption for data):

36

𝐿 𝜃 = 𝑝( 𝑥𝑖 𝑖=1
𝑁 ; 𝜃) =ෑ

𝑖=1

𝑁

𝑝(𝑥𝑖; 𝜃)

▪Maximum likelihood estimation:

መ𝜃𝑀𝐿 = argmax
𝜃

log 𝐿(𝜃) = argmax
𝜃

෍

𝑖=1

𝑁

log 𝑝(𝑥𝑖; 𝜃)

The necessary condition:

ቤ
𝜕 log 𝐿 𝜃

𝜕𝜃
𝜃=෡𝜃𝑀𝐿

= 0



Maximum Likelihood Estimation
▪ Example: Gaussian model with 𝜃 = (𝜇, Σ)

37

max
𝜃

log 𝐿(𝜃) =෍

𝑖=1

𝑁

log 𝑝(𝑥𝑖; 𝜇, Σ)

=෍

𝑖=1

𝑁

−
1

2
𝑥𝑖 − 𝜇 ⊤Σ−1 𝑥𝑖 − 𝜇 −

𝐷

2
log 2𝜋 −

1

2
log Σ

𝜕 log 𝐿

𝜕𝜇
=෍

𝑖=1

𝑁

Σ−1 𝑥𝑖 − 𝜇 = 0 ො𝜇𝑀𝐿 =
1

𝑁
෍

𝑖=1

𝑁

𝑥𝑖

𝜕 log 𝐿

𝜕Σ
= 0 ෠Σ𝑀𝐿 =

1

𝑁
෍

𝑖=1

𝑁

𝑥𝑖 − ො𝜇𝑀𝐿 𝑥𝑖 − ො𝜇𝑀𝐿
⊤

Useful facts for the derivation: 
𝜕

𝜕Σ
𝑥⊤Σ−1𝑥 = −Σ−1𝑥𝑥⊤Σ−1,

𝜕

𝜕Σ
log Σ = Σ−1.

The necessary conditions:

Derive this as 
an exercise ☺

𝑝 𝑥; 𝜇, Σ =
1

2𝜋
𝐷
Σ 1/2

exp −
1

2
𝑥 − 𝜇 ⊤Σ−1(𝑥 − 𝜇)



Maximum a Posteriori Estimation
▪ Bayes rule:

38

▪Maximum a posteriori (MAP) estimation:

𝑝 𝜃 𝒟 ∝ 𝑝 𝒟 𝜃 𝑝(𝜃)

መ𝜃𝑀𝐴𝑃 = argmax
𝜃

𝑝(𝜃|𝒟)

= argmax
𝜃

෍

𝑖=1

𝑁

log 𝑝(𝑥𝑖|𝜃) + log 𝑝(𝜃)

= argmax
𝜃

log 𝑝(𝜃|𝒟)

Plays a similar role to the 
regularizer in the frequentist 
formulations.



Maximum a Posteriori Estimation
▪ Example: one-dimensional Gaussian model with 𝜃 = 𝜇 (𝜎2 is fixed).
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Prior: 𝑝 𝜇 = 𝑁(𝜇; 𝜇0, 𝜎0
2) Likelihood: ς𝑖=1

𝑁 𝑝(𝑥𝑖|𝜇)

max
𝜇

෍

𝑖=1

𝑁

log 𝑝(𝑥𝑖|𝜇) + log 𝑝(𝜇)

max
𝜇

𝐿 𝜇 =෍

𝑖=1

𝑁

−
1

2𝜎2
𝑥𝑖 − 𝜇 2 −

1

2𝜎0
2 𝜇 − 𝜇0

2 

Ƹ𝜇𝑀𝐴𝑃 =
𝑁𝜎0

2

𝑁𝜎0
2 + 𝜎2

1

𝑁
෍

𝑖=1

𝑁

𝑥𝑖 +
𝜎2

𝑁𝜎0
2 + 𝜎2

𝜇0ቤ
𝜕𝐿

𝜕𝜇
𝜇=ෝ𝜇𝑀𝐴𝑃

= 0

The necessary condition:



Posterior Distribution
▪ Example: one-dimensional Gaussian model with 𝜃 = 𝜇 (𝜎2 is fixed).
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𝑝 𝜇|𝐷 = 𝑁(𝜇; 𝜇𝑁, 𝜎𝑁
2)

𝜇𝑁 =
𝑁𝜎0

2

𝑁𝜎0
2 + 𝜎2

Ƹ𝜇𝑀𝐿 +
𝜎2

𝑁𝜎0
2 + 𝜎2

𝜇0 = Ƹ𝜇𝑀𝐴𝑃

𝜎𝑁
2 =

𝜎2𝜎0
2

𝑁𝜎0
2 + 𝜎2

.

where

𝑝 𝜇 𝐷 ∝ 𝑝 𝐷 𝜇 𝑝(𝜇)

Here, we can calculate the exact posterior distribution.

∝ exp −
1

2𝜎2
෍

𝑖=1

𝑁

𝑥𝑖 − 𝜇 2 exp −
1

2𝜎0
2 𝜇 − 𝜇0

2

∝ exp −
1

2

𝑁

𝜎2
+

1

𝜎0
2 𝜇2 − 2

1

𝜎2
෍

𝑖=1

𝑁

𝑥𝑖 +
𝜇0

𝜎0
2 𝜇

∝ exp −
1

2𝜎𝑁
2 𝜇 − 𝜇𝑁

2

A useful fact for derivation:
𝑎𝜇2 − 2𝑏𝜇

= 𝑎 𝜇 −
𝑏

𝑎

2

+ 𝑐𝑜𝑛𝑠𝑡.



Posterior Distribution
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Figures from C. Bishop (2006)

ො𝜇𝑀𝐿

Same as the prior If 𝑁 = 0 or 𝜎0
2 = 0,   𝜇𝑁 = 𝜇0, 𝜎𝑁

2 = 𝜎0
2

𝜇𝑁 =
𝑁𝜎0

2

𝑁𝜎0
2 + 𝜎2

ො𝜇𝑀𝐿 +
𝜎2

𝑁𝜎0
2 + 𝜎2

𝜇0

𝜎𝑁
2 =

𝜎2𝜎0
2

𝑁𝜎0
2 + 𝜎2

If 𝑁 → ∞,   𝜇𝑁 = ො𝜇𝑀𝐿, 𝜎𝑁
2 = 0

If 𝜎0
2 → ∞,   𝜇𝑁 = ො𝜇𝑀𝐿, 𝜎𝑁

2 =
𝜎2

𝑁

𝜇0

If 𝜎2 ≫ 1,   𝜇𝑁 ≈ 𝜇0, 𝜎𝑁
2 ≈ 𝜎0

2
→ Close to the prior.

→ Posterior is infinitely peaked at ො𝜇𝑀𝐿.

→ Uninformative prior.

→ Prior.

Some special cases:



Predictive Distribution for Gaussian
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𝑝 𝑥 𝒟 = න𝑝 𝑥 𝜇 𝑝 𝜇 𝒟 𝑑𝜇

𝑝 𝑥 𝜇 𝑝 𝜇 𝒟 ∝ exp −
1

2𝜎2
𝑥 − 𝜇 2 exp −

1

2𝜎𝑁
2 𝜇 − 𝜇𝑁

2

𝑝 𝑥 𝒟 ∝ exp −
𝑥 − 𝜇𝑁

2

2(𝜎2 + 𝜎𝑁
2)

𝑝 𝑥 𝒟 = 𝑁(𝑥; 𝜇𝑁, 𝜎
2 + 𝜎𝑁

2)

Uncertainty 
from the model

See Appendix for details.

Uncertainty 
inherent in the data



Bayesian Linear Regression
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Linear Regression
▪Given the dataset 𝒟 = 𝑥𝑖 , 𝑦𝑖 𝑖=1

𝑁 , 𝑥𝑖 ∈ ℝ
𝐷, 𝑦𝑖 ∈ ℝ, find a linear 

model to fit data.

44

▪Gaussian model:

𝑝 𝑦 𝑥,𝑤, 𝜎2 = 𝑁 𝑦;𝑤⊤𝑥, 𝜎2 ,

𝑦 = 𝑤⊤𝑥 + 𝜖, 𝜖 ∼ 𝑁 0, 𝜎2

▪ Likelihood:

or

𝑝 𝑦 𝑋,𝑤, 𝜎2 =ෑ

𝑖=1

𝑁

𝑝 𝑦𝑖|𝑥𝑖 , 𝑤, 𝜎
2

𝑤 ∈ ℝ𝐷

ℝ𝐷

𝑦 = 𝑤⊤𝑥
𝑦

𝑋 = 𝑥1 ⋯ 𝑥𝑁 ∈ ℝ𝐷×𝑁

𝑦 = 𝑦1 ⋯ 𝑦𝑁 ⊤ ∈ ℝ𝑁



Linear Regression
▪Maximum likelihood estimation:
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max
𝑤

log 𝐿 𝑤 = −
1

2𝜎2
෍

𝑖=1

𝑁

𝑦𝑖 −𝑤⊤𝑥𝑖
2 −

𝑁

2
log 𝜎2 −

𝑁

2
log(2𝜋) .

The necessary condition:
𝜕

𝜕𝑤
෍

𝑖=1

𝑁

𝑦𝑖 −𝑤⊤𝑥𝑖
2 = −2෍

𝑖=1

𝑁

𝑦𝑖 − 𝑤⊤𝑥𝑖 𝑥𝑖 = 0.

ෝ𝑤𝑀𝐿 = ෍

𝑖=1

𝑁

𝑥𝑖𝑥𝑖
⊤

−1

෍

𝑖=1

𝑁

𝑦𝑖𝑥𝑖 = 𝑋𝑋⊤ −1𝑋𝑦 ∈ ℝ𝐷 𝑋 = 𝑥1 ⋯ 𝑥𝑁 ∈ ℝ𝐷×𝑁

𝑦 = 𝑦1 ⋯ 𝑦𝑁 ⊤ ∈ ℝ𝑁



Bayesian Linear Regression
▪We assume a prior 𝑝 𝑤 = 𝑁(𝑤; 0, 𝜎0

2𝐼).

46

ℝ𝐷

𝑦



Bayesian Linear Regression
▪ Posterior:
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𝑝 𝑤 𝒟 ∝ෑ

𝑖=1

𝑁

𝑝 𝑦𝑖 𝑥𝑖 , 𝑤 𝑝(𝑤)

=
1

2𝜋𝜎2
𝑁𝐷

1

2𝜋𝜎0
2

𝐷 exp −෍

𝑖=1

𝑁
𝑦𝑖 − 𝑤⊤𝑥𝑖

2

2𝜎2
−
𝑤⊤𝑤

2𝜎0
2

Let’s make the exponent to be 

−
1

2
𝑤 − 𝜇𝑤

⊤Σ𝑤
−1(𝑤 − 𝜇𝑤) to 

determine the posterior!

ℝ𝐷

𝑦



Bayesian Linear Regression
▪ Derive the posterior mean and variance:
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−෍

𝑖=1

𝑁
𝑦𝑖 −𝑤⊤𝑥𝑖

2

2𝜎2
−
𝑤⊤𝑤

2𝜎0
2 = −

1

2
𝑤 − 𝜇𝑤

⊤Σ𝑤
−1 𝑤 − 𝜇𝑤 + 𝑐𝑜𝑛𝑠𝑡.

𝜇𝑤 = 𝑋𝑋⊤ +
𝜎2

𝜎0
2 𝐼

−1

𝑋𝑦

Σ𝑤 = 𝜎2 𝑋𝑋⊤ +
𝜎2

𝜎0
2 𝐼

−1

=
𝜎2

𝑁

1

𝑁
𝑋𝑋⊤ +

𝜎2

𝑁𝜎0
2 𝐼

−1

Regularization becomes small 
with large 𝑁 and 𝜎0

2.

𝜎2: inherent noise in the data 

assumed in 𝑝 𝑦 𝑥,𝑤, 𝜎2
As 𝑁 gets large, Σ𝑤  becomes small.

𝑋 = 𝑥1 ⋯ 𝑥𝑁 ∈ ℝ𝐷×𝑁

𝑦 = 𝑦1 ⋯ 𝑦𝑁 ⊤ ∈ ℝ𝑁



Bayesian Linear Regression
▪ Predictive distribution
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𝑝 𝑦 𝑥,𝒟 = න𝑝 𝑦 𝑥,𝑤 𝑝 𝑤 𝒟 𝑑𝑤
𝑝 𝑦 𝑥,𝑤 = 𝑁 𝑦;𝑤⊤𝑥, 𝜎2

𝑝 𝑤 𝒟 = 𝑁 𝑤; 𝜇𝑤, Σ𝑤 .

𝑝 𝑦 𝑥, 𝑤 𝑝 𝑤 𝒟 = 𝐶 ⋅ exp −
1

2𝜎2
𝑦 − 𝑤⊤𝑥 2 −

1

2
𝑤 − 𝜇𝑤

⊤Σ𝑤(𝑤 − 𝜇𝑤)

Marginalizing out 𝑤 will leave a quadratic term −
1

2𝜎𝑦|𝑥,𝒟
2 𝑦 − 𝜇𝑦|𝑥,𝒟

2
.

𝑝 𝑦 𝑥,𝒟  is a Gaussian!

where

Let’s calculate the conditional mean and variance of 𝑦 = 𝑤⊤𝑥 + 𝜖, 𝜖~𝑁(0, 𝜎2) to 

figure out 𝜇𝑦|𝑥,𝒟 and 𝜎𝑦|𝑥,𝒟
2 .



