Diffusion & Physics

The 17" KIAS CAC Summer School on
Artificial Intelligence and Parallel Computing
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Yung-Kyun Noh
Hanyang University & Korea Institute for Advanced Study

A significant portion of this tutorial was developed through
discussions with Daniel D. Lee at Cornell Tech.
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Diffusion Models and Flow




Diffusion Models and Flow

Examples of
vector fields:
Velocity field,
force field,
electric field,
magnetic field,

Field lines do not cross.
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From Simple Density to Data Density




Diffusive Flow (Flux)
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Diffusion th — J

Equation of continuity with diffusion

dpr

Fick’s law

of diffusion 7 — -V ..J
t
J =—-—DV
A T EVPE - Y. (—DVp) = DV,
-/ T AT




Velocity Field by Diffusion

* When we aim to steer the system through interventions at the
level of individual samples, velocity serves as the control
parameter.

J:ptﬁ
— DV
s = L= Pt _ DV 1og py
Pt | Pt

Diffusion



Velocity Control u,. and Diffusive Flow

J = —DVp,
JR — —DV/Ot + pﬁc: Dvpt
WE"\\: =
A e = 2DV Control!
P\*_ 7 L J--Dvs \ i, = 2DV p;
_ R
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(Continuous-time) Reverse Process in Physics

t' =2T —t

Diffusion Reverse process
I I I
t=20 t=T+¢¢=T ¢ — 9T
uc(t) =0 u.(t') = 2DV log p;
J(t) = —DVp, Jr(t") = DVp, /‘
k
/
Memorize (or learn from) V log p; during diffusion t=21T—1
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Forward and Reverse Processes

Xt At = \/1 — B At x¢ + \/UQBtAt €¢
€t ™~ N 9
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Forward and Reverse Processes

Xt+At = \/1 — ,BtAt Xt T \/O' ,BtAt €+

17 I \/1 — B At — 1
— 1111 X
1= At—0 At '

B

2
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Forward and Reverse Processes

* Corresponding density change due to the first term

@:_v.,]:_v.(pg)
7 of ot
= ——X
: 27" T Z@(pd+x-vm

2

d: dimensionality
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Forward and Reverse Processes

* Derivation for density change due to the second term

e Diffusion kernel

09 = o ()
X) = ex
\/ 2102 By Atd P 20° [ At
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Forward and Reverse Processes

* Derivation for density change due to the second term

<2
k(x) = exp | —
. \/27T025tAtd ’ ( 2025’5At)

o(x;t+ At = [ p(xs k(X — x)dx’
0'2,8tAt

VQ
9 P

~  p(x;t)
Diffusion equation with

e D— 0251&

Op _ i POt + A —p(xit) _ 028 oo 2

Ot  At—0 At 9 P
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Forward and Reverse Processes

Xt+At = \/1 — ,BtAt Xt T \/O' BtAt €+

Velocity field associated with the density change by
the update in the second term

0257:

vo = —DVlogp = 5 Vlogp
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Forward and Reverse Processes

* Velocity due to continuous-time update

. B
5

U= + 05 = —— (x+ 0°Vlog p(x;t))

{31 Letthe Neural Network memorize this!

* Density change associated with the velocity field (Fokker-Planck
Equation)
Op(x;t) 0B o
= -V - —V
th (d +x-V +0°V?) p(x;1)
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2D Vector held (Linear beta) at t=500.00
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2D Vector held (Linear beta) at t=500.00




Diffusion Models & Physics

* Any discrete-time realization of this forward process and its
reverse can be viewed as a diffusion-type generative model.

* Diffusion models, Flow matching, and others...

* The unifying theoretical framework underlying these related
methods, together with physical insights, provides a deeper
understanding of diffusion models, clarifies the consequences of
different implementations, and suggests new directions for their
Improvement.
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Field for Transportation of Densities

p1(x)

»

»
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What Should be Considered (Pragmatically)
Optimal in Density Transport?

