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Differential equations

* In mathematics, a differential equation is an equation that relates
one or more functions and their derivatives.
- The functions generally represent physical quantities.

- The derivatives represent their rates of change.
- The differential equation defines a relationship between the above two.
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https://www.quantamagazine.org/latest-neural-nets-solve-worlds-hardest-equations-faster-than-ever-before-20210419/
https://www.youtube.com/watch?v=jb9U-ZOIvDs


https://en.wikipedia.org/wiki/Equation
https://en.wikipedia.org/wiki/Function_(mathematics)
https://en.wikipedia.org/wiki/Derivative

Ordinary Differential equations (ODEs) and Partial Differential equations (PDEs)

ODE example)

"/\ Let x(t) denote the amount of salt at time t.
3 gal/min

] Balance Law: (rate in)-(rate out)

~— =0 = 3-3x(D).

Initial condition (IC) :
x(t =0) =100.

3 gal/min

https://www.math.uh.edu/~jiwenhe/math3331/lectures/sec2_5.pdf



Ordinary Differential equations (ODEs) and Partial Differential equations (PDEs)

ODE example)

"/\ Let x(t) denote the amount of salt at time t.
3 gal/min

\—/ Balance Law: (rate in)-(rate out)

e =0 = 3-3x(D).

Initial condition (IC) :
x(t =0) =100.

3 gal/min

PDE example)

Let u(t, x) denote the temperature at point x at time t.
temperature u
Governing equation (heat equation) :

F-@ @-‘% Ou(t,x) _ " d2%ul(t, x).

insulation ' ot dx?

Initial condition (IC) :

u(t=0,x) = f(x).

Boundary condition (BC) :
u(t,x = 0) = h(t), u(t,x = L) = g(t).

https://math.libretexts.org/Bookshelves/Differential_Equations/Book%3A_Differential_Equations_for_Engineers_(Lebl)/4%3A_Fourier_series_and_PDEs/4.06%3A_PDEs_separation_of_variables_and_the_heat_equation




It is Hard to solve the equation exactly!!

Let x(t) denote the amount of salt at time t.

Balance Law: (rate in)-(rate out)

dx(t) _ _
” = 3—-3x(t).

Initial condition (IC) :
x(t =0) =100.

Let u(t, x) denote the temperature at point x at time t.

Governing equation (heat equation) :
ou(t,x) " 02u(t, x)
at ox?

Initial condition (IC) :

u(t=0,x) = f(x).

Boundary condition (BC) :
u(t,x = 0) = h(t), u(t,x = L) = g(t).
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Traditional numerical methods

* Finite difference method

Finite Difference Method — Example

/_|_1 [ 53 \ 4
« Consider Poisson’s equation. ‘
c 21/ c’-‘ "
g=0 | ' ?
« Discretise \ J=ie ’i =
i -1 [ i+1
" o,
i, 1/ﬁ+1/ 1y e ;1/ﬁ+1/ 420
Ax~ Ay~

* Difference formula for each node:

2(A\‘2 +A.T:)”1._/ = A.r:(”zﬂ.j Tu 1 11)+ Ax” ( I J+l T i = 1)+ Ax* A1 o

https://slideplayer.co

m/slide/8374608/



Traditional numerical methods

* Finite difference method

* Finite element method (FEM), Finite volume method (FVYM), ...

7 Basis function overlap 17

< \ Triangular elements

https://www.comsol.com/multiphysics/finite-element-method



Deep neural network

Hidden layer w, Output layer
5x1 1x5 1x1

Input layer
3x1 5

x
w =

The i-th training example b b The i-th prediction
x(0 5x1 aml I (W'x"’ +b)) 1x1 §0= wzaml +b,

https://wiki.seg.org/wiki/Neural_networks



Physics-informed machine learning???
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HTML] Physics-informed neural networks: A deep learning framework for solving
forward and inverse problems involving nonlinear partial differential equations
M Raissi, P Perdikaris, GE Karniadakis - Journal of Computational physics, 2019 - Elsevier

We introduce physics-informed neural networks—neural networks that are trained to solve
supervised learning tasks while respecting any given laws of physics described by general
nonlinear partial differential equations. In this work, we present our developments in the
context of solving two main classes of problems: data-driven solution and data-driven
discovery of partial differential equations. Depending on the nature and arrangement of the
available data, we devise two distinct types of algorithms, namely continuous time and ...
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Physics-informed machine learning???