Bayesian Linear Regression
▪ Predictive distribution

50

𝜇𝑦|𝑥,𝒟 = 𝔼𝑤,𝜖 𝑦|𝑥, 𝒟 = 𝔼𝑤,𝜖 𝑤
⊤𝑥 + 𝜖|𝑥, 𝒟 = 𝑥⊤𝔼 𝑤|𝒟

𝜎𝑦|𝑥,𝒟
2 = 𝑉𝑎𝑟𝑤,𝜖 𝑦 𝑥,𝒟 = 𝔼𝑤,𝜖 𝑤⊤𝑥 + 𝜖 2|𝑥, 𝒟 − 𝔼𝑤,𝜖 𝑤

⊤𝑥 + 𝜖|𝑥, 𝒟 2

= 𝜎2 + 𝑥⊤Σ𝑤𝑥 = 𝜎2 +
𝜎2

𝑁
⋅ 𝑥⊤

1

𝑁
𝑋𝑋⊤ +

𝜎2

𝑁𝜎0
2 𝐼

−1

𝑥

= 𝑥⊤𝔼 𝑤𝑤⊤ 𝒟 𝑥 + 𝔼 𝜖2 − 𝑥⊤𝔼 𝑤 𝒟 𝔼 𝑤 𝒟 ⊤𝑥 = 𝜎2 + 𝑥⊤𝐶𝑜𝑣 𝑤|𝒟 𝑥

= 𝑥⊤𝜇𝑤 = 𝑥⊤ 𝑋𝑋⊤ +
𝜎2

𝜎0
2 𝐼

−1

𝑋𝑦

𝑝 𝑦 𝑥,𝒟 = 𝑁(𝑦; 𝜇𝑦|𝑥,𝒟, 𝜎𝑦|𝑥,𝒟
2 )

𝜎2: aleatoric uncertainty 
(inherent noise in the data)

Epistemic uncertainty (associated with model 
parameter 𝑤) which becomes zero as 𝑁 → ∞.



Bayesian Linear Regression
▪ Predictive distribution
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𝑝 𝑦 𝑥,𝒟 = 𝑁(𝑦; 𝜇𝑦|𝑥,𝒟, 𝜎𝑦|𝑥,𝒟
2 )

𝜎2: aleatoric uncertainty 
(inherent noise in the data)

Epistemic uncertainty (associated with model 
parameter 𝑤) which becomes zero as 𝑁 → ∞.

𝜇𝑦|𝑥,𝒟 = 𝑥⊤𝜇𝑤 = 𝑥⊤ 𝑋𝑋⊤ +
𝜎2

𝜎0
2 𝐼

−1

𝑋𝑦 = 𝑥⊤𝑋 𝑋⊤𝑋 +
𝜎2

𝜎0
2 𝐼

−1

𝑦

𝜎𝑦|𝑥,𝒟
2 = 𝜎2 + 𝑥⊤Σ𝑤𝑥 = 𝜎2 + 𝜎2 ⋅ 𝑥⊤ 𝑋𝑋⊤ +

𝜎2

𝜎0
2 𝐼

−1

𝑥

= 𝜎2 + 𝜎0
2𝑥⊤𝑥 − 𝜎0

2𝑥⊤𝑋 𝑋⊤𝑋 +
𝜎2

𝜎0
2 𝐼

−1

𝑋⊤𝑥
See Appendix for details.

Results are expressed using 
inner products
→ Extend to kernel methods!



Kernel Methods
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𝑥1

𝑥2

𝑥 ∈ ℝ2 ↦ 𝜙 𝑥 = 𝑥1
2, 𝑥2

2, 2𝑥1𝑥2 ∈ ℝ3

𝜙1 𝑥

𝜙2 𝑥

𝜙3 𝑥

Linearly non-separable
Linearly separable in 

higher dimension

𝑘 𝑥, 𝑦 = 𝜙 𝑥 ⊤𝜙 𝑦

Kernel function:

= 𝑥1
2𝑦1

2 + 𝑥2
2𝑦2

2 + 2𝑥1𝑥2𝑦1𝑦2

= 𝑥⊤𝑦 2



Kernel Methods
▪Mercer theorem
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▪ Polynomial kernel 𝑘 𝑥, 𝑦 = 𝑥⊤𝑦 + 1 𝑑

Corresponding 𝜙 𝑥 = exp −
𝑥2

2
1 𝑥1 ⋯ 𝑥𝐷 𝑥1

2/ 2 ⋯ 𝑥𝐷
2/ 2 𝑥1𝑥2 ⋯ ∈ ℝ∞.

▪ Exponential kernel 𝑘 𝑥, 𝑦 = exp −
𝑥−𝑦 2

2

When 𝑑 = 2, corresponding 𝜙 𝑥 = 𝑥1
2 𝑥2

2 1 2𝑥1𝑥2 2𝑥1 2𝑥2 ∈ ℝ6.

▪ Examples of kernel functions

𝑘(𝑥, 𝑦) is positive semi-definite, i.e., 

⇔
Feature mapping 𝜙 𝑥  that satisfies 
𝑘 𝑥, 𝑦 = 𝜙 𝑥 ⊤𝜙(𝑦) exists.𝐾 =

𝑘 𝑥1, 𝑥1 ⋯ 𝑘 𝑥1, 𝑥𝑁
⋮ ⋱ ⋮

𝑘 𝑥𝑁, 𝑥1 ⋯ 𝑘 𝑥𝑁, 𝑥𝑁

∈ ℝ𝑁×𝑁 is 

positive semi-definite for any 𝑥1, … , 𝑥𝑁.



Kernelization of Bayesian Linear Regression
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𝑥 ∈ ℝ𝐷 ↦ 𝜙 𝑥 ∈ ℝ𝐹

𝑋 = 𝑥1 ⋯ 𝑥𝑁 ∈ ℝ𝐷×𝑁 ↦ Φ = 𝜙 𝑥1 ⋯ 𝜙 𝑥𝑁 ∈ ℝ𝐹×𝑁

𝑋⊤𝑥 ↦ 𝑘 ≡ Φ⊤𝜙 𝑥 = 𝜙 𝑥 ⊤𝜙 𝑥1 ⋯ 𝜙 𝑥 ⊤𝜙 𝑥𝑁
⊤ = 𝑘 𝑥1, 𝑥 ⋯ 𝑘 𝑥𝑁, 𝑥

⊤ ∈ ℝ𝑁×1

𝑋⊤𝑋 ↦ 𝐾 ≡ Φ⊤Φ =
𝜙 𝑥1

⊤𝜙 𝑥1 ⋯ 𝜙 𝑥1
⊤𝜙 𝑥𝑁

⋮ ⋱ ⋮
𝜙 𝑥𝑁

⊤𝜙 𝑥1 ⋯ 𝜙 𝑥𝑁
⊤𝜙 𝑥𝑁

=
𝑘 𝑥1, 𝑥1 ⋯ 𝑘 𝑥1, 𝑥𝑁

⋮ ⋱ ⋮
𝑘 𝑥𝑁, 𝑥1 ⋯ 𝑘 𝑥𝑁, 𝑥𝑁

∈ ℝ𝑁×𝑁

𝑥⊤𝑋 𝑋⊤𝑋 +
𝜎2

𝜎0
2 𝐼

−1

𝑦

𝜎2 + 𝜎0
2𝑥⊤𝑥 − 𝜎0

2𝑥⊤𝑋 𝑋⊤𝑋 +
𝜎2

𝜎0
2 𝐼

−1

𝑋⊤𝑥

𝜇𝑦|𝑥,𝒟 = 𝑘⊤ 𝐾 +
𝜎2

𝜎0
2 𝐼

−1

𝑦

𝜎𝑦|𝑥,𝒟
2 = 𝜎2 + 𝜎0

2𝑘(𝑥, 𝑥) − 𝜎0
2𝑘⊤ 𝐾 +

𝜎2

𝜎0
2 𝐼

−1

𝑘

Feature mapping:
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: true parameter



Bayesian Linear Regression Examples
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Kernel Bayesian Regression Examples
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𝜙 𝑥 =
𝑥

𝑠

𝑝

,
𝑥

𝑠

𝑝−1

, … ,
𝑥

𝑠
, 1

⊤

∈ ℝ𝐹

Polynomial feature mapping:

ℝ𝐹

ℝ𝐹

𝑦

𝑦



Kernel Bayesian Regression Examples
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ℝ𝐹

ℝ𝐹

𝑦

𝑦



Connections to Gaussian Processes
▪Gaussian process regression (parameter space view)
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Choosing 𝑚 𝑥 = 0 and 𝑘𝐺𝑃 𝑥𝑖 , 𝑥𝑗 = 𝜎2𝛿𝑖𝑗 + 𝜎0
2𝑘(𝑥𝑖 , 𝑥𝑗) recovers the 

results from Bayesian linear regression.

𝑥1 𝑥2 𝑥3 𝑥4 𝑥5

𝑦 𝑥1
𝑦 𝑥2

𝑦 𝑥3
𝑦 𝑥4

𝑦 𝑥5

𝑦

𝑥𝑥𝑛𝑒𝑤

𝑝 𝑦 𝑥𝑛𝑒𝑤 𝑦 𝑥1 , … , 𝑦 𝑥𝑁 = 𝑁(𝜇𝑦|𝑥,𝒟, 𝜎𝑦|𝑥,𝒟
2 )

𝜇𝑦|𝑥,𝒟 = 𝑘⊤ 𝐾 +
𝜎2

𝜎0
2 𝐼

−1

𝑦

𝜎𝑦|𝑥,𝒟
2 = 𝜎2 + 𝜎0

2𝑘(𝑥, 𝑥) − 𝜎0
2𝑘⊤ 𝐾 +

𝜎2

𝜎0
2 𝐼

−1

𝑘

where

𝑦 𝑥𝑛𝑒𝑤



Laplace Approximation
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Intractable Marginal Likelihood and Posterior

▪ Problem:

61

▪ Sol 1. Let’s approximate log 𝑓 𝜃 quadratically locally (at the mode) 
so that the posterior is a Gaussian. 

Laplace approximation

▪ Sol 2. Let’s approximate the posterior with a tractable distribution 𝑞 𝜃 .

Variational inference (will be introduced later)

Let 𝑓 𝜃 = ς𝑖=1
𝑁 𝑝 𝑥𝑖 𝜃 𝑝(𝜃) be the unnormalized posterior.

𝑝(𝒟) = ∫𝑓 𝜃 𝑑𝜃: marginal likelihood

𝑝 𝜃 𝒟 = 𝑓 𝜃 /𝑝(𝒟): posterior

𝑝(𝒟) and 𝑝 𝜃 𝒟  are 
intractable unless the 
integration is possible.



Laplace Approximation
▪ Perform a Gaussian approximation of the posterior at the mode of 

the posterior.

62

▪ The second order approximation of log 𝑓(𝜃) near መ𝜃𝑀𝐴𝑃 = argmax
𝜃

𝑓(𝜃) :

log መ𝑓(𝜃) = log 𝑓 መ𝜃𝑀𝐴𝑃 −
1

2
𝜃 − መ𝜃𝑀𝐴𝑃

⊤
𝐴 𝜃 − መ𝜃𝑀𝐴𝑃

መ𝑓 𝜃 = 𝑓 መ𝜃𝑀𝐴𝑃 exp −
1

2
𝜃 − መ𝜃𝑀𝐴𝑃

⊤
𝐴 𝜃 − መ𝜃𝑀𝐴𝑃

න መ𝑓 𝜃 𝑑𝜃 = 𝑓 መ𝜃𝑀𝐴𝑃 ⋅
2𝜋 𝑝

𝐴

𝜃 𝜃

− log𝑝(𝜃|𝒟) 

𝑝(𝜃|𝒟)
𝑞(𝜃) − log 𝑞(𝜃) 

𝑞 𝜃 =
መ𝑓 𝜃

∫ መ𝑓 𝜃 𝑑𝜃
= 𝑁 ෠𝜃𝑀𝐴𝑃, 𝐴

−1

𝐴 = − ฬ
𝜕2

𝜕𝜃2
log 𝑓 𝜃

𝜃=෡𝜃𝑀𝐴𝑃

∈ ℝ𝑝×𝑝: 

the negative Hessian matrix.

From the necessary condition of መ𝜃𝑀𝐴𝑃,  

ቚ
𝜕

𝜕𝜃
log 𝑓 𝜃

𝜃=෡𝜃𝑀𝐴𝑃

= 0. 



Laplace Approximation
▪ Perform a Gaussian approximation of the posterior at the mode of 

the posterior.
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𝑞 𝜃 = 𝑁 ෠𝜃𝑀𝐴𝑃, 𝐴
−1 𝐴 = − ฬ

𝜕2

𝜕𝜃2
log 𝑓 𝜃

𝜃=෡𝜃𝑀𝐴𝑃

∈ ℝ𝑝×𝑝: 

the negative Hessian matrix.

Q. When would this approximation be accurate?
→When log 𝑓(𝜃) is nearly quadratic.
→When 𝑝(𝜃|𝒟) is close to the Gaussian!
→When 𝑁 is sufficiently large, 𝑝(𝜃|𝒟) is close to Gaussian (due to the central limit 

theorem).



Application to Model Comparison
▪ Bayesian inference utilizes the hypothesis set, prior distribution to 

make predictions. How can we compare different hypotheses, priors? 

64

An idea: Use data 𝒟 = 𝑥𝑖 𝑖=1
𝑁  to objectively compare the models. 

Marginal likelihood:

▪ Bayes factor:
𝑝 𝒟 ℳ1

𝑝 𝒟 ℳ2

Figures from C. Bishop (2006)

𝑝(𝒟|ℳ) = නෑ

𝑖=1

𝑁

𝑝 𝑥𝑖 𝜃,ℳ 𝑝(𝜃|ℳ) 𝑑𝜃



log 𝑝 𝒟|ℳ

≈෍

𝑖=1

𝑁

log 𝑝 𝑥𝑖 መ𝜃𝑀𝐴𝑃,ℳ + log 𝑝( መ𝜃𝑀𝐴𝑃|ℳ) +
𝑝

2
log 2𝜋 −

1

2
log 𝐴

Application to Model Comparison

65

Occam factor

𝑝 𝒟 ℳ = න𝑓 𝜃 𝑑𝜃 ≈ න መ𝑓 𝜃 𝑑𝜃 = 𝑓 መ𝜃𝑀𝐴𝑃 ⋅
2𝜋 𝑝

𝐴

Log-likelihood

𝑓 𝜃 =ෑ

𝑖=1

𝑁

𝑝 𝑥𝑖 𝜃,ℳ 𝑝(𝜃|ℳ)



Bayesian Information Criterion (BIC)
▪ If 𝑁 ≫ 1, we can approximate further.
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𝐴 = − ተ
𝜕2

𝜕𝜃2
෍

i=1

N

log 𝑝 𝑥𝑖|𝜃,ℳ + log𝑝 𝜃 ℳ

𝜃=෡𝜃𝑀𝐴𝑃

≈ 𝑁 ⋅ 𝐻,

𝐴 ≈ 𝑁𝑝 𝐻 , log 𝐴 ≈ 𝑝 log𝑁 + log 𝐻 .

