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Overview
• Motivation from the classification perspective

• Independence and model complexity

• How to incorporate independency while the 
model structure is kept intact as much as 
possible

• Directed graphical model and undirected 
graphical model
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Probabilistic Assumption and 
Bayes Classification
• Bayes classification produces theoretical 

minimum error
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è Error: 
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Generative Model
• Generative method for classification

– Perform the Bayes classification
– But we now use model instead of true underlying 

distribution

– Bayes classification now uses model with 
estimated parameters, which is not true density, 
but is now considered as true density.
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When do Algorithms Malfunction?
• Generalization and Overfitting
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Complex classifierSimple classifier

0

Error

Error for training data (train error)

Error for testing data (test error)



Seoul National University

Complexity of Algorithms
• Statistical learning theory for classification

– with probability at least 1 – δ
– h: VC-dimension, n: number of data
– R(g): true risk of function g, Rn(g): empirical risk of function g

• Linear classifier
– VC-dim = dimensionality + 1

• Generative model
– Number of parameters
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Model + Estimated Parameters
• Ex. Gaussian model
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Model + Estimated Parameters
• Ex. Gaussian model

• Unbiased estimators
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Unbiased Estimation
• Consistency
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True parameterTrue parameter

Theory: Cramer-Rao bound
Minimum variance of covariance estimator: ¾2=n

Increase N
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Covariance Estimation
• In high-dimensional space

(D + 1)D/2 number of parameters for 
covariances
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Number of Parameters

• D = 1000

– Number of parameters of a Gaussian: 
1000 + 1001*(1000)/2 = 501,500
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Independence
•

• D1 = 500, D2 = 500
– Number of parameters

500 + 501*(500)/2 + 500 + 501*(500)/2 
= 251,500

• Incorporating one independence can reduce 
the number of parameters into half.
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p(x) = p1(x1)p2(x2)

D = D1 + D2
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Naïve Bayes As An Extreme Case 
• Naïve Bayes

– Simply ignore every correlation and 
dependencies between variables

• True decomposition:
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Graphical Models
• We utilize probabilities that are represented by 

the graph structure. (directed & undirected)
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Use probabilisic independencies
and conditional independencies
that can be captured by graph 
structure
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Causality Graph
• Directed Acyclic Graph (DAG)
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Question?
• What is the difference between two graphs?
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X1 X2 X3

X1 X2 X3
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D-Separations
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X1

X2

X3

X1

X2 X3

X1 X2

X3

Causal path Common cause Common effect
X1 ?? X3jX2 X2 ?? X3jX1 X1 ??= X2jX3

X1 ?? X2
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Want to get a good reference letter?
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D: Difficulty
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G: Grade
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L: Reference Letter
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Infant Rearing
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SleepySleepy HungryHungry diaperdiaper FeverFever
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Cry
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Bayes Ball Theorem
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Leaf Leaf

X5 ?? X7jX2

X1 ??= X7jX6

X1 ?? X8jX6

X1 X2

X3 X4
X5

X6 X7

X8
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Markov Random Field
• Undirected Graph
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X1

X2 X3

X5X4

If there is a direct edge 
between Xi and Xj:

Xi ??= Xj jXni;j
If there is no direct edge 
between Xi and Xj:

Xi ?? Xj jXni;j

X1 ??= X3jX2;X4; X5

X1 ?? X5jX3
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Joint Distribution
• Product of functions on cliques
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Cliques:

The set of distributions satisfying MRF conditions (Markov random field)
= The set of distributions decomposed by cliques (Gibbs random field)
(Hammersley-Clifford Theorem)
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More Fancy Models
• Latent Variable Model

• Filtering

23

Z1 Z2 Z3 Zk¡1 Zk…

Y1 Y2 Y3 Yk¡1 Yk

ZZ

YY

XX

ZZ

YY

XX
ZZ

XX



Seoul National University

Topic Models
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Topic Models
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http://cs.stanford.edu/people/karpathy/nipspreview/
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Filtering
• Hidden Markov Models (HMM) /Linear 

Dynamical Systems (LDS)
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X1 X2 X3 Xk¡1 Xk…

Y1 Y2 Y3 Yk¡1 Yk

HMM LDS
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Kalman Filter
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…

Unconstraied distribution

…

Also, for joint density if necessary
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Kalman Filter
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…Filtering

“Conditional marginalization”
Marginalization from the left

Why filtering? Once we know , we 
don’t have to know (or keep) .
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Kalman Filter
• Time update

• Measurement update
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Time update
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Kalman Filter
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Also,

Joint:
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Kalman Filter

• Sum - ups

31

Measurement update (Conditional density)
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Kalman Filter
• With different notation,

• Alternative form of Kt+1
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Generative Model vs. Discriminative Model
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• Comparative study of generative & 
discriminative pair
– Same number of parameters, same form of f(x)

Naïve Bayes
(generative)

Logistic regression
(discriminative)

sample size

Risk 
upper 
bound
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ANY QUESTIONS?
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