Observational bias Inductive bias Learning bias

X

Physics-informed machine learning

i

Symmetry Conservation laws Dynamics

https://www.nature.com/articles/s42254-021-00314-5



Deep learning approach to PDEs

« Using neural networks directly to parametrize the solution to PDEs,
« Solve one instance of PDE at a time.

* Models
- Physics Informed Neural Network (PINN)
- Deep Ritz Method (DRM)

Find u(t, x) satisfying

Lppg = [, Up, Uy, Uyy, o) = 0
Lic=u(0,x)— gx) =0 : -

Lpc = ulgq —h(t,x)]|sq =0




History of PDE solver based on neural network

“Artificial neural networks for solving ordinary and partial differential equations”, IEEE Trans. Neural Netw. (1997)

. . Network Parameters : p
Ex) Poisson equation

Yor + ¥y = f(x,y),  (x,¥) €[0,1]
WO, = /o0, WY = i)
W(x,0) = go(x), Y(x,1) = g1(x)



History of PDE solver based on neural network

“Artificial neural networks for solving ordinary and partial differential equations”, IEEE Trans. Neural Netw. (1997)

. . Network Parameters : p
Ex) Poisson equation
Y +¥), = f(x,y), (x,y) € [0,1]°

Y00,y)=foly), Y@Ly =fAY)
‘P(x, 0) — gO(x)' l]J(x, 1) — gl (X)

They use a trial solution ¥; as
Yy =A(x,y) +x(1 - x)y(1 — y)NN(x,y,p),

where A(x,y) is chosen to satisfy the boundary conditions.




History of PDE solver based on neural network

“Artificial neural networks for solving ordinary and partial differential equations”, IEEE Trans. Neural Netw. (1997)

. . Network Parameters : p
Ex) Poisson equation

Wx +Wy) = f(x, ), (x,y) € [0,1]
Y(0,y) =foy), YLy =AO)
W(x,0) = go(x), Y(x,1) = g1(x)

They use a trial solution ¥; as
Yy =A(x,y) +x(1 - x)y(1 — y)NN(x,y,p),

where A(x, y) is chosen to satisfy the boundary conditions.

The error to be minimized is given by

2

02‘11 i» Vi GZLP i» Vi
E(ﬁ)=2{ ( y)‘l' x y)_f(xiryi)}

_ 0x? dy?

l
How to calculate the derivatives of the output with respect to
any of its inputs??

=> Chain rule




Physics-informed neural network (PINN)

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework
for solving forward and inverse problems involving nonlinear partial differential equations. Journal of Computation
al physics, 378, 686-707.

utomatic differentiation and the back-propagation algorithm

“Here we revisit them using modern computational tools, and apply them to more challenging dynamic
problems described by time-dependent nonlinear partial differential equations.”

[Schematic of a PINN ]

PDE: £(u(x,1),6) =

MSE < ¢ MSE = MSE(, pcc; + MSEg |

Yes

Done

Lu, L., Meng, X., Mao, Z., & Karniadakis, G. E. (2021). DeepXDE: A deep learning library for solving differential equations. SIAM Review, 63(1), 208-228.



Physics-informed neural network (PINN) - Forward problem

(e.g.) Burgers’ equation Eq:u, + uu, — (0.01/m)u,, =0
IC: u(0,x) = — sin(mx) x € [—-1,1],t € [0,1]
BC:u(t,—1) =u(t,1) =0

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial different
ial equations. Journal of Computational physics, 378, 686-707.