* Accumulated kinetic energy over time (Kinetic action)

1
— a >y
L= | [n@la@Pad, =V (@)
0
:> Z.t(Xay) — (1 - t)X + 1y 00(x) pt(x) p1(x)
| | Zt(Xa y-) =y X :
With a fixed P(XaY) Uy (Z) — E[y — X|Zt — z]

satisfying
/p(X,Y)dy =nx)  |Ely — x|z; = z]|* < E[ly — x|?|z; = 2]
[ o viax =) inf L < / x -y’ p(x, y)dxdy

Pt Ut
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Benamou-Brenier formulation (BBF)
[2000]

. Optlmal Transport (< Probably equation of continuity is related to OT)

inf //pt )|0:(z)|*dz dt =  inf /]X—yIQp(X,y)dxdy
p€ll(po,p1) ot

5 pt,Ut
000 1 (pvii) = 0 Kantorovich optimal transport
when optimized

pi() = / 5(z — (1 — O)x + ty))p(x, y)dxdy —

Hamilton-Jacobi equation

pi(x) p1(x)
U = ngt (]\

Q =+ |v¢t| | ~
https://moscot.readthedocs.io/en/l
atest/ot_background.html
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Flow with Straight Lines

z4(x,y) = (1 —t)x+ty pi(z) = /5(2 — (1 —t)x+ty))p(x,y)dxdy

po(x) p1(y)
J95% Zx Ex
o) = () (s %)

X i :
T . N
U After a nontrivial derivation,

T pe) =N (- e+t
T
s L G e )
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Flow with Straight Lines (Flow Matching)

z(e,y) = (1 —t)r+ty pe(z) = /5(,2 — (1 —=t)z + ty))p(x, y)dxdy
po() p1(y)

pu(2) = N (1 t)pta + 1y, (1 £)%0% + 1202

— Intermediate density from Flow matching field
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Flow with Straight Lines (BBF)

z(e,y) = (1 —t)r+ty pr(z) = /5(,2 — (1 =t)x +ty))p(x, y)dxdy
po(z) pi(2)  p(y)

IR (5 (2 2)

=

2 pel2) = N (1= e + tyay, 0°)
§ "y Constant over time

Benamou-Brenier formulation is satisfied

ﬁt ’Uf ! 2 . 2
—— — inf //pt(z)h?’t(z)\ dz dt = inf /!X— y|“p(x,y)dxdy
ptaﬁt 0 pEH(pO7P1)
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Flow with Straight Lines — Other Deterministic Map

z(e,y) = (1 —t)r+ty pe(z) = /5(,2 — (1 —=t)z + ty))p(x, y)dxdy
po() p1(y)

S
~
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Schrodinger Bridge
[1931, 1932]

* Given tow probability densities O and 01, the
Schrodinger bridge problem seeks the “most
likely” stochastic process connecting them, whose
endpoint marginals are Og and (1.
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Schrodinger Bridge

* Find the control u; that moves po to p1 with minimized difference
from the Wiener process

min KL(P(4;)||W)
W: Wiener Process  dX; = dwy ( XAt = X¢ + VAte )

P: Controlled Process  dx; = u;(x;)dt + dw;

( Xt+At — X¢ —I—ﬁt(Xt)At—l— V AtG)
e ~N(0,1)
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Schrodinger Bridge

* Abstract version (Joint density: Gaussian processes)

Abstract version:

\ W Vo ey xe (-5

| Useful version:

*' *‘M | K (y|x) o exp (— ¥ = X)2>
t

202

t=20 =1
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Schrodinger Bridge

Pt : Smeared L0 by Wiener process

) Wiener process
S t W
XiiAr =Xt +0VAL €
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Schrodinger Bridge

q*m'

Control perspective

P:
P1 Xt+ At — Xt + ﬁt(Xt)At + oV At €

Control velocity

<> &<

Useful equations:

(Xt+at — Xt)2)

Kw (Xt4at,X) X exp <— YN

KP(Xt—I—Ata X) X
t=70 t=1 (X¢pnr — (X¢ + U At))?
AP T 202 At
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(Xe+at — Xt)Q)

