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Overview

» Motivation from the classification perspective
* Independence and model complexity

 How to incorporate independency while the
model structure is kept intact as much as
possible

* Directed graphical model and undirected
graphical model
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Probabilistic Assumption and
Bayes Classification

« Bayes classification produces theoretical
minimum error

p1(x) > p2(x) | p1(x) < p2(x) =» Error:

1 .
5 / min[py, po]dx
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Generative Model

 Generative method for classification
— Perform the Bayes classification

— But we now use model instead of true underlying
distribution

True_ ...-9| Datg — Parameter | | Bayes
Density /‘ estimation Classification

Class conditional model

— Bayes classification now uses model with
estimated parameters, which is not true density,
but is now considered as true density.
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When do Algorithms Malfunction?

« Generalization and Overfitting

Error
Error for testi ata (test error)
data (train error)
0
<
Simple classifier Complex classifier
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Complexity of Algorithms

« Statistical learning theory for classification
— with probability atleast 1 — 0
— h: VC-dimension, n: number of data
— R(g): true risk of function g, R,(g): empirical risk of function g

2hlog(26n/h) + log(2/0)

n

R(9) < Rn(g) + 2\/

* Linear classifier
— VC-dim = dimensionality + 1

» Generative model
— Number of parameters
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Model + Estimated Parameters

« Ex. Gaussian model




Model + Estimated Parameters

« Ex. Gaussian model

P =N(@S)  xpeR”, YenP*P

1 ( 1 NTS1 T
= ——exp | —o(x—p) ¥ (x— 1) )
NoTIE 2
 Unbiased estimators
1 R
~ S V(. — T
= W; E—m;(xz ) (xi — 1)
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Unbiased Estimation

Consistency

Increase N

- 8% 0
yd

True parameter True parameter

Theory: Cramer-Rao bound )
Minimum variance of covariance estimator: o / n
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Covariance Estimation

* In high-dimensional space

i
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dXDxD =
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(D + 1)D/2 number of parameters for

covariances
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Number of Parameters

« D=1000

— Number of parameters of a Gaussian:
1000 + 1001*(1000)/2 = 501,500
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Independence

* p(x) = p1(x1)p2(x2)
x € RY x; e RPY x, e RP2 D =D, + Dy

« D, =500, D, =500
— Number of parameters
500 + 501*(500)/2 + 500 + 501*(500)/2
= 251,500

* |Incorporating one independence can reduce
the number of parameters into half.
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Naive Bayes As An Extreme Case

* Nalve Bayes

p(x) = | | pa(za)
d=1

= p1(z1)p2(22) .. .pp(TD)
— Simply ignore every correlation and
dependencies between variables

* True decomposition:

p(x) =
p(x1)p(xe|zy)p(zs|r1, z2) ... p(xplel, ..., Tp_1)
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Graphical Models

* We utilize probabilities that are represented by
the graph structure. (directed & undirected)

Use probabilisic independencies
and conditional independencies
that can be captured by graph

= e by (g ) py
‘\/ S T 1 T - - f“J — *:: — =
@\/4/%) E_ﬁi@ &S | & StruCture
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Causality Graph

* Directed Acyclic Graph (DAG)

P(X17X27X37X47X5> —
@ P(X1)P(X2)P(X3, X4|X1, X2)P(X5| X3, X4)

D
P(Xy,...,Xp) = || P(Xi|Pax,)
—1

1
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Question?

« What is the difference between two graphs?

A P . . . N2 N,
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D-5eparations

@)
| OB OO
PSS &

\

X3
X, A X
Xy AL X5 X5 Xy 1L X3]1X4 X U X5| X5
Causal path Common cause Common effect
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Want to get a good reference letter?

D: Difficulty
I: Intelligence
G. Grade

S SAT

L: Reference Letter

Il IL|G
G 1L S|I
DT
D L I|G

53 Seoul National University

18

F?a BOTICS
LABORATORY

9




Infant Rearing
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Bayes Ball Theorem
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Markov Random Field
* Undirected Graph

If there 1s a direct edge
between X; and X:

@ X L X5X0\ 5
If there 1s no direct edge
\ between X; and X:
ONO® E—

@ @ Xl AM~X3‘X27X47X5

X; UL X5| X5
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Joint Distribution

* Product of functions on cliques

@ P(X17X27X37X47X5) —
1
- 1 2(X1, Xo) ¥1.3(X1, X3) 93.4,5(Xs, X4, X5

@ @ (Z = ) ¢1,2(X1,X2)¢1,3(X1,X3)¢3,4,5(X3,X4,X5))

Xl 7X27X37X47X5

T ©
Cliques: Q@ @’@

The set of distributions satisfying MRF conditions (Markov random field)
= The set of distributions decomposed by cliques (Gibbs random field)
(Hammersley-Clifford Theorem)

~—
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More Fancy Models

 Latent Variable Model

e
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Topic Models

NIPS 2012 papers
(in nicer format than this)

maintained by @karpathy
source code on github

Below every paper are TOP 100 most-occuring words in that paper and their color is based on LDA topic model with k = 7.
(It looks like 0 = theory, 1 = reinforcement learning, 2 = graphical models, 3 = deep learning/vision, 4 = optimization, 5 = neuroscience, 6 = embeddings etc.)