Physics-informed neural network (PINN) - Forward problem

(e.g.) Burgers' equation Eq:u, + uu, — (0.01/m)u,, = 0
IC: u(0,x) = — sin(mx) x € [—-1,1],t € [0,1]

Loss Function BC:u(t,-1) =u(t,1) =0

L(6)

i Niz () (e () = €001/ () |+ Z (e 27) + sin() |+ Z (e, x0)|]
Data: PDE: L(u(x,1),6) = g

(t;, x;) € [0,1]x[-1,1] /,,NW:.’?) .............. Ny U

(t],x]) S {O}X[—l,l]
(tr, xx) € 10,1]x{-1,1}

_____________________________

MSE = MSE(, nc ic; + MSEg |

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial different
ial equations. Journal of Computational physics, 378, 686-707.




Physics-informed neural network (PINN) - Forward problem

(e.g.) Burgers' equation Eq:u, + uu, — (0.01/m)u,, =0

IC: u(0,x) = — sin(mx) x € [—-1,1],t € [0,1]
Loss Function BC:u(t,-1) =u(t,1) =0
L(H)
NEggq
=N z lue (85, x%) + u(th, xD)u (8, x°) — (0.01/m)up, (¢, x )| +—Z lu(t/,x7) + sin(mx/) | +— Z lu(tk, x*) 2
q
u(t, x)

Data: = 075

(tit xi) € [O,l]X[—l,l] o ggg

(t;, x;) € {0}x[-1,1] w00 2025

(6, %) € [0,1]x{-1,1} | —*° “ors

—1.0
t=0.25 t 0.50 t=0.75

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networ _ % —_}Exact z_- N _ * r partial different

ial equations. Journal of Computational physics, 378, 686-707.




Physics-informed neural network (PINN) - Inverse problem???

Forward Problem

ODEs

b Model Data
{(xi:ui)}li\;l

Inverse Problem
Data Driven Discovery

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial different
ial equations. Journal of Computational physics, 378, 686-707.



Physics-informed neural network (PINN) - Inverse problem

(e.g.) Burgers' equation
x € [-1,1],t € [0,1]

Forward problem
Eq:u; + uu, — (0.01/m)u,,, =0

IC: u(0,x) = — sin(mx)
BC:u(t,—1) =u(t,1) =0

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial different
ial equations. Journal of Computational physics, 378, 686-707.



Physics-informed neural network (PINN) - Inverse problem

(e.g.) Burgers’ equation EqQ:u; + A;uu, — A,u,, =0
IC:u(0,x) = —sin(mx) x € [-1,1],t € [0,1]
BC:u(t,—1) =u(t,1) =0

o

Forward problem
Eq:u; + uu, — (0.01/m)u,,, =0

IC: u(0,x) = — sin(mx)
BC:u(t,—1) =u(t,1) =0

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial different
ial equations. Journal of Computational physics, 378, 686-707.



Physics-informed neural network (PINN) - Inverse problem

(e.g.) Burgers’ equation EqQ:u; + A;uu, — A,u,, =0

IC:u(0,x) = —sin(mx) x € [-1,1],t € [0,1]
BC:u(t,—1) =u(t,1) =0

Data-driven discovery of PDE (Solving inverse problem for unknown
parameter 1, and 1,)

- We want to identify unknown using an additional learning parameter.

- N . .
- Assume a small amount of additional data {t;, x;, u;}, 2 is given.

- Update not only nn parameter 6 but also the PDE parameters 4, and 4,.

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial different
ial equations. Journal of Computational physics, 378, 686-707.