−log 𝑝 𝒟|ℳ ≈ −෍

𝑖=1

𝑁

log 𝑝 𝑥𝑖 ෠𝜃𝑀𝐴𝑃 +
𝑝

2
log 𝑁

Bayesian information criterion (BIC):

When we select models with a lower BIC, models of the same likelihood using more 
parameters are not selected (Occam’s razor).

where 𝐻 = − ฬ
𝜕2

𝜕𝜃2
𝔼𝑝 𝑥 log 𝑝 𝑥|𝜃,ℳ

𝜃=෡𝜃𝑀𝐴𝑃

.
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Information Content (Degree of Surprise)
▪How surprising is it to observe 𝑥 (a discrete random variable)? 

69

ℎ 𝑥 = − log𝑃 𝑥

Which event’s information should be larger?
rare event (small 𝑃) → large surprise;  certain event (𝑃 = 1) → zero surprise.

Why the log? 
If two unrelated events 𝑥 and 𝑦 occur, the information gain observing both should 
be the sum of the gain from each of them: 

Ex) 𝑥 ∈ 𝑝𝑎𝑠𝑠, 𝑓𝑎𝑖𝑙 : if 𝑃 𝑝𝑎𝑠𝑠 = 1, observing 𝑥 = 𝑝𝑎𝑠𝑠 tells us nothing; 
if 𝑃 𝑝𝑎𝑠𝑠 = 0.1, observing 𝑥 = 𝑝𝑎𝑠𝑠 is much informative.

𝑝 𝑥, 𝑦 = 𝑝 𝑥 𝑝(𝑦)→ ℎ 𝑥, 𝑦 = ℎ 𝑥 + ℎ(𝑦)



Entropy
▪ Averaged information content of an outcome (a.k.a. uncertainty)
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𝐻 𝑋 = −෍

𝑥

𝑃 𝑥 log 𝑃(𝑥)

Entropy for a discrete random variable 𝑋:

(We let 𝑃 𝑥 log𝑃(𝑥) = 0 when 𝑃 𝑥 = 0.)

Differential entropy for a continuous random variable 𝑋:

𝐻 𝑋 = −න𝑝 𝑥 log 𝑝(𝑥) 𝑑𝑥

Ex) Entropy of a binary 
random variable

Figures from K. Murphy (2023)

(maximum at 𝑝 = 0.5)



Entropy: Properties
▪ Suppose 𝑋 takes values 𝑥1, … , 𝑥𝑀.

71

▪Non-negative: 𝐻(𝑋) ≥ 0, with equality if and only if 𝑋 is deterministic, 
i.e., 𝑃(𝑥𝑖) = 1 for one 𝑖.

▪Maximal at uniform: 𝐻(𝑋) ≤ log𝑀 (equality if and only if 𝑃 𝑥1 =
⋯ = 𝑃(𝑥𝑀) = 1/𝑀).

𝐻 𝑋, 𝑌 = 𝐻 𝑋 + 𝐻(𝑌) if and only if 𝑃 𝑥, 𝑦 = 𝑃 𝑥 𝑃(𝑦).

▪ Joint entropy: 𝐻 𝑋, 𝑌 = −෍

𝑥,𝑦

𝑃 𝑥, 𝑦 log 𝑃(𝑥, 𝑦)

▪ Additive under independence:

Derive these 
properties as 
an exercise ☺



Entropy as Code Length
▪−log2𝑃 𝑥 = optimal code length (bits) for symbol 𝑥; rare symbols 

get longer codes.

72

▪ Entropy = minimum average code length to encode data from 𝑃 
(Shannon’s source coding theorem): 𝐻 𝑋 = −෍

𝑥

𝑃 𝑥 log2 𝑃(𝑥)
Ex) a non-uniform 8-state distribution

𝑥 𝑃 𝑥 Length = −log2𝑃 𝑥 Code

a 1/2 1 0

b 1/4 2 10

c 1/8 3 110

d 1/16 4 1110

e 1/64 6 111100

f 1/64 6 111101

g 1/64 6 111110

h 1/64 6 111111

Average code length

= ½·1 + ¼·2 + ⅛·3 + 1/16·4 + 1/64·6·4

= 2 bits = 𝐻 𝑋

Cf) Uniform case

Average code length = 3 bits = 𝐻 𝑋



Cross Entropy
▪What if we encode data 𝑥 ∼ 𝑃 with a code based on the wrong

distribution 𝑄?
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𝐻 𝑃, 𝑄 = −෍

𝑥

𝑃 𝑥 log 𝑄 𝑥Cross entropy:

= average code length using a code based on 𝑄, on data from 𝑃.

The cross entropy is minimized when 𝑄 = 𝑃 for a fixed 𝑃
(will be addressed shortly).



KL-Divergence
▪ The Kullback-Leibler (KL) divergence (or the relative entropy) 

between two PDFs 𝑝(𝑥) and 𝑞(𝑥):

74

𝐾𝐿 𝑝ԡ𝑞 = −න𝑝 𝑥 log 𝑞 𝑥 𝑑𝑥 + න𝑝 𝑥 log 𝑝 𝑥 𝑑𝑥 = න𝑝 𝑥 log
𝑝 𝑥

𝑞 𝑥
𝑑𝑥

= average additional code length required to encode data 
from 𝑝 due to using a code based on 𝑞 (instead of 𝑝).

= 𝐻 𝑝, 𝑞 − 𝐻 𝑝



KL-Divergence

75

proof idea) apply the Jensen’s inequality for convex functions, 
i.e., 𝔼 𝑓 𝑥 ≥ 𝑓 𝔼 𝑥  for a convex function 𝑓.

KL-divergence is a very useful quantitative means of 
measuring the difference between two probability 
distributions.

Note: not a distance metric (asymmetric, triangular inequality not satisfied).

Figures from C. Bishop (2006)

A convex function

𝐾𝐿 𝑝ԡ𝑞 = න𝑝 𝑥 log
𝑝 𝑥

𝑞 𝑥
𝑑𝑥

▪Gibbs’ inequality: 𝐾𝐿(𝑝| 𝑞 ≥ 0 with equality if and only if 
𝑝 𝑥 = 𝑞(𝑥) for all 𝑥. 



KL-Divergence
▪ Connections to the maximum likelihood:
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𝑞∗ = argmin
𝑞

𝐾𝐿(𝑝ԡ𝑞) = argmin
𝑞

−න𝑝 𝑥 log 𝑞(𝑥) 𝑑𝑥 + න𝑝 𝑥 log 𝑝(𝑥) 𝑑𝑥

Suppose 𝑝 is the empirical distribution from 𝑥𝑖 𝑖=1
𝑁 :

𝑝𝒟 𝑥 =
1

𝑁
σ𝑖=1
𝑁 𝛿𝑥𝑖(𝑥) 

𝐾𝐿 𝑝𝒟ԡ𝑞 = −∫𝑝𝒟 𝑥 log 𝑞 𝑥 𝑑𝑥 + 𝐶 = −∫
1

𝑁
σ𝑖=1
𝑁 𝛿𝑥𝑖 𝑥 log 𝑞 𝑥 𝑑𝑥 + 𝐶 

(𝛿𝑥𝑖 𝑥 = 1 if 𝑥 = 𝑥𝑖  and zero otherwise.)

Minimizing 𝐾𝐿 𝑝𝒟ԡ𝑞  is equivalent to maximizing the log likelihood.

= −
1

𝑁
σ𝑖=1
𝑁 log 𝑞 𝑥𝑖 + 𝐶.



KL-Divergence
▪ Asymmetry

77

min
𝑞

𝐾𝐿(𝑝||𝑞) = න𝑝 𝑥 log
𝑝 𝑥

𝑞 𝑥
𝑑𝑥 min

𝑞
𝐾𝐿(𝑞||𝑝) = න𝑞 𝑥 log

𝑞 𝑥

𝑝 𝑥
𝑑𝑥

Figures from C. Bishop (2006)

𝑞 𝑥 should not be zero when 𝑝 𝑥 > 0. 𝑝 𝑥 should not be zero when 𝑞 𝑥 > 0.

Ex) 𝑝 is a mixture of two Gaussians, 𝑞 is a single Gaussian.

Mode-seeking (or zero-forcing)Zero-avoiding



Mutual Information

78

𝐼 𝑋; 𝑌 = 𝐾𝐿 𝑝 𝑥, 𝑦 ԡ𝑝 𝑥 𝑝 𝑦 =ඵ𝑝 𝑥, 𝑦 log
𝑝 𝑥, 𝑦

𝑝 𝑥 𝑝 𝑦
𝑑𝑥 𝑑𝑦

= 𝐻 𝑌 − 𝐻(𝑌|𝑋)

Figures from Wikipedia

𝐻 𝑋 𝑌 = −නන𝑝 𝑥, 𝑦 log 𝑝(𝑥|𝑦) 𝑑𝑥 𝑑𝑦

Conditional entropy:

= 𝐻 𝑋 −𝐻(𝑋|𝑌)

𝐻 𝑋, 𝑌 = 𝐻 𝑌 + 𝐻(𝑋|𝑌)

𝐼 𝑋; 𝑌 ≥ 0 and becomes zero if and only if 𝑋 and 𝑌 are 
independent, i.e., 𝑝 𝑥, 𝑦 = 𝑝 𝑥 𝑝(𝑦).

Mutual information:
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Variational Inference

80



Practical Difficulties in Bayesian Methods

▪ In many cases, it is infeasible to evaluate the posterior or to compute 
expectations using the posterior.

81

𝑝 𝜃 𝒟 =
𝑝 𝒟 𝜃 𝑝(𝜃)

𝑝(𝒟)

𝑝(𝒟) = ∫ 𝑝 𝒟 𝜃 𝑝(𝜃) 𝑑𝜃

Posterior:

Marginal 
likelihood:

𝑝 𝑥 𝒟 = න𝑝 𝑥 𝜃 𝑝 𝜃 𝒟 𝑑𝜃Predictive 
distribution:



A Variational Problem

82

min
𝑞 𝜃 ∈𝒫

𝔼𝑞 𝜃 −log 𝑝 𝒟 𝜃 + 𝐾𝐿(𝑞 𝜃 ||𝑝 𝜃 )

𝒫: the space of probability distributions

The optimal solution to this variational problem is

𝑞∗ 𝜃 = 𝑝 𝜃 𝒟 ∈ 𝒫.



A Variational Problem

83

𝔼𝑞 𝜃 −log 𝑝 𝒟 𝜃 + 𝐾𝐿(𝑞 𝜃 ||𝑝 𝜃 )

Independent of 𝑞 𝜃 . 

= 𝔼𝑞 𝜃 −log 𝑝 𝒟 𝜃 𝑝 𝜃 − 𝐻 𝑞

= 𝔼𝑞 𝜃 −log 𝑝(𝒟)𝑝 𝜃 𝒟 − 𝐻 𝑞

= −log 𝑝(𝒟) + KL(𝑞 𝜃 ||𝑝 𝜃 𝒟 )

Minimized when 𝑞 𝜃 = 𝑝 𝜃 𝒟 .

This functional is minimized when 𝑞∗ 𝜃 = 𝑝 𝜃 𝒟 ∈ 𝒫.



Variational Inference
▪ Consider the following variational problem for 𝑞 ∈ 𝒬 in a tractable 

family 𝒬.
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min
𝑞 𝜃 ∈𝒬

𝔼𝑞 𝜃 −log 𝑝 𝒟 𝜃 + 𝐾𝐿(𝑞 𝜃 ||𝑝 𝜃 )

The optimal solution 𝑞∗ 𝜃 ∈ 𝒬 approximates the posterior 𝑝 𝜃 𝒟 .

We do not need intractable 𝑝 𝜃 𝒟 or 𝑝(𝒟) but 𝑝 𝒟 𝜃 , 𝑝 𝜃 , 𝑞 𝜃  
→ tractable!

Different choices of 𝒬 are possible: multivariate Gaussian, 𝑞 𝜃 =
ςi=1
M 𝑞𝑖 𝜃𝑖 , ...



The Evidence Lower Bound (ELBO)
▪ For any distribution 𝑞 𝜃 , the log-evidence splits exactly: 

85

log 𝑝(𝒟) = 𝔼𝑞 𝜃 log 𝑝 𝒟 𝜃 − 𝐾𝐿(𝑞 𝜃 ||𝑝 𝜃 ) + 𝐾𝐿(𝑞 𝜃 ||𝑝 𝜃 𝒟 )

≥ 𝔼𝑞 𝜃 log 𝑝 𝒟 𝜃 − 𝐾𝐿(𝑞 𝜃 ||𝑝 𝜃 )

The evidence lower bound (ELBO)

log 𝑝(𝒟) (fixed)

poor 𝑞 ELBO KL(𝑞 𝜃 ||𝑝 𝜃 𝒟 )

good 𝑞 ELBO

Optimizing 𝑞 grows the
bound, shrinks the gap.

The former variational problem is equivalent to maximizing the ELBO with respect to 
𝑞 ∈ 𝒬:



Variational Autoencoder (VAE)
▪ Consider a latent variable model.
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𝑧

𝑥

𝑥: observed data

𝑧: unobserved latent variables

𝑝 𝑥 𝑧, 𝑤 = 𝑁 𝑔 𝑧,𝑤 , 𝜎2𝐼 : likelihood model

𝑝 𝑧 = 𝑁 0, 𝐼 : prior

To fit the data, we want to maximize the (marginal) likelihood

𝑝 𝑥 𝑤 = න𝑝 𝑥 𝑧,𝑤 𝑝 𝑧 𝑑𝑧 .