Kw (X¢1Ag, X) X exp ( A

Schrodinger Bridge

Kp (Xt—i—Ata X) X .
( (x4 At — (X¢ + UtAt))2>
exp | —

202 At
W
pW(X()a XAty X2Aty + - - ,Xl) — p(XO)KW(XAt’XO)KW(XzAt|XAt) T KW(X1\X1—At)
| 1/At—1
= p(x0)C exp T 902 AY Z (Xitat — Xz‘)2
P: 1=0
pP(XO, XAty X2Ats « - - 7X1) — p(XO)KP(XAt\XO)KP(XzAt\XAt) T KW(Xl\Xl—At)
| 1/At—1
= p(xg)Cexp | — ST ; (XAt — (X5 + ﬂ,'tAt))Q
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Schrodinger Bridge

) P
KL(P(@)||W) = Ep {mg W]
1/At—1

Ting(Xine) A = 20in, (X(i41)a¢ — Xing) At

o 7

AtE -1/§:1 2. (xiar) Ep [X(i+1)at — Xiat] = Uint(Xiae) At
9 P P Uint At

1

R |-
P 202 At

| R
— / ipt‘ ‘ut(Xt)szth
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Intermediate Density in Schrodinger Bridge

/; \\\ From a point x to
// _ ) 5(y) another pointy
/// Pt //} pe(z]x,y) =

d // Y

Ve / . - S —_
A y N (z, (1= )% +ty, t(1— 1) I)
5(X) N = d
\\\\
t =20 \\\ t=1
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Intermediate Density in Schrodinger Bridge

-  pE)p(zx)p(y|z)
%5( (a) = l@)or-i(a) (plabey) =L rn g )

// Pt /
5 @—@—@
il e ?» / /Kt X, 7)o (x

=0 N
| ¢1 t /Kl t y7
(x— y2)2
Belxy) = ¢ T Ko(xy) = d(x—)
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Intermediate Density in Schrodinger Bridge

-  pE)p(zx)p(y|z)
%5( (a) = l@)or-i(a) (plabey) =L rn g )

Marginal densities: po(X) = ¢o(x /K1 X,y ¢1(Y)dy

or(y) = $1(y) / K1 (x,¥)do(x)dx



Intermediate Density in Schrodinger Bridge

* ¢ and 51_,5 are the solutions of Sinkhorn’s algorithm. They are
the Lagrange multipliers for marginal density conditions

* In Marco Cuturi’s regularized optimal transport, Kis exp(-cost).

Optimal transport ma_rL It’s corresponding update rule for learning
m(x,y) = ¢o(X) K (x,y)61(y) i po(x)
/W(x, y)dy = po(x) J K(x,y)¢1(y)dy
51 (y) < p1(y)
[ wx.yyix = pi() T (K (x,y) dx
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Intermediate Density in Schrodinger Bridge

* Forward and reverse diffusion:
— Oy = — D1+ = —V _
atd)t Ve (%Cbl t P1—t
* Fokker-Planck equation:

Opr 0 ( ~ \_ , 0~  ~ 0
o = 7 ((ptgbl_t) = qbtaqh—t + ¢1—t§¢t
— _%¢tv2$1_t + %EEHVQ@
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Intermediate Density in Schrodinger Bridge

pt

o ~ o~
5 _§§btv2¢1—t + §¢1—tv2¢t

~ o)
==V - (pt oViogo1_¢) + §V29t

In .
Sc:hrodlnge " bridge

7, = oVlog d1_,

Skip Reg.
oT
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Regularized Optimal Transport and Schrodinger Bridge

* Optimal Transport (Linear Programming)

m(x,y) =arg inf /c(x,y)p(x, y)dxdy
pell(po,p1) X
Transportation cost
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Regularized Optimal Transport and Schrodinger Bridge

* Regularized Optimal Transport (Sinkhorn’s Algorithm)

W(Xa y) Total transportation cost Negative entropy

=arg _inf / p(X,y)c(x,y)dxdy + v / p(x,y)log p(x,y)dxdy
pE€Il(po,p1)

[Marco Cuturi 2013 ]
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Regularized Optimal Transport and Schrodinger Bridge

* Regularized Optimal Transport (Sinkhorn’s Algorithm)

T(X,y)

1 1
—arg inf —x / p(x,y)log (—GWC(X’Y)) dxdy — vlog Z
p€ll(po,p1) Z

+ / p(x,y) log p(x,y)dxdy

for any constant Z.
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Regularized Optimal Transport and Schrodinger Bridge