Toggle LDA topics to sort by: TOPICO TOPIC1 TOPIC2 (TOPIC3)(TOPIC4) TOPIC5 TOPICE

Discriminatively Trained Sparse Code Gradients for Contour Detection [pdf] [bibtex] [supplementary]
Ren Xiaofeng, Liefeng Bo [rank by tf-idf similarity to this]
[abstract]
Dot Lt e { = :.‘ : 445 =
BB i e E b L
. — ) R
— . ewSEEeEEIN
e s \

[set, algorithm, including] [average, approach, benchmark, evaluation] [comparing, normal, hierarchical] [contour, gpb, local, detection, depth, scg, color, image, oriented,
matching, contrast, object, grayscale, precision, recognition, transform, work, learned, pooling, pixel, representation, double, global, learn, accuracy, scale, level,
segmentation, figure, feature nyu, globallzatlon scene, tralnlng rich, smgle automatlcally apply discriminative, codewords ieee, half, directly, unsupervised, higher,
chromaticity] [ uit, size, spectral, analy edge, step, sparsity] [power, coding, surface, natural] [code, learning, linear, data, orthogonal,

dataset, svm, |

Deep Learning of Invariant Features via Simulated Fixations in Video [pdf] [bibtex] [supplementary]
Will Zou, Andrew Ng, Shenghuo Zhu, Kai Yu [rank bv tf-idf similaritv to thiS]
[abstract]

v Liaraiag o batant Foumeses v Smcioted NN OENCORNNOE | . .. ' -
e e SRRPRRIRAR ARIARIIIIS ' & m =

e e ke

htto:a/cs.stanford.edu/oe013le/karnathv/niosoreview/ |
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Filtering

* Hidden Markov Models (HMM) /Linear
Dynamical Systems (LDS)

e

Vo y
@@@ @@

P(Y1-- - YKk, 21,- .., Tk) = p(z1)p(y1|z1) H P(Teg1|ze)p(ye| o)
t=1

HMM LDS
p(x1 = j) = Ty Ti41 = Az + Gwp wy ~ N(07 Q)

€T LTt) = Tz"
p(xes1|Tt) j = Cx; + v, vy ~ N(0, R)
p(yt|z) = Aj(y)
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Kalman Filter
xo A xrq A X2 T
Yo Y1 Y2 yr
Unconstraied distribution

Io A I A I rr

per1 =0
Sip1 = B2 ] = E[(Azy + Guy) (Azy + Guy) ']
= AE[z;x) |A" + GElww,' ]G
— Azt AT + GQGT Also, for joint density if necessary

]E[xtflf;l] =XA'
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Kalman Filter

Filtering

th|t = E[$t|y0, co 7yt]
Pt|t — E[(xt — ft|t)($t - zft|t)—r‘y07 o 7yt]

“Conditional marginalization”
Marginalization from the left

Lt |t & Pt|t 7 Ti41)t41 & Pt—|—1|t+1

Why filtering? Once we know jft|t & P t|t , we
don’t have to know (or keep) Yyg, ..., Yt .
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Kalman Filter

 Time update

p(zt|yo, - - Yt) = p(Te+1]Y0s -, Yt)
 Measurement update

p(xev1lyo, - ue) = p(TertlYos - Yt Yer1)

Time update
Tit1e = Ay
Pt+1|t — E[(wtﬂ — /ft+1|t)(fl7t+1 — le\t+1|t)—|—|y07 fe 7?/75]
= E[(Az; + Guy — Ay ) (Axy + Gy — Afﬂt)T]yo, .
= AP, A" + GQG'
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Kalman Filter

Elysv1lyo, - - yt) = E[Crir1 + veg1|yo, - - - vt
— CEE\t—I—Ht
E[(yt+1 - /y\t+1|t)(yt+1 — f/g\t—|—1|t)—r‘y07 e 7yt]
= E[(Cx1114ve41—CTi11)t) (Crpi1 4041 —CTipape) yo, - - 5 ye]
— CPt+1|tCT —|— R

Also,
E[(yt+1 - §t+1|t)($t+1 — §t+1|t)T\y07 e 7yt]
= E[(Crt1 + ve1 — Cfft+1|t)(37t+1 - ZU\t—|—1|t)T‘y07 -
— CPt—|—1|t
Joint:

p(95t+17 Yi+1 \yo, Cee yt)

:N(< Tt ) ( Py Py C' ))
Cxip1e )\ CPgap C'Pt+1|tCT‘|‘R
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Kalman Filter

Measurement update (Conditional density)

p(a?t+1!yo, ce 7yt—|—1) — N</$\t—|—1|t—|—17 Pt—|—1|t—|—1)

‘|:5/C\t—|—1t—|—1 = Zo11)i+ P10 (CP1pC +R) ™ (Y41 —CTir)
Pii1jt+1 = Py — Pt+1|tCT(CPHHtCT + R)_lcpt+1|t

e Sum - ups
Tet1e = ATy
Py = APﬂtAT + GG
Tit1|t41 = /m\t+1|t+Pt+1|tCT(Cpt+1|tCT‘|‘R)_1(yt+1_0/$\t+1|t)
Pii1jt+1 = Py — Pt+1|tCT(CP75+1|150T + R)_10Pt+1|t
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Kalman Filter

« With different notation,
Kt_|_1 = Pt_|_1|tCT(CPt_|_1|tCT + R)_l

Tiq1)t+1 = Teg1ft T Kt+1(yt+1 — C$t+1|t)

 Alternative form of K., ,

Ky = Pt—|—1|tCT(CPt—|—1|tCT + R)_1
= (P4, +C'RO)'C'R™
= (Ppgq)e + Pt—|—1|tCT(CPt-|-1|tCT — R)_lCPHHt)C’TR_l

= Pipyp41C' R
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Generative Model vs. Discriminative Model

« Comparative study of generative &
discriminative pair
— Same number of parameters, same form of f(x)

Risk o .

upper Logistic regression
discriminative

bound ( ve)

Naive Bayes

~\ generative)
~d

W ( sample size
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ANY QUESTIONS?
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