Physics-informed neural network (PINN) - Inverse problem

(e.g.) Burgers’ equation EqQ:u; + A;uu, — A,u,, =0

IC:u(0,x) = —sin(mx) x € [-1,1],t € [0,1]
Loss Function BC:u(t,—1) =u(t,1) =0
L(O,A1,45)

1 o o o oz 1 & iz 1 S 2
= —Z Jug (5, 1) 4+ Au (e, 2 )uy (65 x1) — Apuy, (£ x) +—Z lu(¢/,x/) + sin(mx/) | +— Z lu(tk, x*) |
NEq = Nic = Npgc =1

1 Ndata [ 1Y __ 2
+Ndam2l=1 |u(t,x) u; |

Data:

(t;, x;) € [0,1]x[-1,1]
(tj, x;) € {0}x[—1,1]

(tr, xx) € [0,1]x{-1,1}

(t;, x;,u;) € [0,1]%X[—1,1]xR

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial different
ial equations. Journal of Computational physics, 378, 686-707.




Physics-informed neural network (PINN) - Inverse problem

(e.g.) Burgers’ equation EqQ:u; + A;uu, — A,u,, =0

IC:u(0,x) = — sin(mx) x € [-1,1],t € [0,1]
Loss Function BC:u(t,—1) =u(t,1) =0

L(H A, 47)

Npc
Z Jug (4, 1) 4+ Au (e, 2 )uy (€5 x1) — Apuy, (€8, Z lu(¢/,x/) + sin(mx/) |2 +i Z lu(tk, x*) |2
NEq C : NBC =1

ZNdata |u(tl l) — |2

Nd ta
Data: 100
(t;, x;) € [0,1]x[-1,1] 050
(tj,x]) (S {O}X[—l,l] 8 0.00

—-0.25
—0.50
—-0.75
—1.00

(tr, xx) € [0,1]%{-1,1}
(tl,xl,ul) € [O,l]X[—l,l]XR

t *  Data (2000 points)

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial different
ial equations. Journal of Computational physics, 378, 686-707.



Physics-informed neural network (PINN) - Inverse problem

(e.g.) Burgers’ equation EqQ:u; + A;uu, — A,u,, =0

IC:u(0,x) = — sin(mx) x € [-1,1],¢t € [0,1]
Loss Function BC:u(t,—1) =u(t,1) =0
L(H A1,15)
NEgq Nic ) 1 Npc
i i i [ [ ] ; j - k k
NEq Z | e (t X ) + Alu(t X )ux(t X ) Azuxx(t CZ |u(t1,x1) + sm(nxf) | + No ,\,Z |u(t ) |
ZNdata |u(tl l) . ul|2
Data: t=0.25 t=0.50 t=0.75
(s, x;) € [0,1]x[—1,1] B R / . L
(tj,x]) (S {O}X[—l,l] §: 0 - ;: 0 - ;: 0 -
(tk, xx) € [0,1]x{—1,1} / /
(tpxpuw) € [0X[-LIXR | "7 "o 1 T
' m— Exact I— = Prediction '
Correct PDE u; + uugy — 0.0031831u,, =0

Identified PDE (clean data) | u; + 0.99915uu, — 0.0031794u,, = 0
Identified PDE (1% noise) | u; + 1.00042uu, — 0.0032098u,, = 0 | ferent

Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural
ial equations. Journal of Computational physics, 378, 686-707.



Deep Ritz Method (DRM)

Yu, B. (2018). The deep Ritz method: a deep learning-based numerical algorithm for solving variational problems. Communications in
Mathematics and Statistics, 6(1), 1-12.
Consider the following PDE:
—Au=f, inQ
u=20, ondQ




Deep Ritz Method (DRM)

Yu, B. (2018). The deep Ritz method: a deep learning-based numerical algorithm for solving variational problems. Communications in
Mathematics and Statistics, 6(1), 1-12.

Consider the following PDE: Main idea!!

—Au=f, inQ _ | 3
u=0, on o Loss = |mlnO fQ (5|VU| —fu) dx

Ulga=




Deep Ritz Method (DRM)

Yu, B. (2018). The deep Ritz method: a deep learning-based numerical algorithm for solving variational problems. Communications in
Mathematics and Statistics, 6(1), 1-12.

Consider the following PDE: Main idea!!

