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Overview

» Optimization

Numerical Methods, Gradient Ascent/Descent

Analytical Methods

Constrained optimization

Backpropagation

Frequentist approach vs. Bayesian approach
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Data Space
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Linear Classifier
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Linear Classifier

w'x>b— f(x)=Class 1
<b— f(x) = Class 2

X 4.
w'x = ||wl||[x]] cos 6 Mw
||x|| cos 8
Class 1
x
. b
Projection
Class 2 I——> W /W
- x
“ x
Class} .
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Linear Classifier

« Find w € R? which classifies training data
correctly as many as possible.

Class 1 Given D = {XZ’, Y; Z\L
+ +
Z ||f Xiy W yzH2

yz‘,f(Xz';W) S {172}
T x; € RP

Class 2

w* = arg min L(w)
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Motivation - Optimization

» Optimization

x* = argmax f(x) x e R”
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Optimization - Using Gradient

f(x):R°” — R
X — f(x)

=~

""""""""""""

‘ ‘e X .
VfeRY - Xt X

Xtr1 < Xt -+ 5Vf

X=Xt
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Optimization - Using Gradient

* Analytic solution

g
1
e
*
X T
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Differentiation w.r.t. Vector / Matrix

.mD
f:RY —R of (8]’/8:1:1\
X—=Y i Of /0xq
X = e R”
L2
z ﬁ} _9f
\fBD) {dx . Oy
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Differentiation w.r.t. Vector / Matrix

fRP*P 4R df
A +—uy dA
of L. DE

:: 0A1 1 0A1 D

A=( 41 - Aip df df
\ 0Ap,: = O9App

o _

\ Al.),l AD,D ) |:df:| af
3,7 B aAi,j
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Differentiation w.r.t. Vector / Matrix

* EXx)
f(x)=w"

=W X
:E Wi X

(ﬁ) — Wi ﬁ:/wl\:w c RV
dx /. dx W2

>
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Differentiation w.r.t. Vector / Matrix

« EX) N

=1 X;, W € RP

1=1 7=1
N
of T D
a—w:2;(w x; — b) - X; c R

{82 seoul National University 13 R(/BOTICS

9



Differentiation w.r.t. Vector / Matrix

* EX)

ijk

df (B)
5, = XA = AT,

df

AT CT RD X D
dB -
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Linear Classifier

» Given D = {x;,y;}¥, x; € RP y; € 10,1}

» Linearly separable: Training data are separated
perfectly by a linear classifier

N
- 1 . >
L(w) = 5 Z (x5 W) — ;|2 w* = arg min L(w)
i=1

W
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Linear Classifier

« A nailve one T

f(x;w) =w'x

1 0
:Q—WZHJC Xi; W |?
al af(Xz, )
— ;(f(x’ww) QZ) Ow
N
— Z(WTXZ yz) =0
1=1

has a closed-form solution: w =?
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Linear Classifier

N
Z(WTXi —y;)%; =0
1=1
| | Y1
X =1 x4 X N y =
| | ? YN
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Logistic Regression

Ew) = [T 761 = fxa)*
i=1 \ '\

Probability for y, = I  Probability for y, = 0

w* = argmax L(w) = arg max In L(w)
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Logistic Regression

Ew) = [T 761 = fxa)*
i=1 \ '\

Probability for y, = I  Probability for y, = 0

w* = argmax L(w) = arg max In L(w)
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Logistic Regression

In (f (3¢:)¥" (1 = f(x:)" ™)
=y In f(x;) + (1 — ) In(1 — f(x;))
Consider

f(x) =

1 daf exp(—w ' x) x

L+exp(—w'x)  dw (1+ exp(—w'x))>?

- ()

= f1—f)x

Yi
= <1 = f)xi - 1= f)xi
WU e 0 D
=yi(1 = f)xi — (1 —wi) /%
= (i — )%
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Logistic Regression

« Update rule

o o o o e e e e e e e e e e M e e e E e M e e e e e e e e e mm oy

z
o

|
z
_I_
>
s

|
=
x
X

small constant

— Perform this operation until converge

* Online algorithm

___________________________________________

e e o o mm Em mm mm mm Em mm mm M M M Em M M Mmm MEm M M Mm M M M Mm M M M e
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Convex Optimization

* If the objective function is convex & if the
feasible region is also convex.