However, it is usually intractable. → Variational inference!

𝑁

Neural network



Variational Autoencoder (VAE)
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𝒟 = {𝑥𝑖}𝑖=1
𝑁 : Data (i.i.d.)

{𝑧𝑖}𝑖=1
𝑁 : Latent variables

log 𝑝 𝒟 𝑤 =෍

𝑖=1

𝑁

ℒ𝑖 +෍

𝑖=1

𝑁

𝐾𝐿(𝑞𝑖 𝑧𝑖 ||𝑝 𝑧𝑖 𝑥𝑖 , 𝑤 )

ℒ𝑖 = න𝑞𝑖 𝑧𝑖 log 𝑝 𝑥𝑖 𝑧𝑖 , 𝑤 𝑑𝑧𝑖 − 𝐾𝐿(𝑞𝑖 𝑧𝑖 ||𝑝 𝑧𝑖 )

Note: Each latent variable has its own distribution 𝑞𝑖 𝑧𝑖 to be optimized separately.

The evidence lower bound (ELBO)



Variational Autoencoder (VAE)
▪ Amortized inference

88

It is inefficient to optimize every 𝑞𝑖 𝑧𝑖  separately.

Introduce an inference model 𝑞 𝑧 𝑥, 𝜙 , a parametric model to approximate all 
𝑝 𝑧𝑖 𝑥𝑖 , 𝑤 s.

Usually set 𝑞 𝑧 𝑥, 𝜙  as a Gaussian with a diagonal covariance:

𝑞 𝑧 𝑥, 𝜙 =ෑ

𝑗=1

𝑀

𝑁 𝑧 𝑗 𝜇 𝑗 𝑥, 𝜙 , 𝜎 𝑗
2 𝑥, 𝜙 , 𝑧 = 𝑧 1 , … , 𝑧 𝑀 .

Let’s try to perform a gradient-based optimization for 𝑤 and 𝜙.

Neural networks



Variational Autoencoder (VAE)
▪ The reparametrization trick
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ℒ𝑖 = න𝑞 𝑧𝑖|𝑥𝑖 , 𝜙 log 𝑝 𝑥𝑖 𝑧𝑖 , 𝑤 𝑑𝑧𝑖 − 𝐾𝐿(𝑞 𝑧𝑖|𝑥𝑖 , 𝜙 ||𝑝 𝑧𝑖 )

analytically evaluated:
1

2
෍

j=1

M

1 + log 𝜎 𝑗
2 𝑥𝑖 − 𝜇 𝑗

2 𝑥𝑖 − 𝜎 𝑗
2 𝑥𝑖  

Consider a Monte Carlo approximation for the first term:

1

𝐿
෍

𝑙=1

𝐿

log 𝑝 𝑥𝑖 𝑧𝑖
𝑙
, 𝑤 , 𝑧𝑖

𝑙
∼ 𝑞 𝑧𝑖|𝑥𝑖 , 𝜙

Note: When the samples 𝑧𝑖
𝑙

are fixed, changes in 𝜙 do not alter 𝑧𝑖
𝑙

. 

→We do not have a way to obtain the gradient of 𝑧𝑖
𝑙

with respect to 𝜙.



Variational Autoencoder (VAE)
▪ The reparametrization trick
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𝑧 = 𝜎𝜖 + 𝜇, 𝜖 ∼ 𝑁 0,1 𝑧 ∼ 𝑁 𝜇, 𝜎2

ℒ ≃෍

𝑖

1

2
෍

𝑗=1

𝑀

(1 + log 𝜎𝑖 𝑗
2 − 𝜇𝑖 𝑗

2 − 𝜎𝑖 𝑗
2 ) +

1

𝐿
෍

𝑙=1

𝐿

log 𝑝 𝑥𝑖 𝑧𝑖
𝑙
, 𝑤

𝑧𝑖 𝑗
𝑙
= 𝜎 𝑗 𝑥𝑖 , 𝜙 𝜖𝑖 𝑗

𝑙
+ 𝜇 𝑗 𝑥𝑖 , 𝜙

𝜇𝑖 𝑗 = 𝜇 𝑗 𝑥𝑖 , 𝜙 , 𝜎𝑖 𝑗 = 𝜎 𝑗 𝑥𝑖 , 𝜙

We can perform a gradient-based optimization for 𝑤 and 𝜙.



Variational Autoencoder (VAE)
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𝑥

input

Encoder
𝑞 𝑧 𝑥, 𝜙

𝝁

𝝈

𝜖 𝜖 ∼ 𝑁 0,1

𝑧

𝑧 = 𝜎 ⊙ 𝜖 + 𝜇

Decoder
𝑝 𝑥 𝑧,𝑤

ො𝑥

reconstruction

min
𝑤,𝜙

−ℒ =෍

𝑖

𝔼𝑞 𝑧𝑖|𝑥𝑖,𝜙 [−log 𝑝 𝑥𝑖 𝑧𝑖 , 𝑤 ] + 𝐾𝐿(𝑞 𝑧𝑖|𝑥𝑖 , 𝜙 ||𝑝 𝑧𝑖 )

(Negative) ELBO objective:

reconstruction error regularizer



Variational Autoencoder (VAE)
▪ Sampling
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▪Many extensions and 
applications exist.

▪ Connections to diffusion 
models can be made.

𝑧 ∼ 𝑁 0, 𝐼

𝑥 ∼ 𝑝 𝑥 𝑧, 𝑤

Figures from Kingma & Welling (2014)
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Thank you!



Appendix
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Overfitting and Generalization

95
K. Murphy, Probabilistic Machine Learning: An Introduction (2023)

Generalization gap

Fit data 𝒟 = 𝑥𝑖 , 𝑦𝑖 𝑖=1
𝑁

using a polynomial model

min
𝜃

1

2
෍

𝑖=1

𝑁

𝑓 𝑥𝑖; 𝜃 − 𝑦𝑖
2 .

Degree

To obtain 𝜃, we minimize the 
following loss function:

𝑓 𝑥; 𝜃 = 𝑎0𝑥
0 + 𝑎1𝑥

1 +⋯+ 𝑎𝑝𝑥
𝑝,

where 𝜃 = 𝑎0, … , 𝑎𝑝  is the 

parameter.

A curve fitting example: 



Using More Data

96
K. Murphy, Probabilistic Machine Learning: An Introduction (2023)

Size of training setSize of training set

Size of training setSize of training set

Bayes error (the 
error of the optimal 
predictor due to 
inherent noise in 
the data)

MSE MSE

MSE MSE



Example: A Bent Coin
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Let 𝑝𝑎 be the probability of heads, which is unknown.
The probability that 𝐹 tosses results in a sequence 𝑠 of 𝐹𝑎 heads and 𝐹𝑏 tails is

𝑃 𝑠 𝑝𝑎, 𝐹 = 𝑝𝑎
𝐹𝑎 1 − 𝑝𝑎

𝐹𝑏 .

Assumption: a uniform prior for 𝑝𝑎, i.e., 𝑝(𝑝𝑎) = 1 for 𝑝𝑎 ∈ [0,1]

Bayes theorem:

𝑝 𝑝𝑎 𝑠, 𝐹 =
𝑃 𝑠 𝑝𝑎, 𝐹 𝑝(𝑝𝑎)

𝑃(𝑠|𝐹)
=
𝑝𝑎
𝐹𝑎 1 − 𝑝𝑎

𝐹𝑏

𝑃(𝑠|𝐹)

The normalizing constant is given by the Beta integral:

𝑃 𝑠 𝐹 = න
0

1

𝑝𝑎
𝐹𝑎 1 − 𝑝𝑎

𝐹𝑏𝑑𝑝𝑎 =
𝐹𝑎! 𝐹𝑏!

𝐹𝑎 + 𝐹𝑏 + 1 !

Example from D. MacKay (2003), Figure from C. Bishop (2023)

(likelihood)

𝑃(𝑠, 𝑝𝑎|𝐹)



Example: A Bent Coin
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Prediction for the next toss:

𝑃 𝑎 𝑠, 𝐹 = න
0

1

𝑃 𝑎 𝑝𝑎 𝑝 𝑝𝑎 𝑠, 𝐹 𝑑𝑝𝑎 = න
0

1

𝑝𝑎
𝑝𝑎
𝐹𝑎 1 − 𝑝𝑎

𝐹𝑏

𝑃(𝑠|𝐹)
𝑑𝑝𝑎

Ex) 𝑠 = 𝑎𝑏𝑎, 𝐹 = 3 Ex) 𝑠 = 𝑏𝑏𝑏, 𝐹 = 3

Example from D. MacKay (2003), Figure from C. Bishop (2023)

Posterior distributions 𝑝(𝑝𝑎|𝑠, 𝐹):

=
(𝐹𝑎 + 1)! 𝐹𝑏!

𝐹𝑎 + 𝐹𝑏 + 2 !
/

𝐹𝑎! 𝐹𝑏!

𝐹𝑎 + 𝐹𝑏 + 1 !

=
𝐹𝑎 + 1

𝐹𝑎 + 𝐹𝑏 + 2

Cf) Frequentists’ result: 
𝐹𝑎

𝐹𝑎+𝐹𝑏



Predictive Distribution for Gaussian
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𝑝 𝑥 𝒟 = න𝑝 𝑥 𝜇 𝑝 𝜇 𝒟 𝑑𝜇
𝑝 𝑥 𝜇 𝑝 𝜇 𝒟 ∝ exp −

1

2𝜎2
𝑥 − 𝜇 2 exp −

1

2𝜎𝑁
2 𝜇 − 𝜇𝑁

2

∝ exp −
1

2

𝑥2

𝜎2
+

1

𝜎2
+

1

𝜎𝑁
2 𝜇2 − 2

𝑥

𝜎2
+
𝜇𝑁

𝜎𝑁
2 𝜇

∝ exp −
𝑥 − 𝜇𝑁

2

2(𝜎2 + 𝜎𝑁
2)

∝ exp −
1

2

𝑥2

𝜎2
+

1

𝜎2
+

1

𝜎𝑁
2 𝜇 −

1

𝜎2
+

1

𝜎𝑁
2

−1
𝑥

𝜎2
+
𝜇𝑁

𝜎𝑁
2

2

−
1

𝜎2
+

1

𝜎𝑁
2

−1
𝑥

𝜎2
+
𝜇𝑁

𝜎𝑁
2

2

𝑝 𝑥 𝒟 ∝ exp −
1

2

1

𝜎2
−

1

𝜎4
1

𝜎2
+

1

𝜎𝑁
2

−1

𝑥2 − 2
𝜇𝑁

𝜎2𝜎𝑁
2

1

𝜎2
+

1

𝜎𝑁
2

−1

𝑥

Marginalize out 𝜇.

𝑝 𝑥 𝒟 = 𝑁(𝑥; 𝜇𝑁 , 𝜎
2 + 𝜎𝑁

2)

Uncertainty 
from model



Predictive Distribution for Bayesian Linear Regression

▪ Changing the expressions:
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𝜇𝑦|𝑥,𝒟 = 𝑥⊤ 𝑋𝑋⊤ +
𝜎2

𝜎0
2 𝐼

−1

𝑋𝑦 = 𝑥⊤𝑋 𝑋⊤𝑋 +
𝜎2

𝜎0
2 𝐼

−1

𝑦

𝜎𝑦|𝑥,𝒟
2 = 𝜎2 + 𝜎2 ⋅ 𝑥⊤ 𝑋𝑋⊤ +

𝜎2

𝜎0
2 𝐼

−1

𝑥 = 𝜎2 + 𝜎0
2𝑥⊤𝑥 − 𝜎0

2𝑥⊤𝑋 𝑋⊤𝑋 +
𝜎2

𝜎0
2 𝐼

−1

𝑋⊤𝑥

𝑋𝑋⊤ + 𝛼𝐼 𝑋 = 𝑋 𝑋⊤𝑋 + 𝛼𝐼

𝑋𝑋⊤ + 𝛼𝐼 −1 = 𝛼−1(𝐼 − 𝑋 𝑋⊤𝑋 + 𝛼𝐼 −1𝑋)

All the results are based on inner products, e.g., 𝑥𝑖
⊤𝑥𝑗 , 𝑥𝑖

⊤𝑥, and 𝑥⊤𝑥. 

→ Extend to kernel methods!

from the Woodbury matrix inversion lemma

𝐴 + 𝑈𝐶𝑉 −1 = 𝐴−1 − 𝐴−1𝑈 𝐶−1 + 𝑉𝐴−1𝑈 −1𝑉𝐴−1



Selecting Priors: Empirical Bayes Method
▪ Bayesian inference utilizes the prior distribution to make predictions. 

In many cases, however, we may not have any useful assumptions to 
make for the prior distribution.

101

▪ Empirical Bayes method:

Let the prior distribution be 𝑝(𝜃; 𝛽), where 𝛽 is a parameter to 
control the prior, often called the hyperparameter.

Set the prior as 𝑝(𝜃; 𝛽𝐸𝐵), where 𝛽𝐸𝐵 = argmax
𝛽

𝑝 𝒟; 𝛽 .

Marginal likelihood: 𝑝(𝒟; 𝛽) = ∫ς𝑖=1
𝑁 𝑝 𝑥𝑖 𝜃 𝑝(𝜃; 𝛽) 𝑑𝜃

An idea: Use data 𝒟 = 𝑥𝑖 𝑖=1
𝑁  to objectively set the prior. 