—Au=f, inQ _ | 3
u=0, on o Loss = |mmo fQ (EIVuI —fu) dx

Ulga=

/ input x

\V4 \V4 1
[ P layer (size m) ] - Deep Ritz method
i residual
\V4 connection . 1
(Folayer czem | min (— IVu(x; 0)]2 — f()u(x; 9)) dx+ B | (u(x;0))%ds
+ activation | 0 Q 2 20
/.
%
FC layer (size m) ] v Penalty term for BC
+ activation residual
W/ connection
[ FC layer (size m) ]
+ activation

[ FC layer (size 1) J
v/
/ output u / U(x, 0)




Deep Ritz Method (DRM)

Yu, B. (2018). The deep Ritz method: a deep learning-based numerical algorithm for solving variational problems. Communications in
Mathematics and Statistics, 6(1), 1-12.

Consider the following PDE: Main idea!!
—Au=f, inQ N 3
— Loss = min (— Vulc — u) dx
u =0, on o ulads Ja > |Vul® = f
input x
v v Deep Ritz method
e i
resiaua
\V4 connection . 1
[FC ager Gize ) min (— |Vu(x; 0)1% — f()u(x; 0)) dx+ B | (u(x;0))%ds
+ activation | 0 Q 2 20
A
v
FC layer (size m) ] v Penalty term for BC
+ activation residual
W/ connection
[ FC layer (size m) ]
iacination Consider (d = 10)
@5 —Au=0, z € (0,1)"
5
(15)
[ FC layer (size 1) J u(r) = Zx%—lx%a z € 0(0, 1)10-
" k=1
/ — / ( . 9) The solution of this problem is simply u(z) = 35_, Zor_ 122, and we will use the exact
ULx; solution to compute the error of our model later.




Benefits and drawbacks of deep learning approach

Dockhorn, T. (2019). A discussion on solving partial differential equations using neural networks. arXiv preprint arXiv:1904.07200.

Table 6: Benefits and drawbacks of solving partial differential equations with neural networks.

Benefits

Drawbacks

Expressive power: Already small neural net-
works are able to approximate the solution of
partial differential equations well.

Ease of implementation: Our algorithm is
straightforward and can be easily imple-
mented using backpropagation.

Arbitrary domains (in higher dimensions):
The algorithm is based on drawing random
points from a domain, which can be readily
extended to arbitrary domains; no triangula-
tion of the domain is needed.

Freedom of approximation spaces: For some
classical methods and systems of PDEs,
we have certain restrictions on the function
spaces of the solutions, e.g., the inf-sup
condition [15] needs to be satisfied for the
Navier—Stokes equations when using the fi-
nite element method.

Sensor data: We can easily incorporate
(noisy) information of sensors by adding a
term to the loss function.

Convergence: Most probably due to opti-
mization issues, we could not empirically
show that errors decrease (with a certain con-
vergence rate) with increasing neural network
size; showing theoretical convergence seems
to be even more difficult.

Run time: At least when the BFGS optimizer
is used, our simulations seem to be consider-
ably slower than classical numerical methods.
Using the proposed algorithm in combination
with a first order optimization method, e.g.
Adam [16], is subject to future work.

Scalability: At the moment, it is unclear how
well the algorithm will scale to more diffi-
cult problems, e.g., three-dimensional turbu-
lent flows.

Randomness: Different random initializa-
tions lead to different results of the al-
gorithm whereas (most) classical numerical
methods are deterministic. Further investi-
gation is necessary to better exploit this non-
determinism and to eventually turn it into an
advantage.




Conclusion

* PDE solver

Find u(t, x) satisfying
Lppp = f U U, Uy, Uyy, ) = 0
Lic=u(0,x)— gx)=0
Lgc = ulgg — h(t,x)[gq =0

* Models
- Physics-Informed Neural Network

- Deep Ritz Method

u™(t, x)
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Let's implement
Physics—Informed Neural Network and

Deep Ritz Methodl