— Obijective function is convex

Ozl—|—Oé2:1, (){1,(]{220

oy f(x1) + ao f(x2)
1 + Q9
— Domain Is convex

> flagx) + auxsy)

X1, X € Domain
Oé1—|—(){2:1, (){1,(){220

a1X1 + aoxs € Domain
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Convex Optimization

* Function convexity

ay f(X1) + ag f(x2)

] + Qg

o f(x1) + s f(x3)
a1 + Qo I

J(x1)

> f(Oéle —+ OzQXQ)

J(x2)

flaixy + O{2X2)
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Convex Optimization

 Domain convexity

a1X1 + eXo € Domain
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Optimization with Constraints

max f(x) s.t. g¢g(x) >0

g(x) >0

V| =—=AVg for a positive constant A
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Optimization with Constraints

« For max f(x) s.t. g(x)>0

Lx) = fG0 + Aglx) = TE) g
e For min f(x) s.t. g(x) >0
L) = f0 ~Mx) = D0 —o
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KKT condition for inequality constraint

o Karush—Kuhn-Tucker condition
— The solution satisfies either
A=0 & gx*)>0

or

A>0 & g(x*)=0

A>0 g(x) >0

:53 Seoul National University 27 R’@ BOTICS



KKT condition for inequality constraint

 To find analytic solution, we have to search
for the solution that satisfies KKT condition —
2k cases in the worst case for k constraints.

g1(x) > 0,...,9:(x) >0
L(x)= f(x)+ M\Mg1(x)+ ...+ Apgr(X)

A = O,gl(X*) >0 A > O,gl(X*) =0 M > 0,91(}(*) =0
A =0,02(x)>0 A=0,0(x") >0 Xy >0,00(x*)=0

. — Oa.gk(X*) = R — 07.gk(X*) > (. — 0;91@(X*) >0

\ J
|

2% cases

R . . . y I
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Optimization with Constraints

f(x) = 2] + x5
n(x)=y—x—1>0

&v) Ggx)=y+x—-1>0

L:$%+x§—)\1(y—a¢—1)—)\2(y+:r;—1)

dL

— =2rx+ A1 — Ay =0

dx

dL

—:2y—)\1—)\2:()

dy
KKT condition (visit all cases)
(DA =X=0 2 M=0y+x—-—1=0
DHy—ax—1=0XA=0 @DHy—z—1=0y+x—1=0

29 R BOTICS
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Optimization with Constraints

fX)=a22+22 (x)=y—x—12>0
p(x)=y+z—-1=>0

dL dL
— =204+ A — A2 =0 — =2y— A1 — A2 =0
dx dy
(D) A1 = A2 =0
xr=y=0 Not feasible

(2) )\1:O,y—|—$—120

2y—)\220

rT=y == Not feasible

tﬁ Seoul National University 30
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Optimization with Constraints

(3)y—:13—1:(),)\2:0

2y—)\1:O

1

T =——,y= 1 Not feasible
2 2

@»Dy—x—1=0y+x—1=0

r=0,y=1 Feasible
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Optimization with Constraints

* EX)

N

L=2a2%4+a5 — MNag —2° —1)

dL

f(x) = a] + 23
g(x):xz—x%—lz()

dxl

dL
— =229+ A=0 — A= 2x5
dZCQ

We assume that the solutionis at g(x) = 0

From (1), (2:17% +3)xr1 =0 —

332:1

—_

B (1 -+ 25172)261 =0
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Optimization with Constraints

« Continued...

— Candidate solution: (0, 1)
— The candidate solution (x1,z2) = (0,1)
satisfies  (x) > 0

e Solution:

KKT condition: next time
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Large Margin Classifier

* We let all data outside margin

-
yi(w x; —b) > 1 ye{—1,1}
tﬁ Seoul National University 34 R(/BOTICS




Large Margin Classifier
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Large Margin Classifier

» Support vector machines (SVMs)  Convex problem

min |[w]||? s.t. y;(w'x; —b) >1 for all s

— D+1 number of parameters, N constraints

1 N
L(w,b) = S[Iwl|[* = > oi (ys(w'x; — ) — 1)
=1

OL al
OL al
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Large Margin Classifier

« Maximize
1 N N
N\ N\ —I_
() =1 =1
a; = 0, Z a;y; = 0 Convex dual

orthant

 With obtained o1, ..., o),

Z ;Y X

—1+w'x®

W

b =

* (Classification:
y = sgn [W' Xpew —

0]

simplex

x(%): a support vector

37
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Kernel Idea

* For training:

Yy — SEI

sgn

For classification

N N
1 N\ N\ —I_
5 >J D Q{iOéjyiijz- Xj
i=1 j=1
W Xpew — b} (w =

T
E azszz Xnew — b
)
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Mapping Data to a High Dimensional Space

« Consider a nonlinear mapping to a higher-

P3

dimensional space

op
7=

X

&
p ¢

 And consider a function

k(x,2) = (x'2)? = (121 + 2222)? = 2222 + 22221022 +

2 T 2

ZU% 56’1

2

Lo Lo
\/§$1$2 \/5561562

tﬁ Seoul National University
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Mapping Data to High Dimensional Space