* Regularized Optimal Transport (Sinkhorn’s Algorithm)

m(x,y) =arg inf KL(K(x,y)|[p(x,y))dxdy

p€ll(po,p1)

with kernel function K(X y) —
)

% €XPp (_%C(Xv Y)>
7 = /exp (—C(Xf))dxdy
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Regularized Optimal Transport and Schrodinger Bridge

* Minimize unconstrained optimization
/ p(X,y 1og dxdy+/. /p dy) dx

/@ / p(x dX) dy

Lagrange multipliers —/_|_'® 1 — dXdY)
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Regularized Optimal Transport and Schrodinger Bridge

e Pointwise condition

log m(x,y) — log K(x,y) + 1 —log f(x) —log g(y) — A =0
N

optimal
—> 7(x,y) = f(x)K(x,y)9(y)

\ information can be absorbed into for g:
logg—1+ A= log(gek_l) — log g
46 Or let 96)\_1 — § W.L.O.G.



Regularized Optimal Transport and Schrodinger Bridge

* Sinkhorn’s Algorithm

lterative update

(x)
/ m(x,y)dy = po(x) f(x) < il
— J K(x,y)g(y)dy
B , p1(Y)
W(Xay)dx — pl(y)/ g(Y) N f f(X)K(X y)dX
o (x,y)9(y)
m(x,y) = FOK(x,y)g(y) oo, [ 2 K0
exchanged by ] Zf(x)K(x,y)

X
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Jordan-Kinderlehrer-Otto (JKO) Scheme

[1998]

e Motivation

1
Minimize §/Hv,ot||2dx (Dirichlet integral) w.r.t. L, metric
|
prrat = argmin o |p; — pllz, + 2 |V pl|*dx

0p _ o
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Jordan-Kinderlehrer-Otto (JKO) Scheme

e JKO scheme

Minimize /plog pdx (negative entropy) w.r.t. W, metric

1
Pryap = argmin §W2(Pt, p) + At / plog pdx

-
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Jordan-Kinderlehrer-Otto (JKO) Scheme

e JKO scheme

F(U,p) = <U>p—TS=/U(X)p dX—T/plogp dx

o1
perae = argmin 5 Wa(pr, p) + AtF(U, p)

—) % = V- (pVU) +TV?p

Fokker-Planck equation with U+ — —VU
o0



Flow Fields from Various Optimizations

Benamou-Brenier

Formulation JKO Scheme
_ (Kantorovichi o . (Variance
Flow Matching transport map) Schrodinger Bridge preserving)
po(x) p1(y) po(X) p1(y) po(x) p1(y) po(x) p1(y)
—> —>

—> —>

—

N
7
T ™ I 1
"

(D)
|

Minimize Minimize Free energy fastest

51 reduction



Wasserstein Distance, Equation of Continuity, and
Kinetic Energy Constraint

* The same result can be derived through a thermodynamic
optimization framework subject to the continuity equation
and a kinetic energy constraint.

* More generally, optimization of a functional in the Wasserstein
(W,) space can be formulated through the continuity equation
together with a kinetic energy constraint.

* Free energy can be replaced by other functionals such as
Renyi entropy.
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F(U,p):<U>p—TS=/U(X)p dX—T/plogp dx

dF [ OF

— = | = ZEix=— | =| V- (0)d
= I, . 5 X D0, N (ps¥)dx
OF OF
v V dX — v, V P — i
/Pt ( ) 9 p; N < O p; pt>p Maximally decrease
OF 1 S
v o Va—pt . with fixed K = 2 /PtHUHQdX
OF Forward process
17( ) = —Va— — —VU — TV 1ngt 6 6 F
Pt U(X)—4X2 T:§
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Summary

* Diffusion-based generative models can be interpreted in terms of
diffusion of particles, control with velocity field, and the Fokker-
Planck equation for distribution change.

* Optimality is the key concept for improving algorithms, but the
regimes in which each algorithm is provably superior remain
proorly understood.
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Thank youl!

Yung-Kyun Noh
nohyung@hanyang.ac.kr
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