Selecting Priors: Empirical Bayes Method
▪ Example: log marginal likelihood of Gaussian

102

▪ Empirical Bayes method: 

𝑝 𝑥 𝜇 = 𝑁 𝑥; 𝜇, 𝜎2 =
1

2𝜋𝜎2
exp −

𝑥 − 𝜇 2

2𝜎2

𝑝(𝜇; 𝛽) = 𝑁 𝜇; 0, 𝛽2 =
1

2𝜋𝛽2
exp −

𝜇2

2𝛽2

𝑝 𝒟; 𝛽 = නෑ

𝑖=1

𝑁

𝑝 𝑥𝑖 𝜇 𝑝(𝜇; 𝛽) 𝑑𝜇

log 𝑝(𝒟; 𝛽) = −𝑁 log 2𝜋𝜎 −
1

2
log 1 +

𝑁𝛽2

𝜎2
+
1

2

1

𝛽2
+
𝑁

𝜎2

−1

෍

𝑖=1

𝑁
𝑥𝑖
𝜎2

2

−
1

2𝜎2
෍

𝑖=1

𝑁

𝑥𝑖
2

𝛽𝐸𝐵 = argmax
𝛽≥0

𝑝 𝒟; 𝛽 𝛽𝐸𝐵 = ҧ𝑥 −
𝜎2

𝑁

0

if ҧ𝑥 ≥
𝜎2

𝑁

otherwise

where ҧ𝑥 =
1

𝑁
σ𝑖=1
𝑁 𝑥𝑖.



KL-Divergence
▪ Reparametrization invariance

103

Under a reparametrization 𝑥 ↦ 𝑧 = 𝜂 𝑥 , the probability density function 
transforms as follows:

𝑝 𝑥 = 𝑝 𝑧 ⋅
𝑑𝑧

𝑑𝑥
.

𝐾𝐿 𝑝 𝑥 ԡ𝑞 𝑥 = න𝑝 𝑥 log
𝑝 𝑥

𝑞 𝑥
𝑑𝑥 = න𝑝 𝑧 log

𝑝 𝑧 ⋅
𝑑𝑧
𝑑𝑥

𝑞 𝑧 ⋅
𝑑𝑧
𝑑𝑥

𝑑𝑧 = 𝐾𝐿(𝑝 𝑧 ԡ𝑞 𝑧 )

Q. How about the differential entropy 𝐻(𝑋)?

𝑥 𝑧

𝑝(𝑥) 𝑝(𝑧)𝜂𝑞(𝑥) 𝑞(𝑧)



Connections to Information Geometry
▪ The Fisher information matrix (FIM):

𝐹𝑖𝑗 𝜃 = 𝔼 𝑥 ~𝑝(𝑥;𝜃)

𝜕 log 𝑝 𝑥; 𝜃

𝜕𝜃𝑖

𝜕 log 𝑝 𝑥; 𝜃

𝜕𝜃𝑗

104

𝐾𝐿 𝑝 𝑥; 𝜃 + 𝑑𝜃 ԡ𝑝 𝑥; 𝜃 =
1

2
𝑑𝜃⊤𝐹 𝜃 𝑑𝜃 + 𝑜 𝑑𝜃 2

▪ Connection between KL-divergence and the FIM:



𝒇-Divergence
▪ The 𝑓-divergence between two PDFs 𝑝(𝑥) and 𝑞(𝑥):

105

𝐷𝑓 𝑝ԡ𝑞 = න𝑝 𝑥 𝑓
𝑞(𝑥)

𝑝(𝑥)
𝑑𝑥

where 𝑓 is a convex function satisfying 𝑓 1 = 0 
and strictly convex at 𝑥 = 1.

𝐷𝑓(𝑝| 𝑞 ≥ 0 with equality if and only if 𝑝 𝑥 = 𝑞(𝑥) for all 𝑥. 

Some properties of 𝑓-divergence:

Ex) 𝛼-divergence

𝑞/𝑝

Asymmetric.

Reparametrization invariance.

𝐷𝑓 𝑝 𝑥; 𝜃 + 𝑑𝜃 ԡ𝑝 𝑥; 𝜃 =
𝑓′′(1)

2
𝑑𝜃⊤𝐹 𝜃 𝑑𝜃 + 𝑜 𝑑𝜃 2Connections to FIM:
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  f  (  x ; 𝜃 ) ∈ ℋ


  ℋ


  ℋ


  ℋ


  ℋ


  p ( 𝜃 | 𝒟 )


  𝜃


  𝒟


  p  ( 𝜃 | 𝒟 ) =   p  ( 𝒟 | 𝜃 )   p ( 𝜃 )  p ( 𝒟 )


  p o s t e r i o r =   l i k e l i h o o d × p r i o r  e v i d e n c e


  p  ( 𝒟 | 𝜃 ) ∈ ℋ


  𝜃


  𝒟


   𝜃 ∗ =     argmax 𝜃 ⁡  p  ( 𝒟 | 𝜃 )


  L  ( 𝜃 ) = −   log ⁡  p ( 𝒟 | 𝜃 )


  p  ( 𝜃 )


  𝜃


  𝜃


  𝜃


  𝜃


  p ( 𝜃 )


  p  ( 𝜃 |  𝒟 , ℋ ) =   p  ( 𝒟 |  𝜃 , ℋ )   p  ( 𝜃 | ℋ )  p ( 𝒟 | ℋ )


  𝜃


  𝒟 =    {   x i ,  y i }  i = 1 N


  ℋ


  p  ( 𝜃 | ℋ )


  𝜃


  p  ( 𝜃 |  𝒟 , ℋ )


  𝜃


  p ( 𝒟 | ℋ )


  p ( 𝒟 | ℋ ) = ∫ p  ( 𝒟 |  𝜃 , ℋ )   p  ( 𝜃 | ℋ ) d 𝜃


  p  ( y |  x , 𝒟 ) = ∫  p  ( y |  x , 𝜃 ) p  ( 𝜃 | 𝒟 )   d 𝜃


  Θ


  p ( y | x )


  p ( y | x , 𝜃 )


  p ( y | x )


  p ( y | x ,  𝜃 ∗ )


  p  ( y |  x , 𝒟 )


  p ( 𝜃 | 𝒟 )


  P  (  y = 1 | x )


  p  ( ℋ |  𝒟 , I ) =   p  ( 𝒟 |  ℋ , I )   p  ( ℋ | I )  p ( 𝒟 | I )


  I


  p  ( y |  𝒟 , I ) =  ∑ ℋ  p  ( y |  𝒟 , ℋ , I ) p ( ℋ | 𝒟 , I )


  p  (  x ; 𝜇 , Σ ) =  1      2 𝜋 D    | Σ |  1 / 2   exp ⁡   (  −  1 2    (  x − 𝜇 ) ⊤  Σ  − 1 ( x − 𝜇 ) )


  x =  (   x 1 ,  x 2 , … ,  x D ) ∈  ℝ D


  𝜇 ∈  ℝ D


  Σ ∈  ℝ  D × D


   ℝ D


  C o v  [   x i ,  x j ] = 𝔼  [   x i  x j ] − 𝔼  [   x i ] 𝔼 [  x j ] =  Σ  i j


  𝔼  [   x j ] =  𝜇 j


  p  (  x ; 𝜇 , Σ ) =  1      2 𝜋 D    | Σ |  1 / 2   exp ⁡   (  −  1 2    (  x − 𝜇 ) ⊤  Σ  − 1 ( x − 𝜇 ) )


  Σ  u i =  𝜆 i  u i


  p  (  x ; 𝜇 , Σ ) = p  (  𝜇 ; 𝜇 , Σ ) ⋅   exp ⁡   (  −  1 2 )


  Σ


  x =  (   x a ,  x b ) ∈  ℝ D ,    x a ∈  ℝ   D a ,    x b ∈  ℝ   D b


  p  (   x a ) = ∫  p  (   x a ,  x b ) d  x b    


  p  (   x a |   x b ) =   p (  x a ,  x b )  p (  x b )


  −  1 2    (  x − 𝜇 ) ⊤  Σ  − 1  (  x − 𝜇 ) = −  1 2    (   x b −  𝜇 b ) ⊤  Σ  b b  − 1  (   x b −  𝜇 b ) −  1 2    (   x a −  𝜇  a | b ) ⊤  Σ  a | b  − 1 (  x a −  𝜇  a | b )


  x =  (   x a ,  x b ) ∈  ℝ D ,    x a ∈  ℝ   D a ,    x b ∈  ℝ   D b


  𝜇 =  (     𝜇 a   𝜇 b ) ∈  ℝ D


  Σ =  (     Σ  a a   Σ  b a    Σ  a b   Σ  b b ) ∈  ℝ  D × D


   Σ a =  Σ  a a


   𝜇  a | b =  𝜇 a +  Σ  a b  Σ  b b  − 1 (  x b −  𝜇 b )


   Σ  a | b =  Σ  a a −  Σ  a b  Σ  b b  − 1  Σ  b a


  p  (   x a ,  x b ) = N ( 𝜇 ,   Σ )


  ∝   exp ⁡   (  −  1 2    (  x − 𝜇 ) ⊤  Σ  − 1 ( x − 𝜇 ) )


   Σ  − 1 =  [      Λ  a a   Λ  a b    Λ  b a   Λ  b b ]


  = −  1 2    (   x a −  𝜇 a +  Λ  a a  − 1  Λ  a b  (   x b −  𝜇 b ) ) ⊤  Λ  a a  (   x a −  𝜇 a +  Λ  a a  − 1  Λ  a b  (   x b −  𝜇 b ) ) +  1 2    (   x b −  𝜇 b ) ⊤  Λ  b a  Λ  a a  − 1  Λ  a b (  x b −  𝜇 b )   −  1 2    (   x b −  𝜇 b ) ⊤  Λ  b b (  x b −  𝜇 b )


  −  1 2    (  x − 𝜇 ) ⊤  Σ  − 1  (  x − 𝜇 ) = −  1 2    (      x a −  𝜇 a    x b −  𝜇 b ) ⊤  [      Λ  a a   Λ  a b    Λ  b a   Λ  b b ]  (      x a −  𝜇 a    x b −  𝜇 b )


  = −  1 2    (   x a −  𝜇 a ) ⊤  Λ  a a (  x a −  𝜇 a ) −  1 2    (   x a −  𝜇 a ) ⊤  Λ  a b (  x b −  𝜇 b ) −  1 2    (   x b −  𝜇 b ) ⊤  Λ  b a (  x a −  𝜇 a ) −  1 2    (   x b −  𝜇 b ) ⊤  Λ  b b (  x b −  𝜇 b )


  = −  1 2    (   x a −  𝜇  a | b ) ⊤  Σ  a | b  − 1 (  x a −  𝜇  a | b ) −  1 2    (   x b −  𝜇 b ) ⊤  Σ  b b  − 1  (   x b −  𝜇 b )


   𝜇  a | b =  𝜇 a +  Σ  a b  Σ  b b  − 1 (  x b −  𝜇 b )


   Σ  a | b =  Λ  a a  − 1 =  Σ  a a −  Σ  a b  Σ  b b  − 1  Σ  b a


   Σ  b b =    (   Λ  b b −  Λ  b a  Λ  a a  − 1  Λ  a b )  − 1


  x =  (   x a ,  x b ) ∈  ℝ D ,    x a ∈  ℝ   D a ,    x b ∈  ℝ   D b


  p  (   x b ) = ∫  p  (   x a ,  x b ) d  x a = N  (   x b ;  𝜇 b ,  Σ b )    


   Σ b =  Σ  b b


   𝜇  a | b =  𝜇 a +  Σ  a b  Σ  b b  − 1 (  x b −  𝜇 b )


   Σ  a | b =  Σ  a a −  Σ  a b  Σ  b b  − 1  Σ  b a


  −  1 2    (  x − 𝜇 ) ⊤  Σ  − 1  (  x − 𝜇 ) = −  1 2    (   x b −  𝜇 b ) ⊤  Σ  b b  − 1  (   x b −  𝜇 b ) −  1 2    (   x a −  𝜇  a | b ) ⊤  Σ  a | b  − 1 (  x a −  𝜇  a | b )


  p  (   x a |   x b ) =   p (  x a ,  x b )  p (  x b ) = N (  x a ;  𝜇  a | b ,  Σ  a | b )


  ∝ exp  (  −  1 2    (   x b −  𝜇 b ) ⊤  Σ  b b  − 1  (   x b −  𝜇 b ) )


  ∝ exp  (  −  1 2    (   x a −  𝜇  a | b ) ⊤  Σ  a | b  − 1 (  x a −  𝜇  a | b ) )


  y ∼ G P  (  m , k )


  m ( x )


  k (  x 1 ,  x 2 )


  y ( x )


   x 1


   x 2


   x 3


   x 4


   x 5


  y  (   x 1 )


  y  (   x 2 )


  y  (   x 3 )


  y  (   x 4 )


  y  (   x 5 )


  y  (   x 1 ) , … , y (  x N )


     (  m  (   x 1 ) , … , m  (   x N ) ) ⊤ ∈  ℝ N


  K =  (     k  (   x 1 ,  x 1 )  ⋯  k  (   x 1 ,  x N )   ⋮  ⋱  ⋮   k  (   x N ,  x 1 )  ⋯  k  (   x N ,  x N ) ) ∈  ℝ  N × N


  y


  x


  m  ( x ) = 0


  k ( )


   x 1


   x 2


   x 3


   x 4


   x 5


  y  (   x 1 )


  y  (   x 2 )


  y  (   x 3 )


  y  (   x 4 )


  y  (   x 5 )


  y


  x


   x  n e w


   𝜇  a | b =  𝜇 a +  Σ  a b  Σ  b b  − 1 (  x b −  𝜇 b )


   Σ  a | b =  Σ  a a −  Σ  a b  Σ  b b  − 1  Σ  b a


  p  (  y  (   x  n e w ) |  y  (   x 1 ) , … , y  (   x N ) ) = N (  k ⊤  K  − 1 y ,   𝜅 −  k ⊤  K  − 1 k )


  C o v  (  y  (   x  n e w ) ,   y  (   x 1 ) , … , y  (   x N ) ) =  (     𝜅   k ⊤   k  K ) ∈  ℝ  ( N + 1 ) × ( N + 1 )


  𝔼  [  y  (   x  n e w )   |   y  (   x 1 ) , … , y  (   x N ) ] =  k ⊤  K  − 1 y ∈ ℝ


  y  (   x  n e w )


  𝔼  [   (  y  (   x  n e w ) ,   y  (   x 1 ) , … , y  (   x N ) ) ] =  (  0 , … , 0 ) ∈  ℝ  N + 1


  C o v  [  y  (   x  n e w )   |   y  (   x 1 ) , … , y  (   x N ) ] = 𝜅 −  k ⊤  K  − 1 k ∈ ℝ


  m  ( x ) = 0


  k  (  x , y ) =   exp ⁡   (  −      (  x − y ) 2  2  h 2 )


  h = 1 . 0


  k  (  x , y ) =   exp ⁡   (  −      (  x − y ) 2  2  h 2 )


  h = 0 .