« Consider functions k(.,.) of which the corresponding
mapping P(.) exists:

« Condition: if a function k{(.,.) is positive definite (P.D.),
there exists a mapping function @(.) satisfying

k(x,2z) = ¢(x)' ¢(2z) (Mercer theorem)

 Such functions include
k(x,z) = (x'z+1)? (Polynomial kernel)

k(x,2z) = exp <—

(x —x
Y

2
) > (Gaussian kernel)

(kY Seoul National University 40 R’a BOTICS
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Replace All Inner Products with Kernels

* For training:

Il ——
L = Zai ~ 5 >J ooy k (X, X ;)

i i=1 j=1

 For classification

Yy = sgn :WTXneW — b]

— SgI Z azyzk(xza Xnew) — b
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Positive Definiteness of a Matrix

» Positive definiteness of a matrix A € R”*”

A>=0

 For any vector ¢ € R”

c' Ac > 0

Positive semi-definiteness A = 0 is similarly defined with the
corresponding condition ¢' Ac > 0 for any vector ¢ € R”.

(B8) Seoul National University 42 i:*)@? BOTICS



Positive Definiteness of a Matrix

 All eigenvalues are positive
U = (- oup)

D
c'Ac=c'UAU'c = Z M\i(u c)* >0

1=1

A matrix can be decomposedas A= 2"~
for a full rank matrix Z.
(Zla IR ZD)

D
c'Ac=c'Z'Zc = Z(Z,LTC)Q

1=1

(B8) Seoul National University 43 ;’@} BOTICS



Positive Definiteness of a Function

 Positive definiteness of a function k(x;,x2)
of two variables x;,x; € R”,

— For any set of vectors X1, ..., xy for

arbitrary N, the matrix of size N x N with

function values is positive definite.

/ k(xy,x1) -+ k(x1,xXn) \
k(xg,%X1) -+ k(X2,Xn) -
\ E(xy,x1) -+ k(Xy,Xy) /

% Seoul National University 44
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Support Vectors

1 N
L(w,b) = §||vv||2 — Zozi (yi(w'x; —b) — 1)
i=1

Y = sgn [Z oziyixz-Tx — b]

* From KKT conditions, fori=1,...,N,

(kY Seoul National University 45 R’a BOTICS
Wl LABORATORY



Support Vectors and Classification

* Classification function

Yy = sgn Z ;i k(Xi, Xnew) — b

L teSupportVectors _

 Keep data X; having nonzero ¢; .

 We can keep support vectors, and others do
not contribute to classification
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Advanced Topics

* Reproducing Kernel Hilbert Space (RKHS)
 Representer Theorem

« Kernelization of other algorithms
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Artificial Neural Networks

@  Feedforward

7 2T <7 Nell\JlraII Net\évork

— — No loop (no

Qb ST recurrency)
2 2
91 91)2
,\’\ A
1 1
91 @ . 9p,
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Artificial Neural Networks

AN
(o) (o) (o

T T

o(a) =

1
1 + exp(—a)

l'

gt gt . 2.
Y D1 g1 =0 Z Wy T
w
w R % i=1
L1 L D
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Artificial Neural Networks

o(a)

1
1 + exp(—a)

|

S AN
gl gl . gl )
1 wll 2 g 4 Dy 92 — O
21 ... ﬂ
X1 LD

D
g ws'z;
i=1

50
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Artificial Neural Networks

/\ o(a) = 1 —|—ex1p( a)
ORO

T T

2

R . . . y I
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Artificial Neural Networks

Dy
Y _ E :
< H+ 1P Yy —= 0O w
141,71 g+t - \
! Wy ’\ =1
H H H
g1 gs 9Dy

1

o(a)

1+ exp(—a)

52
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Artificial Neural Networks

\ y = o(w™ g (x))

7

”’; gh—l—l(X) _ O_(Wh—l—ngh(X))

2 2 ( wyt w%lh_l\

DIOEOINERE &
’ / — .