  𝒟 =    {   x i }  i = 1 N ,    x i ∈  ℝ D


   ℝ D


  p ( x ; 𝜃 )


  𝜃 ∈  ℝ p


  L  ( 𝜃 ) = p (    {   x i }  i = 1 N ; 𝜃 ) =  ∏  i = 1 N  p (  x i ; 𝜃 )


     𝜃 ^  M L =     argmax 𝜃 ⁡    log ⁡  L ( 𝜃 ) =     argmax 𝜃 ⁡   ∑  i = 1 N    log ⁡  p (  x i ; 𝜃 )


        𝜕   log ⁡  L  ( 𝜃 )  𝜕 𝜃 |  𝜃 =    𝜃 ^  M L = 0


  𝜃 = ( 𝜇 , Σ )


      max 𝜃 ⁡    log ⁡  L ( 𝜃 ) =  ∑  i = 1 N    log ⁡  p (  x i ; 𝜇 , Σ )


  =  ∑  i = 1 N  −  1 2    (   x i − 𝜇 ) ⊤  Σ  − 1  (   x i − 𝜇 ) −  D 2   log ⁡   (  2 𝜋 ) −  1 2   log ⁡   | Σ |


    𝜕   log ⁡ L  𝜕 𝜇 =  ∑  i = 1 N   Σ  − 1  (   x i − 𝜇 ) = 0


     𝜇 ^  M L =  1 N  ∑  i = 1 N   x i


    𝜕   log ⁡ L  𝜕 Σ = 0


     Σ ^  M L =  1 N  ∑  i = 1 N   (   x i −    𝜇 ^  M L )    (   x i −    𝜇 ^  M L ) ⊤


   𝜕  𝜕 Σ  (   x ⊤  Σ  − 1 x ) = −  Σ  − 1 x  x ⊤  Σ  − 1 ,      𝜕  𝜕 Σ  (    log ⁡   | Σ | ) =  Σ  − 1


  p  (  x ; 𝜇 , Σ ) =  1      2 𝜋 D    | Σ |  1 / 2   exp ⁡   (  −  1 2    (  x − 𝜇 ) ⊤  Σ  − 1 ( x − 𝜇 ) )


  p  ( 𝜃 | 𝒟 ) ∝ p  ( 𝒟 | 𝜃 )   p ( 𝜃 )


     𝜃 ^  M A P =     argmax 𝜃 ⁡  p ( 𝜃 | 𝒟 )


  =     argmax 𝜃 ⁡   ∑  i = 1 N    log ⁡  p (  x i | 𝜃 ) +   log ⁡  p ( 𝜃 )


  =     argmax 𝜃 ⁡    log ⁡  p ( 𝜃 | 𝒟 )


  𝜃 = 𝜇


   𝜎 2


  p  ( 𝜇 ) = N ( 𝜇 ;  𝜇 0 ,  𝜎 0 2 )


   ∏  i = 1 N  p (  x i | 𝜇 )


      max 𝜇 ⁡   ∑  i = 1 N    log ⁡  p (  x i | 𝜇 ) +   log ⁡  p ( 𝜇 )


      max 𝜇 ⁡  L  ( 𝜇 ) =  ∑  i = 1 N   (  −  1  2  𝜎 2    (   x i − 𝜇 ) 2 ) −  1  2  𝜎 0 2      (  𝜇 −  𝜇 0 ) 2  


     𝜇 ^  M A P =   N  𝜎 0 2  N  𝜎 0 2 +  𝜎 2  (   1 N  ∑  i = 1 N   x i ) +    𝜎 2  N  𝜎 0 2 +  𝜎 2  𝜇 0


        𝜕 L  𝜕 𝜇 |  𝜇 =    𝜇 ^  M A P = 0


  𝜃 = 𝜇


   𝜎 2


  p  (  𝜇 | D ) = N ( 𝜇 ;  𝜇 N ,  𝜎 N 2 )


   𝜇 N =   N  𝜎 0 2  N  𝜎 0 2 +  𝜎 2    𝜇 ^  M L +    𝜎 2  N  𝜎 0 2 +  𝜎 2  𝜇 0 =    𝜇 ^  M A P


   𝜎 N 2 =    𝜎 2  𝜎 0 2  N  𝜎 0 2 +  𝜎 2 .


  p  ( 𝜇 | D ) ∝ p  ( D | 𝜇 )   p ( 𝜇 )


  ∝   exp ⁡   (  −  1  2  𝜎 2  ∑  i = 1 N     (   x i − 𝜇 ) 2 )   exp ⁡   (  −  1  2  𝜎 0 2    (  𝜇 −  𝜇 0 ) 2 )


  ∝   exp ⁡   (  −  1 2  (   (   N   𝜎 2 +  1   𝜎 0 2 )  𝜇 2 − 2  (   1   𝜎 2  ∑  i = 1 N   x i +    𝜇 0   𝜎 0 2 ) 𝜇 ) )


  ∝   exp ⁡   (  −  1  2  𝜎 N 2    (  𝜇 −  𝜇 N ) 2 )


  a  𝜇 2 − 2 b 𝜇 = a    (  𝜇 −  b a ) 2 + c o n s t .


     𝜇 ^  M L


  N = 0


   𝜎 0 2 = 0


   𝜇 N =  𝜇 0 ,    𝜎 N 2 =  𝜎 0 2


   𝜇 N =   N  𝜎 0 2  N  𝜎 0 2 +  𝜎 2    𝜇 ^  M L +    𝜎 2  N  𝜎 0 2 +  𝜎 2  𝜇 0


   𝜎 N 2 =    𝜎 2  𝜎 0 2  N  𝜎 0 2 +  𝜎 2


  N → ∞


   𝜇 N =    𝜇 ^  M L ,    𝜎 N 2 = 0


   𝜎 0 2 → ∞


   𝜇 N =    𝜇 ^  M L ,    𝜎 N 2 =    𝜎 2 N


   𝜇 0


   𝜎 2 ≫ 1


   𝜇 N ≈  𝜇 0 ,    𝜎 N 2 ≈  𝜎 0 2


     𝜇 ^  M L


  p  ( x | 𝒟 ) = ∫  p  ( x | 𝜇 ) p  ( 𝜇 | 𝒟 )   d 𝜇


  p  ( x | 𝜇 ) p  ( 𝜇 | 𝒟 ) ∝   exp ⁡   (  −  1  2  𝜎 2    (  x − 𝜇 ) 2 )   exp ⁡   (  −  1  2  𝜎 N 2    (  𝜇 −  𝜇 N ) 2 )


  p  ( x | 𝒟 ) ∝   exp ⁡   (  −      (  x −  𝜇 N ) 2  2 (  𝜎 2 +  𝜎 N 2 ) )


  p  ( x | 𝒟 ) = N ( x ;  𝜇 N ,    𝜎 2 +  𝜎 N 2 )


  𝒟 =    {   (   x i ,  y i ) }  i = 1 N ,      x i ∈  ℝ D ,      y i ∈ ℝ


  p  ( y |  x , w ,  𝜎 2 ) = N  (  y ;  w ⊤ x ,    𝜎 2 ) ,


  y =  w ⊤ x + 𝜖 ,     𝜖 ∼ N  (  0 ,  𝜎 2 )


  p  ( y |  X , w ,  𝜎 2 ) =  ∏  i = 1 N  p  (   y i |  x i , w ,  𝜎 2 )


  w ∈  ℝ D


   ℝ D


  y =  w ⊤ x


  y


  X =  (      x 1  ⋯   x N ) ∈  ℝ  D × N


  y =    (      y 1  ⋯   y N ) ⊤ ∈  ℝ N


      max w ⁡    log ⁡  L  ( w ) = −  1  2  𝜎 2  ∑  i = 1 N     (   y i −  w ⊤  x i ) 2 −  N 2   log ⁡   𝜎 2 −  N 2   log ⁡  ( 2 𝜋 ) .


   𝜕  𝜕 w  ∑  i = 1 N     (   y i −  w ⊤  x i ) 2 = − 2  ∑  i = 1 N   (   y i −  w ⊤  x i )  x i = 0 .


     w ^  M L =    (   ∑  i = 1 N   x i  x i ⊤ )  − 1  ∑  i = 1 N   y i  x i =    (  X  X ⊤ )  − 1 X y ∈  ℝ D


  X =  (      x 1  ⋯   x N ) ∈  ℝ  D × N


  y =    (      y 1  ⋯   y N ) ⊤ ∈  ℝ N


  p  ( w ) = N ( w ; 0 ,  𝜎 0 2 I )


   ℝ D


  y


  p  ( w | 𝒟 ) ∝  ∏  i = 1 N  p  (   y i |   x i , w ) p ( w )


  =  1      2 𝜋  𝜎 2  N D  1      2 𝜋  𝜎 0 2 D   exp ⁡   (  −  ∑  i = 1 N       (   y i −  w ⊤  x i ) 2  2  𝜎 2 −    w ⊤ w  2  𝜎 0 2 )


  −  1 2    (  w −  𝜇 w ) ⊤  Σ w  − 1 ( w −  𝜇 w )


   ℝ D


  y


  −  ∑  i = 1 N       (   y i −  w ⊤  x i ) 2  2  𝜎 2 −    w ⊤ w  2  𝜎 0 2 = −  1 2    (  w −  𝜇 w ) ⊤  Σ w  − 1  (  w −  𝜇 w ) + c o n s t .


   𝜇 w =    (  X  X ⊤ +    𝜎 2   𝜎 0 2 I )  − 1 X y


   Σ w =  𝜎 2    (  X  X ⊤ +    𝜎 2   𝜎 0 2 I )  − 1 =    𝜎 2 N    (   1 N X  X ⊤ +    𝜎 2  N  𝜎 0 2 I )  − 1


  N


   𝜎 0 2


   𝜎 2


  p  ( y |  x , w ,  𝜎 2 )


  N


   Σ w


  X =  (      x 1  ⋯   x N ) ∈  ℝ  D × N


  y =    (      y 1  ⋯   y N ) ⊤ ∈  ℝ N


  p  ( y |  x , 𝒟 ) = ∫  p  ( y |  x , w )   p  ( w | 𝒟 )   d w


  p  ( y |  x , w ) = N  (  y ;  w ⊤ x ,  𝜎 2 )


  p  ( w | 𝒟 ) = N  (  w ;  𝜇 w ,  Σ w ) .


  p  ( y |  x , w )   p  ( w | 𝒟 ) = C ⋅   exp ⁡   (  −  1  2  𝜎 2    (  y −  w ⊤ x ) 2 −  1 2    (  w −  𝜇 w ) ⊤  Σ w ( w −  𝜇 w ) )


  w


  −  1  2  𝜎  y | x , 𝒟 2    (  y −  𝜇  y | x , 𝒟 ) 2


  p  ( y |  x , 𝒟 )


  y =  w ⊤ x + 𝜖 ,     𝜖 ~ N ( 0 ,  𝜎 2 )


   𝜇  y | x , 𝒟


   𝜎  y | x , 𝒟 2


   𝜇  y | x , 𝒟 =  𝔼  w , 𝜖  [  y | x , 𝒟 ] =  𝔼  w , 𝜖  [   w ⊤ x + 𝜖 | x , 𝒟 ] =  x ⊤ 𝔼  [  w | 𝒟 ]


   𝜎  y | x , 𝒟 2 = V a  r  w , 𝜖  [ y |  x , 𝒟 ] =  𝔼  w , 𝜖  [     (   w ⊤ x + 𝜖 ) 2 | x , 𝒟 ] −  𝔼  w , 𝜖    [   w ⊤ x + 𝜖 | x , 𝒟 ] 2


  =  𝜎 2 +  x ⊤  Σ w x =  𝜎 2 +    𝜎 2 N ⋅  x ⊤    (   1 N X  X ⊤ +    𝜎 2  N  𝜎 0 2 I )  − 1 x


  =  x ⊤ 𝔼  [  w  w ⊤ | 𝒟 ] x + 𝔼  [   𝜖 2 ] −  x ⊤ 𝔼  [ w | 𝒟 ] 𝔼    [ w | 𝒟 ] ⊤ x =  𝜎 2 +  x ⊤ C o v  [  w | 𝒟 ] x


  =  x ⊤  𝜇 w =  x ⊤    (  X  X ⊤ +    𝜎 2   𝜎 0 2 I )  − 1 X y


  p  ( y |  x , 𝒟 ) = N ( y ;  𝜇  y | x , 𝒟 ,  𝜎  y | x , 𝒟 2 )


   𝜎 2


  w


  N → ∞


  p  ( y |  x , 𝒟 ) = N ( y ;  𝜇  y | x , 𝒟 ,  𝜎  y | x , 𝒟 2 )


   𝜎 2


  w


  N → ∞


   𝜇  y | x , 𝒟 =  x ⊤  𝜇 w =  x ⊤    (  X  X ⊤ +    𝜎 2   𝜎 0 2 I )  − 1 X y =  x ⊤ X    (   X ⊤ X +    𝜎 2   𝜎 0 2 I )  − 1 y


   𝜎  y | x , 𝒟 2 =  𝜎 2 +  x ⊤  Σ w x =  𝜎 2 +  𝜎 2 ⋅  x ⊤    (  X  X ⊤ +    𝜎 2   𝜎 0 2 I )  − 1 x


  =  𝜎 2 +  𝜎 0 2  x ⊤ x −  𝜎 0 2  x ⊤ X    (   X ⊤ X +    𝜎 2   𝜎 0 2 I )  − 1  X ⊤ x


   x 1


   x 2


  x ∈  ℝ 2 ↦ 𝜙  ( x ) =  (   x 1 2 ,  x 2 2 ,  2  x 1  x 2 ) ∈  ℝ 3


   𝜙 1  ( x )


   𝜙 2  ( x )


   𝜙 3  ( x )


  k  (  x , y ) = 𝜙    ( x ) ⊤ 𝜙  ( y )


  =  x 1 2  y 1 2 +  x 2 2  y 2 2 + 2  x 1  x 2  y 1  y 2


  =    (   x ⊤ y ) 2


  k  (  x , y ) =    (   x ⊤ y + 1 ) d


  𝜙  ( x ) =   exp ⁡   (  −    x 2 2 )  (     1   x 1  ⋯           x D   x 1 2 /  2  ⋯           x D 2 /  2   x 1  x 2  ⋯ ) ∈  ℝ ∞


  k  (  x , y ) =   exp ⁡   (  −      ‖  x − y ‖ 2 2 )


  d = 2


  𝜙  ( x ) =  (      x 1 2   x 2 2  1           2  x 1  x 2   2  x 1   2  x 2       ) ∈  ℝ 6


  k ( x , y )


  ⇔


  𝜙  ( x )


  k  (  x , y ) = 𝜙    ( x ) ⊤ 𝜙 ( y )


  K =  (     k  (   x 1 ,  x 1 )  ⋯  k  (   x 1 ,  x N )   ⋮  ⋱  ⋮   k  (   x N ,  x 1 )  ⋯  k  (   x N ,  x N ) ) ∈  ℝ  N × N


   x 1 , … ,  x N


  x ∈  ℝ D ↦ 𝜙  ( x ) ∈  ℝ F


  X =  (      x 1  ⋯   x N ) ∈  ℝ  D × N ↦ Φ =  (     𝜙  (   x 1 )  ⋯  𝜙  (   x N ) ) ∈  ℝ  F × N


   X ⊤ x ↦ k ≡  Φ ⊤ 𝜙  ( x ) =    (     𝜙    ( x ) ⊤ 𝜙  (   x 1 )  ⋯  𝜙    ( x ) ⊤ 𝜙  (   x N ) ) ⊤ =    (     k  (   x 1 , x )  ⋯  k  (   x N , x ) ) ⊤ ∈  ℝ  N × 1


   X ⊤ X ↦ K ≡  Φ ⊤ Φ =  (     𝜙    (   x 1 ) ⊤ 𝜙  (   x 1 )  ⋯  𝜙    (   x 1 ) ⊤ 𝜙  (   x N )   ⋮  ⋱  ⋮   𝜙    (   x N ) ⊤ 𝜙  (   x 1 )  ⋯  𝜙    (   x N ) ⊤ 𝜙  (   x N ) ) =  (     k  (   x 1 ,  x 1 )  ⋯  k  (   x 1 ,  x N )   ⋮  ⋱  ⋮   k  (   x N ,  x 1 )  ⋯  k  (   x N ,  x N ) ) ∈  ℝ  N × N


   x ⊤ X    (   X ⊤ X +    𝜎 2   𝜎 0 2 I )  − 1 y


   𝜎 2 +  𝜎 0 2  x ⊤ x −  𝜎 0 2  x ⊤ X    (   X ⊤ X +    𝜎 2   𝜎 0 2 I )  − 1  X ⊤ x


   𝜇  y | x , 𝒟 =  k ⊤    (  K +    𝜎 2   𝜎 0 2 I )  − 1 y


   𝜎  y | x , 𝒟 2 =  𝜎 2 +  𝜎 0 2 k ( x , x ) −  𝜎 0 2  k ⊤    (  K +    𝜎 2   𝜎 0 2 I )  − 1 k


  𝜙  ( x ) =    (     (   x s ) p ,    (   x s )  p − 1 , … ,  x s , 1 ) ⊤ ∈  ℝ F


   ℝ F


   ℝ F


  y


  y


   ℝ F


   ℝ F


  y


  y


  m  ( x ) = 0


   k  G P  (   x i ,  x j ) =  𝜎 2  𝛿  i j +  𝜎 0 2 k (  x i ,  x j )


   x 1


   x 2


   x 3


   x 4


   x 5


  y  (   x 1 )


  y  (   x 2 )


  y  (   x 3 )


  y  (   x 4 )


  y  (   x 5 )


  y


  x


   x  n e w


  p  (  y  (   x  n e w ) |  y  (   x 1 ) , … , y  (   x N ) ) = N (  𝜇  y | x , 𝒟 ,  𝜎  y | x , 𝒟 2 )


   𝜇  y | x , 𝒟 =  k ⊤    (  K +    𝜎 2   𝜎 0 2 I )  − 1 y


   𝜎  y | x , 𝒟 2 =  𝜎 2 +  𝜎 0 2 k ( x , x ) −  𝜎 0 2  k ⊤    (  K +    𝜎 2   𝜎 0 2 I )  − 1 k


  y  (   x  n e w )


    log ⁡  f  ( 𝜃 )


  q  ( 𝜃 )


  f  ( 𝜃 ) =  ∏  i = 1 N  p  (   x i | 𝜃 )   p ( 𝜃 )


  p ( 𝒟 ) = ∫  f  ( 𝜃 ) d 𝜃


  p  ( 𝜃 | 𝒟 ) = f  ( 𝜃 ) / p ( 𝒟 )


  p ( 𝒟 )


  p  ( 𝜃 | 𝒟 )


    log ⁡  f ( 𝜃 )


     𝜃 ^  M A P =     argmax 𝜃 ⁡  f ( 𝜃 ) :


    log ⁡   f ^ ( 𝜃 ) =   log ⁡  f  (     𝜃 ^  M A P ) −  1 2    (  𝜃 −    𝜃 ^  M A P ) ⊤ A  (  𝜃 −    𝜃 ^  M A P )


   f ^  ( 𝜃 ) = f  (     𝜃 ^  M A P )   exp ⁡   (  −  1 2    (  𝜃 −    𝜃 ^  M A P ) ⊤ A  (  𝜃 −    𝜃 ^  M A P ) )


  ∫   f ^  ( 𝜃 )   d 𝜃 = f  (     𝜃 ^  M A P ) ⋅        (  2 𝜋 ) p   | A |


  𝜃


  𝜃


  −   log ⁡  p ( 𝜃 | 𝒟 )  


  p ( 𝜃 | 𝒟 )


  q ( 𝜃 )


  −   log ⁡  q ( 𝜃 )  


  q  ( 𝜃 ) =    f ^  ( 𝜃 )  ∫   f ^  ( 𝜃 )   d 𝜃 = N  (     𝜃 ^  M A P ,  A  − 1 )


  A = −        𝜕 2  𝜕  𝜃 2   log ⁡  f  ( 𝜃 ) |  𝜃 =    𝜃 ^  M A P ∈  ℝ  p × p


     𝜃 ^  M A P


       𝜕  𝜕 𝜃   log ⁡  f  ( 𝜃 ) |  𝜃 =    𝜃 ^  M A P = 0


  q  ( 𝜃 ) = N  (     𝜃 ^  M A P ,  A  − 1 )


  A = −        𝜕 2  𝜕  𝜃 2   log ⁡  f  ( 𝜃 ) |  𝜃 =    𝜃 ^  M A P ∈  ℝ  p × p


    log ⁡  f ( 𝜃 )


  p ( 𝜃 | 𝒟 )


  N


  p ( 𝜃 | 𝒟 )


  𝒟 =    {   x i }  i = 1 N


    p  ( 𝒟 |   ℳ 1 )  p  ( 𝒟 |   ℳ 2 )


  p ( 𝒟 | ℳ ) = ∫   ∏  i = 1 N  p  (   x i |  𝜃 , ℳ )   p ( 𝜃 | ℳ )   d 𝜃


    log ⁡  p  (  𝒟 | ℳ ) ≈  ∑  i = 1 N    log ⁡  p  (   x i |     𝜃 ^  M A P , ℳ ) +   log ⁡  p (    𝜃 ^  M A P | ℳ ) +  p 2   log ⁡  2 𝜋 −  1 2   log ⁡   | A |


  p  ( 𝒟 | ℳ ) = ∫  f  ( 𝜃 ) d 𝜃 ≈ ∫   f ^  ( 𝜃 )   d 𝜃 = f  (     𝜃 ^  M A P ) ⋅        (  2 𝜋 ) p   | A |


  f  ( 𝜃 ) =  ∏  i = 1 N  p  (   x i |  𝜃 , ℳ )   p ( 𝜃 | ℳ )


  N ≫ 1 ,


  A = −        𝜕 2  𝜕  𝜃 2  (   ∑  i = 1 N    log ⁡  p  (   x i | 𝜃 , ℳ ) +   log ⁡  p  ( 𝜃 | ℳ ) ) |  𝜃 =    𝜃 ^  M A P ≈ N ⋅ H ,


   | A | ≈  N p  | H | ,               log ⁡   | A | ≈ p   log ⁡ N +   log ⁡   | H |


  − log   p  (  𝒟 | ℳ ) ≈ −  ∑  i = 1 N  log   p  (   x i |     𝜃 ^  M A P ) +  p 2 log   N


  H = −        𝜕 2  𝜕  𝜃 2  𝔼  p  ( x )  [    log ⁡  p  (  x | 𝜃 , ℳ ) ] |  𝜃 =    𝜃 ^  M A P


  x


  h  ( x ) = −   log ⁡  P  ( x )


  P


  P = 1


  x


  y


  x ∈  {  p a s s ,   f a i l }


  P  (  p a s s ) = 1


  x = p a s s


  P  (  p a s s ) = 0 .


  x = p a s s


  p  (  x , y ) = p  ( x ) p ( y )


  h  (  x , y ) = h  ( x ) + h ( y )


  H  ( X ) = −  ∑ x  P  ( x )   log ⁡  P ( x )


  X


  P  ( x )   log ⁡  P ( x ) = 0


  P  ( x ) = 0


  X


  H  ( X ) = − ∫  p  ( x )   log ⁡  p ( x )   d x


  p = 0 . 5


  X


   x 1 , … ,  x M


  H ( X ) ≥ 0


  X


  P (  x i ) = 1


  i


  H ( X ) ≤   log ⁡ M


  P  (   x 1 ) = … = P (  x M ) = 1 / M


  H  (  X , Y ) = H  ( X ) + H ( Y )


  P  (  x , y ) = P  ( x ) P ( y )


  H  (  X , Y ) = −  ∑  x , y  P  (  x , y )   log ⁡  P ( x , y )


  −   log 2 P  ( x ) =


  x


  P


  H  ( X ) = −  ∑ x  P  ( x )     log 2 ⁡  P ( x )


  x


  P  ( x )


  −   log 2 P  ( x )


  H  ( X )


  H  ( X )


  x ∼ P


  Q


  H  (  P , Q ) = −  ∑ x  P  ( x )   log   Q  ( x )


  Q


  P


  Q = P


  P


  p ( x )


  q ( x )


  K L  (  p  ‖ q ) = − ∫  p  ( x )   log ⁡  q  ( x )   d x + ∫  p  ( x )   log ⁡  p  ( x )   d x = ∫  p  ( x )   log ⁡    p  ( x )  q  ( x )   d x


  p


  q


  p


  = H  (  p , q ) − H  ( p )


  𝔼  [  f  ( x ) ] ≥ f  (  𝔼  [ x ] )


  f


  K L  (  p  ‖ q ) = ∫  p  ( x )   log ⁡    p  ( x )  q  ( x )   d x


  K L ( p |  | q ) ≥ 0


  p  ( x ) = q ( x )


  x


   q ∗ =     argmin q ⁡  K L ( p  ‖ q ) =     argmin q ⁡  − ∫  p  ( x )   log ⁡  q ( x )   d x + ∫  p  ( x )   log ⁡  p ( x )   d x


  p


     {   x i }  i = 1 N


   p 𝒟  ( x ) =  1 N  ∑  i = 1 N   𝛿   x i ( x )


  K L  (   p 𝒟  ‖ q ) = − ∫   p 𝒟  ( x )   log ⁡  q  ( x )   d x + C = − ∫   (   1 N  ∑  i = 1 N   𝛿   x i  ( x ) )   log ⁡  q  ( x )   d x + C


   𝛿   x i  ( x ) = 1


  x =  x i


  K L  (   p 𝒟  ‖ q )


  = −  1 N  ∑  i = 1 N    log ⁡  q  (   x i ) + C


      min q ⁡  K L ( p | | q ) = ∫  p  ( x )   log ⁡    p  ( x )  q  ( x )   d x


      min q ⁡  K L ( q | | p ) = ∫  q  ( x )   log ⁡    q  ( x )  p  ( x )   d x


  q  ( x )


  p  ( x ) > 0


  p  ( x )


  q  ( x ) > 0


  p


  q


  I  (  X ; Y ) = K L  (  p  (  x , y )  ‖  p  ( x ) p  ( y ) ) = ∬  p  (  x , y )   log ⁡    p  (  x , y )  p  ( x ) p  ( y )   d x   d y


  = H  ( Y ) − H ( Y | X )


  H  ( X | Y ) = − ∫  ∫  p  (  x , y )   log ⁡  p ( x | y ) d x d y


  = H  ( X ) − H ( X | Y )


  H  (  X , Y ) = H  ( Y ) + H ( X | Y )


  I  (  X ; Y ) ≥ 0


  X


  Y


  p  (  x , y ) = p  ( x ) p ( y )


  p  ( 𝜃 | 𝒟 ) =   p  ( 𝒟 | 𝜃 )   p ( 𝜃 )  p ( 𝒟 )


  p ( 𝒟 ) = ∫ p  ( 𝒟 | 𝜃 )   p ( 𝜃 )   d 𝜃


  p  ( x | 𝒟 ) = ∫  p  ( x | 𝜃 ) p  ( 𝜃 | 𝒟 )   d 𝜃


      min  q  ( 𝜃 ) ∈ 𝒫 ⁡   𝔼  q  ( 𝜃 )  [  − log   p  ( 𝒟 | 𝜃 ) ]   + K L ( q  ( 𝜃 ) | | p  ( 𝜃 ) )


  𝒫


   q ∗  ( 𝜃 ) = p  ( 𝜃 | 𝒟 ) ∈ 𝒫


   𝔼  q  ( 𝜃 )  [  − log   p  ( 𝒟 | 𝜃 ) ]   + K L ( q  ( 𝜃 ) | | p  ( 𝜃 ) )


  q  ( 𝜃 )