MG . . . — e~ — e
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Optimization in ANN

y(x) « fg" "t (g'(x))))

— oc(WH T ag(WH-LT oW x)))

« Empirical risk
1 N
— 5 Z [y — A(Xz')||2
=1

— Derivative of the empirical risk

Y
dWh Z (Y — (_ OWh )

Y = y(xi)

% Seoul National University >4
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Chain Rule

dL
dWh

oy oy og" og"

OWh  9gH §gH—1 OWh

- é(yz‘ — i) <—

Ay
OWh

% Seoul National University
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do(a)
—o(a)(l —ola

9 _ (@)1~ o(a)

a@\ aa(WOUtTgH) outl _H outl _H ou
Dl Dl = o(w ' g") (1 — o(w gt))wo
ag?ﬂ o 80([Wh+”g J4) h+1T _h h+1T _h h+1
D g =o([W" " g"l;) (1 —o((W" " g"];)) W
ogl! . do([WhTgh1],) B AT _h—1 hT _h—1 h—1
R G =o(W" ' g" )1 —o(W"'g ]i)())g

. (8" = x)
B =0 ity
oW
A/Bancs



Update Rule

oW

5} Seoul National University
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Delta Rule

ayz agH agh+1

5h = (y;, — U; .
Wi = Ui) gott ggii—1 " “pgh
" " agh+1
0 +1 Tgh Backpropagation of error

« Update of weights of the level h using
backpropagated error

ogh
©COWh

w" %Wh+725

=1

% Seoul National University >7
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Local Minima in ANN

« Saddle point analysis

100 , . . : 10°
— Train]ng error (MSE)
a0} e—a Norm of the gradients
]
80}
= 107 P
L e
u g
= T
e 8
E o]
;
g 5
% ]
= 5
10! %
10 i i i i doﬂ
0 100 200 300 400 50

Razvan Pascanu et al. "On the saddle point problem for non-convex optimization." arXiv preprint arXiv:1405.4604 (2014)
Anna Choromanska et al. "The loss surfaces of multilayer networks." arXiv preprint arXiv:1412.0233 (2014)
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Bias in ANN

 Linear classifier

T

wx—-bs0 — w xX<0

ﬂk
e [wn ) (@)
++++ + Class | . :
+++ +++ W/ — . X/ — "
Class 2 +, - ’w_D\ * _D\
/’ W \5_’ \\_’
“b

Implement a bias of the affine equation in a linear equation.
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Different Activation Functions

« Sigmoid * Rectified Linear Unit
, (ReLU)
o(a) = T+ oxp(—a) o(a) = max{0,a}
lh
0.5
0 a
do(a)
= o(l— o)

(B8) Seoul National University 60 i:%@ ?% OTICS
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FREQUENTIST VIEW VS.
BAYESIAN VIEW

B8} Seoul National University 61 R/ /BOTICS
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Ridge Regression

« Find f(x) =w'x, which minimizes

1 1
J(w) = 5 Z |y — W ' x, || + §AWTW
n B | i
(= ly = wxi o gawie) X = o <R
= Y1y -,
Yy
@ @ A
o fx)=w'x
@
£
@

Minimizing error + Regularization

5} Seoul National University 62 R/ /BOTICS
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Ridge Regression

 Closed form solution
— Without regularization

1
J(w) = 9 ZHyn —WTXnHQ

w=(X"X)"'XTy |

— With regularization

1 1
J(w) = 5 Z yn — W' xp|1% + §>\WTW

w=(X"X+ )J)‘lXTyJ
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1) Frequentists” Point Estimation View

* Minimizing empirical L2 error + penalty
1

w=X"X)"'XTy - w=X'X+A)""'X"y
Y

fﬁ Seoul National University 64 F%Q BOTICS




2) Bayesian Inference View (1/3)

* Make a probability model
Un = f(X) =W ' X, + €n, €, ~N(0,0?)

Y
(x) =w'x
@ @
o Yn|Xn, W ~ N (w'x,0°1)
[
X
e
N
(y| X, w) H (Y| X1, W
n=1
tﬁ Seoul National University 65 F%Q BOTICS




2) Bayesian Inference View (2/3)

« Maximizing log likelihood

N
log p(y| X, w) = ) log p(yn|xn, w)
n=1

N
ND sy ] -

wyur = (X' X)Xy
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2) Bayesian Inference View (3/3)

* Maximizing posterior

With a prior w ~ N(0,A""1)

N
A
log p(w|X,y) oc = > [lyn — w ' x,|[* — §WTW

n=1

(T 14T
wiuap = (X X+ AT Xy ¢ Bayesian inference

of posterior using
linear model

(k) Seoul National University 67 F%a BOTICS
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Solving Optimization Problem

» Machine learning algorithms are optimization
problems using training data

— Minimizing empirical loss function + regularization
term

— Maximizing likelihood or posterior to estimate
parameters

— In Bayesian inference, marginalization is the main
bottleneck. (e.g. through variational approximation,
iIntegration problems can be turned into
optimization problems)
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Determine the Problem I Am Solving!!

“Take the derivative, first”

Take the
derivative

Ridge regﬁression no Suppor/t vector machines
* C(Closed form solution * Convex problem
* Eigenvector problem * Non-convex problem
Fisher discriminant analysis Logistic regression

Artificial neural network

69 R BOTICS
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ANY QUESTIONS?
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