  =  𝔼  q  ( 𝜃 )  [  − log   p  ( 𝒟 | 𝜃 ) p  ( 𝜃 ) ] − H  ( q )


  =  𝔼  q  ( 𝜃 )  [  − log   p ( 𝒟 ) p  ( 𝜃 | 𝒟 ) ] − H  ( q )


  = − log   p ( 𝒟 ) + KL ( q  ( 𝜃 ) | | p  ( 𝜃 | 𝒟 ) )


  q  ( 𝜃 ) = p  ( 𝜃 | 𝒟 )


   q ∗  ( 𝜃 ) = p  ( 𝜃 | 𝒟 ) ∈ 𝒫


  q ∈ 𝒬


  𝒬


      min  q  ( 𝜃 ) ∈ 𝒬 ⁡   𝔼  q  ( 𝜃 )  [  − log   p  ( 𝒟 | 𝜃 ) ]   + K L ( q  ( 𝜃 ) | | p  ( 𝜃 ) )


   q ∗  ( 𝜃 ) ∈ 𝒬


  p  ( 𝜃 | 𝒟 )


  p  ( 𝜃 | 𝒟 )


  p ( 𝒟 )


  p  ( 𝒟 | 𝜃 ) , p  ( 𝜃 ) , q  ( 𝜃 )


  𝒬


  q  ( 𝜃 ) =  ∏  i = 1 M   q i  (   𝜃 i )


  q  ( 𝜃 )


  log   p ( 𝒟 ) =  𝔼  q  ( 𝜃 )  [  log   p  ( 𝒟 | 𝜃 ) ] − K L ( q  ( 𝜃 ) | | p  ( 𝜃 ) ) + K L ( q  ( 𝜃 ) | | p  ( 𝜃 | 𝒟 ) )


  ≥  𝔼  q  ( 𝜃 )  [  log   p  ( 𝒟 | 𝜃 ) ] − K L ( q  ( 𝜃 ) | | p  ( 𝜃 ) )


  log   p ( 𝒟 )


  q


  KL ( q  ( 𝜃 ) | | p  ( 𝜃 | 𝒟 ) )


  q


  q


  q ∈ 𝒬


  z


  x


  x


  z


  p  ( x |  z , w ) = N  (  g  (  z , w ) ,  𝜎 2 I )


  p  ( z ) = N  (  0 , I )


  p  ( x | w ) = ∫  p  ( x |  z , w ) p  ( z ) d z .


  N


  𝒟 =   {  x i }  i = 1 N


    {  z i }  i = 1 N


    log ⁡  p  ( 𝒟 | w ) =  ∑  i = 1 N   ℒ i +  ∑  i = 1 N  K L (  q i  (   z i ) | | p  (   z i |   x i , w ) )


   ℒ i = ∫   q i  (   z i ) log   p  (   x i |   z i , w ) d  z i − K L (  q i  (   z i ) | | p  (   z i ) )


   q i  (   z i )


   q i  (   z i )


  q  ( z |  x , 𝜙 )


  p  (   z i |   x i , w )


  q  ( z |  x , 𝜙 )


  q  ( z |  x , 𝜙 ) =  ∏  j = 1 M  N  (   z   ( j ) |   𝜇   ( j )  (  x , 𝜙 ) ,  𝜎   ( j ) 2  (  x , 𝜙 ) ) ,


  z =  (   z   ( 1 ) , … ,  z   ( M ) ) .


  w


  𝜙


   ℒ i = ∫  q  (   z i |  x i , 𝜙 ) log   p  (   x i |   z i , w ) d  z i − K L ( q  (   z i |  x i , 𝜙 ) | | p  (   z i ) )


   1 2  ∑  j = 1 M  1 +   log ⁡   𝜎   ( j ) 2  (   x i ) −  𝜇   ( j ) 2  (   x i ) −  𝜎   ( j ) 2  (   x i )  


   1 L  ∑  l = 1 L    log ⁡  p  (   x i |   z i   ( l ) , w ) ,      z i   ( l ) ∼ q  (   z i |  x i , 𝜙 )


   z i   ( l )


  𝜙


   z i   ( l )


   z i   ( l )  


  𝜙


  z = 𝜎 𝜖 + 𝜇 ,     𝜖 ∼ N  (  0 , 1 )


  z ∼ N  (  𝜇 ,  𝜎 2 )


  ℒ ≃  ∑ i   [   1 2  ∑  j = 1 M  ( 1 +   log ⁡   𝜎  i  ( j ) 2 −  𝜇  i  ( j ) 2 −  𝜎  i  ( j ) 2 )   +  1 L  ∑  l = 1 L    log ⁡  p  (   x i |   z i   ( l ) , w ) ]


   z  i  ( j )   ( l ) =  𝜎   ( j )  (   x i , 𝜙 )  𝜖  i  ( j )   ( l ) +    𝜇   ( j )  (   x i , 𝜙 )


   𝜇  i  ( j ) =  𝜇   ( j )  (   x i , 𝜙 ) ,      𝜎  i  ( j )   =  𝜎   ( j )  (   x i , 𝜙 )


  w


  𝜙


  x


  q  ( z |  x , 𝜙 )


  𝝁


  𝝈


  𝜖


  𝜖 ∼ N  (  0 , 1 )


  z


  z = 𝜎 ⊙ 𝜖 + 𝜇


  p  ( x |  z , w )


   x ^


      min  w , 𝜙 ⁡  − ℒ =  ∑ i   [   𝔼  q  (   z i |  x i , 𝜙 ) [ − log   p  (   x i |   z i , w ) ] + K L ( q  (   z i |  x i , 𝜙 ) | | p  (   z i ) ) ]


  z ∼ N  (  0 , I )


  x   ∼ p  ( x |  z , w )


  𝒟 =    {   (   x i ,  y i ) }  i = 1 N


      min 𝜃 ⁡   1 2  ∑  i = 1 N     ‖  f  (   x i ; 𝜃 ) −  y i ‖ 2 .


  𝜃


  f  (  x ; 𝜃 ) =  a 0  x 0 +  a 1  x 1 + ⋯ +  a p  x p ,  


  𝜃 =  (   a 0 , … ,  a p )


   p a


  F


  s


   F a


   F b


  P  ( s |   p a , F ) =  p a   F a    (  1 −  p a )   F b


   p a


  p (  p a ) = 1


   p a ∈ [ 0 , 1 ]


  p  (   p a |  s , F ) =   P  ( s |   p a , F ) p (  p a )  P ( s | F ) =    p a   F a    (  1 −  p a )   F b  P ( s | F )


  P  ( s | F ) =  ∫ 0 1   p a   F a    (  1 −  p a )   F b d  p a =    F a !  F b !   (   F a +  F b + 1 ) !


  P ( s ,  p a | F )


  P  ( a |  s , F ) =  ∫ 0 1  P  ( a |   p a ) p  (   p a |  s , F ) d  p a =  ∫ 0 1   p a    p a   F a    (  1 −  p a )   F b  P ( s | F ) d  p a


  s = a b a ,   F = 3


  s = b b b ,   F = 3


  p (  p a | s , F )


  =   (  F a + 1 ) !  F b !   (   F a +  F b + 2 ) ! /    F a !  F b !   (   F a +  F b + 1 ) !


  =    F a + 1   F a +  F b + 2


     F a   F a +  F b


  p  ( x | 𝒟 ) = ∫  p  ( x | 𝜇 ) p  ( 𝜇 | 𝒟 )   d 𝜇


  p  ( x | 𝜇 ) p  ( 𝜇 | 𝒟 ) ∝   exp ⁡   (  −  1  2  𝜎 2    (  x − 𝜇 ) 2 )   exp ⁡   (  −  1  2  𝜎 N 2    (  𝜇 −  𝜇 N ) 2 )


  ∝   exp ⁡   (  −  1 2  (     x 2   𝜎 2 +  (   1   𝜎 2 +  1   𝜎 N 2 )  𝜇 2 − 2  (   x   𝜎 2 +    𝜇 N   𝜎 N 2 ) 𝜇 ) )


  ∝   exp ⁡   (  −      (  x −  𝜇 N ) 2  2 (  𝜎 2 +  𝜎 N 2 ) )


  ∝   exp ⁡   (  −  1 2  (     x 2   𝜎 2 +  (   1   𝜎 2 +  1   𝜎 N 2 )    (  𝜇 −    (   1   𝜎 2 +  1   𝜎 N 2 )  − 1  (   x   𝜎 2 +    𝜇 N   𝜎 N 2 ) ) 2 −    (   1   𝜎 2 +  1   𝜎 N 2 )  − 1    (   x   𝜎 2 +    𝜇 N   𝜎 N 2 ) 2 ) )


  p  ( x | 𝒟 ) ∝   exp ⁡   (  −  1 2  (   (   1   𝜎 2 −  1   𝜎 4    (   1   𝜎 2 +  1   𝜎 N 2 )  − 1 )  x 2 − 2    𝜇 N   𝜎 2  𝜎 N 2    (   1   𝜎 2 +  1   𝜎 N 2 )  − 1 x ) )


  𝜇


  p  ( x | 𝒟 ) = N ( x ;  𝜇 N ,    𝜎 2 +  𝜎 N 2 )


   𝜇  y | x , 𝒟 =  x ⊤    (  X  X ⊤ +    𝜎 2   𝜎 0 2 I )  − 1 X y =  x ⊤ X    (   X ⊤ X +    𝜎 2   𝜎 0 2 I )  − 1 y


   𝜎  y | x , 𝒟 2 =  𝜎 2 +  𝜎 2 ⋅  x ⊤    (  X  X ⊤ +    𝜎 2   𝜎 0 2 I )  − 1 x =  𝜎 2 +  𝜎 0 2  x ⊤ x −  𝜎 0 2  x ⊤ X    (   X ⊤ X +    𝜎 2   𝜎 0 2 I )  − 1  X ⊤ x


   (  X  X ⊤ + 𝛼 I ) X = X  (   X ⊤ X + 𝛼 I )


     (  X  X ⊤ + 𝛼 I )  − 1 =  𝛼  − 1 ( I − X    (   X ⊤ X + 𝛼 I )  − 1 X )


   x i ⊤  x j ,    x i ⊤ x ,


   x ⊤ x


     (  A + U C V )  − 1 =  A  − 1 −  A  − 1 U    (   C  − 1 + V  A  − 1 U )  − 1 V  A  − 1


  p ( 𝜃 ; 𝛽 )


  𝛽


  p ( 𝜃 ;  𝛽  E B )


   𝛽  E B =     argmax 𝛽 ⁡  p  (  𝒟 ; 𝛽 )


  p ( 𝒟 ; 𝛽 ) = ∫   ∏  i = 1 N  p  (   x i | 𝜃 )   p ( 𝜃 ; 𝛽 )   d 𝜃


  𝒟 =    {   x i }  i = 1 N


  p  ( x | 𝜇 ) = N  (  x ; 𝜇 ,  𝜎 2 ) =  1    2 𝜋  𝜎 2   exp ⁡   (  −      (  x − 𝜇 ) 2  2  𝜎 2 )


  p ( 𝜇 ; 𝛽 ) = N  (  𝜇 ; 0 ,  𝛽 2 ) =  1    2 𝜋  𝛽 2   exp ⁡   (  −    𝜇 2  2  𝛽 2 )


  p  (  𝒟 ; 𝛽 ) = ∫   ∏  i = 1 N  p  (   x i | 𝜇 )   p ( 𝜇 ; 𝛽 )   d 𝜇


    log ⁡  p ( 𝒟 ; 𝛽 ) = − N   log ⁡   (    2 𝜋 𝜎 ) −  1 2   log ⁡   (  1 +   N  𝛽 2   𝜎 2 ) +  1 2    (   1   𝛽 2 +  N   𝜎 2 )  − 1    (   ∑  i = 1 N     x i   𝜎 2 ) 2 −  1  2  𝜎 2  ∑  i = 1 N   x i 2  


   𝛽  E B =     argmax  𝛽 ≥ 0 ⁡  p  (  𝒟 ; 𝛽 )


   𝛽  E B =  {         x - −    𝜎 2 N    0


   |   x - | ≥      𝜎 2 N


   x - =  1 N  ∑  i = 1 N   x i


  x ↦ z = 𝜂  ( x ) ,


  p  ( x ) = p  ( z ) ⋅  |    d z  d x | .


  K L  (  p  ( x )  ‖  q  ( x ) ) = ∫  p  ( x )   log ⁡    p  ( x )  q  ( x )   d x = ∫  p  ( z )   log ⁡    p  ( z ) ⋅  |    d z  d x |  q  ( z ) ⋅  |    d z  d x |   d z = K L ( p  ( z )  ‖  q  ( z ) )


  H ( X )


  x


  z


  p ( x )


  p ( z )


  𝜂


  q ( x )


  q ( z )


   F  i j  ( 𝜃 ) =  𝔼   ( x )   ~ p ( x ; 𝜃 )  [    𝜕   log ⁡  p  (  x ; 𝜃 )  𝜕  𝜃 i   𝜕   log ⁡  p  (  x ; 𝜃 )  𝜕  𝜃 j ]


  K L  (  p  (  x ; 𝜃 + d 𝜃 )  ‖  p  (  x ; 𝜃 ) ) =  1 2 d  𝜃 ⊤ F  ( 𝜃 ) d 𝜃 + o  (     ‖  d 𝜃 ‖ 2 )


  𝒇


  f


  p ( x )


  q ( x )


   D f  (  p  ‖ q ) = ∫  p  ( x ) f  (    q ( x )  p ( x ) )   d x


  f


  f  ( 1 ) = 0


  x = 1


   D f ( p |  | q ) ≥ 0


  p  ( x ) = q ( x )


  x


  f


  𝛼


  q / p


   D f  (  p  (  x ; 𝜃 + d 𝜃 )  ‖  p  (  x ; 𝜃 ) ) =    f  ′ ′ ( 1 ) 2 d  𝜃 ⊤ F  ( 𝜃 ) d 𝜃 + o  (     ‖  d 𝜃 ‖ 2 )

